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Preface

In this work, we consider the scattering of acoustic and electromagnetic waves
from penetrable periodic structures in R?. The periodicity is manifested here in
the physical parameter of the scatterer which controls the propagation of the inci-
dent field and is given as a function of the three spatial coordinates. The emphasis
of our research is on the geometric reconstruction of the scatterer by means of
scattering data collected in its near field region. Since this task is ‘inverse’ to the
‘direct scattering problem’ of computing the scattered field caused by a specified
structure, it is called a problem of ‘inverse scattering’. Both of these problems
are of high and rapidly growing practical relevance. The focus is certainly set on
the case of an electromagnetic incidence. A major driving force for this is made
up by the technical advances in the fabrication of optical devices in the last thirty
years, which opened a broad range of exciting new applications and functions.
Processes from the semiconductor industry allow to produce structural features
on the lengthscale of electromagnetic waves, in particular light (= 380 nm—780
nm). In this so-called ‘resonance region’ of similar lengthscales, the radiation in-
teracts with the structure in a complicated way which prohibits an accurate repre-
sentation by geometrical optics. In fact, it necessitates to deal with the full electro-
magnetic vector-field equations, the Maxwell’s equations. Tackling this challenge
makes it possible nowadays e.g. to design diffraction elements, frequency filters,
and waveguides. At the same time, there is an increasing demand for modeling
and simulating the propagation of acoustic as well as electromagnetic radiation
in complex microscopic and macroscopic settings. On each lengthscale, there are
evident and pressing problems of ‘inverse scattering’, referring to the reconstruc-
tion of certain features of a target structure from the knowledge of the generated
scattered field. Applications which lead to such problems are found e.g. in medi-
cal imaging, near field microscopy, surface inspection, object detection and con-
trol, exploration geophysics, remote sensing, as well as in the iterative design of
sonic and optical devices. It is the latter application which this thesis contributes
to. We consider the important class of penetrable periodic devices, irradiated by
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either acoustic or electromagnetic fields. The main part of the thesis is devoted
to the proof that the so-called Factorization Method, a well-known reconstruction
technique, can be adapted to these settings in order to solve the corresponding
inverse scattering problems. The central intention here is to let the governing ma-
terial parameter be essentially unrestricted, taking into account the fast progress
in material science and assembling techniques. In addition, we formulate an ef-
ficient numerical solver for the direct problem for smooth material parameters
and devise a related, but new solver for piecewise constant parameters, as they
characterize many of today’s configurations. We combine these solvers with an
implementation of the Factorization Method and validate our theoretical results
in a couple of simulated scattering problems.

The work on this thesis has been supported by the German Research Founda-
tion (DFG) through a grant within the program of the Research Training Group
(GRK) 1294 “Analysis, Simulation and Design of Nanotechnological Processes”
at the Department of Mathematics, Universitit Karlsruhe (TH) (now integral part
of the Karlsruhe Institute of Technology (KIT)). The financial and intellectual
support is gratefully acknowledged. I want to express my gratitude to a couple of
people who stimulated and encouraged me in recent years. First of all, I am much
obliged to my advisor Prof. Dr. Andreas Kirsch for many valuable discussions
and hints during the work on this thesis. I would like to thank as well PD Dr.
Frank Hettlich for kindly agreeing to be the co-examiner of the thesis. Moreover,
I want to thank my present and former colleagues from the Research Training
Group and from the Workgroup on Inverse Problems for a convenient working
atmosphere. Especially, I appreciate diverse discussions with Dr. Armin Lech-
leiter, Dipl.-Math. Thomas Gauss, Dr. Arne Schneck, and Dr. Tomas Dohnal. I
also want to mention a long conversation with Prof. Dr. Kurt Busch, which helped
me to consider my work in a bigger and physical context. Finally, I want to thank
my mother for constant support on my way and hours of listening.
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Chapter 1

Introduction

1.1 Physical background

Let us start with a description of the physical background of scattering prob-
lems. These problems refer to the scattering of an acoustic or electromagnetic
incident field at some scattering object (or scatterer) embedded in some back-
ground medium in RY for d € {2,3}. Depending on whether or not the incident
field can propagate inside the scatterer, one distinguishes between penetrable and
impenetrable objects. The latter ones are often called ‘obstacles’.

An acoustic field is a pressure field. The position-dependent propagation speed
c(x) of sound is determined by properties of the matter at x. We do not examine
this relation here, but simply consider the speed of sound as the characteristic
physical feature for the acoustic scattering problem. The function n(x) = ¢3/c(x)?
of the space variable x is called the refraction index and appears naturally in the
mathematical model later on. Here, ¢y denotes the speed of sound in air. We
assume the propagation speed not to depend on the direction, so that ¢ and n are
scalar-valued. For acoustic scattering, we let the background medium consist of
air, so that n equals 1 there. To include the possibility of energy absorption, we
let the refraction index have the general form n = ng +i1n; with functions ng, ny :
RY — RU {+oo} of the space variable. For an impenetrable acoustic scatterer, |n|
is finite only outside the scatterer.

The propagation of an electromagnetic field is governed by the position-depen-
dent permittivity €(x), conductivity o (x), and permeability |1 (x). Roughly speak-
ing, the permittivity refers to the ability of a material to transmit an electric field
and the conductivity to its ability to conduct an electric current. The permeabil-
ity indicates the degree of magnetization of a material in response to a magnetic
field. We combine the former two functions in the complex-valued permittivity
€(x) = €(x)+io(x)/w. In the mathematical formulation of the electromagnetic
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problem, we use &.(x) = &(x) /€ and u,(x) = p(x)/uo where the subscript 0 de-
notes the respective constant values of € and p in vacuum. Opposed to acous-
tic fields, electromagnetic fields can also propagate in vacuum, and we let vac-
uum make up the background in this case. We confine ourselves in this work
to isotropic and non-magnetic materials, so the functions above are scalar-valued
and L1, is constant equal to 1 in the whole space R?. If the scatterer is impenetra-
ble, i.e. a perfect conductor, |€,| is finite only outside the scatterer.

In both settings above, the frequency of the incident radiation is denoted by
® > 0. The wave number ky is given by kg = @/cp in the acoustic and by kg =
®+/€ Up 1n the electromagnetic case. Throughout the work, we assume that the
fields are time-harmonic, meaning that their dependence on time ¢ is described by
exp(—iwt) for all r € R. We factor out this dependence and deal with the time-
independent part only. For details about the constitutive physical laws we refer
the reader to standard literature like e.g. [35]. For a thorough (mathematical)
reference for electromagnetic wave theory see [56].

1.2 Basic notation and terminology

Notation

Let C* denote the set C* = {cg+ic;: cg, c; € RU{—o0, 400} }. We define the so-
called contrast g : R? — C* for d € {2,3} by q(x) = n(x) — 1 in the acoustic and
by g(x) =1 —1/€.(x) in the electromagnetic case. This function naturally arises
in the formulation of the scattering problems later on. We let |¢g| take arbitrary val-
ues in the range [0, +oo|, which allows us to handle penetrable and impenetrable
objects in a uniform manner here. For a concise formulation of the next section,
we summarize some basic notation in the following definition.

Definition 1.1. Let f : R — C* and e j denote the j-th unit vector in R? for
jed{l,....d},d e {2,3}.
(1) We call the function f periodic with period p > 0 in the x j-dimension in the

usual way if

fx+pej)=flx) for almost all x € R?,

(i) Let A = (p1,...,pq) € RI\{0} with p; >0 for all j € {1,...,d}. If f is
periodic with period p; in the x;-dimension for j with p; > 0 and either
constant, i.e. trivially periodic, almost everywhere or not at all periodic in
the x;j-dimension for j with p; = 0, then we call f A-periodic for short.
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(111) If we call f simply periodic and do not specify A, we assume that the fol-
lowing holds:

e fis periodic in the x{-dimension with some period p; > 0,

e f is either periodic in the x;_-dimension with some period p;_ | > 0 or
constant almost everywhere in the x;_;-dimension.

(iv) A set S C R is called the essential support of f if S is the smallest closed
set in R¥ such that f is unequal to zero almost everywhere in S and vanishes
almost everywhere in R4 \S. For convenience, we denote this set also by
supp f and call it simply the support of f.

(v) We call a set S C R? periodic with period p > 0 in the x j-dimension, A-
periodic, or periodic if its indicator function idg has the respective prop-
erty. In particular, if f is periodic with period p > 0 in the x;-dimension,
A-periodic, or periodic, then so is supp f respectively.

Moreover, we always stick to the following convention.

Definition 1.2. Whenever we talk about periodic contrasts g, in addition to Defi-
nition 1.1 (i11) we assume that

e g(x) =0 for almost all x € RY with x; > h for some h > 0.

For simplicity, we omit in the following the annotation ‘almost everywhere’
in the statements that g vanishes or is constant almost everywhere in some set.
Throughout the work, we exclusively consider scattering objects associated with
periodic contrasts g. Further conditions on g are announced later. As an essential
geometric object for our problem treatment, we define the so-called unit cell by

M= (-
I=(-

)XR ford =2,

) x (—=%,2)xR ford =3,

JARAL
272
P1 P1
2772
where 1, is set to 27 if g 1s constant in the x;-direction and to p, > 0 otherwise.
The restriction q|H characterizes g everywhere except on a Lebesgue null set in
R<. 1t will become clear in the next chapter that, under natural conditions, scat-
tering problems for periodic objects can be posed and handled entirely in the unit
cell. Finally, we let Q' C RY be any open periodic set whose closure contains

suppg and define

Q=0Q'NII, T'=0QnI, QOX=I\Q. (1.1)
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To keep the formulations simple, by the ‘scattering object’ or ‘scattering medium’
we mean the pair (¢,suppgq) in the following. The context makes it clear whether
the contrast or its support is addressed in particular. In the mathematical treat-
ment, penetrable periodic objects lead to transmission problems in I1, with some
transmission condition(s) set at I'. Impenetrable objects are modeled by boundary
value problems in IT\ supp ¢, imposing some characteristic boundary condition(s)
on the field at d(suppg) NIL. The type of the condition(s) depends on the physi-
cal properties of the scattering object and on whether acoustic or electromagnetic
fields are considered.

Terminology

For a first orientation, we repeat some common terminology. All scattering ob-
jects in RY. d e {2,3}, which are associated with periodic contrasts g are sub-
sumed under the term ‘periodic media’. Those for which suppg is simply con-
nected and ¢ is constant in suppgq are called ‘(diffraction) gratings’. Gratings in
R? divide into ‘lamellar gratings’, which are invariant in the x,-direction, and
‘crossed gratings’, corresponding to p, > 0. If a grating is impenetrable and a
Dirichlet boundary condition is imposed on the total field at d(suppg) NI1, the
grating 1s said to be ‘perfectly reflecting / conducting’. In the acoustic case,
this corresponds to a ‘sound- or acoustically soft’ grating, whereas a Neumann
boundary condition is used to model a ‘sound- or acoustically hard’ grating, cf.
[17]. The boundary of a grating is referred to as the ‘interface’ or ‘scattering
surface’. It is also called the ‘profile’, especially when it is given as the graph
of some function. We remark that d (suppg) NIT might consist of more than one
connected component. The problem to compute a scattered field for a specified
medium and incidence is called the direct problem. Complementary, as inverse
problem we consider the identification of the shape of the medium, i.e. the support
of the contrast, by means of the scattered fields for a number of incident fields.
Clearly, for a grating it is about the identification of its interface. The objective
is usually not a full reconstruction of the contrast ¢ as a function of the spatial
variable x.

1.3 Previous results and aim of this work

To give an overview of the state of research in the field of wave scattering from
periodic objects, we classify now some important publications. For lamellar grat-
ings, there are two cases for scattering of an electromagnetic incident plane wave.
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If the incidence direction is orthogonal to the x;-direction, then the resulting scat-
tered field is invariant in the x,-coordinate. The governing equations for the elec-
tromagnetic field, the time-harmonic Maxwell’s equations, can be reduced in this
case to a system of two scalar equations for the x;-components of the electric
and the magnetic field. If the permittivity is piecewise constant in the princi-
pal x;-x3-plane, both equations are of the same type as the governing equation
for an acoustic field, the Helmholtz equation, in 2D. Moreover, as an important
feature of the case of an orthogonal incidence, they are not coupled by any sup-
plemental conditions in the problem model, hence the x;-components can be con-
sidered separately. The scattered field can then be decomposed into modes with
either transverse electric (TE) polarization, corresponding to a vanishing electric
Xp-component, or transverse magnetic (TM) polarization, where the magnetic x;-
component is zero. In other words, for transverse electric modes the amplitude
vector of the electric field is perpendicular to the x;-direction and for transverse
magnetic modes so is the amplitude vector of the magnetic field. For a compre-
hensive study of this problem, see the monograph by WiLcoX [71]. Opposed to
that, an oblique incident plane wave leads to so-called conical diffraction. Here,
the equations of the electromagnetic field can again be transformed into a system
of the above form, but the equations for the x,-components are coupled at the
interface of the grating, cf. [20]. The monograph [57], edited by PETIT and pub-
lished about thirty years ago, can serve as an entry point to the whole subject of
scattering from gratings. The authors discuss many aspects for different types of
gratings, including the above-mentioned. There are various widely-used numer-
ical methods for these problems, among which are powerful boundary integral
equation techniques, cf., e.g., [58, 54]. Further information can be found in Chap-
ters 2-5 in [10]. In [37], the direct problem of scattering of a plane wave from
a smooth sound-soft grating in 2D is treated. The author establishes existence of
a solution for all frequencies and uniqueness for all but finitely many frequen-
cies. The exceptional ones are the so-called Rayleigh frequencies. The articles
[38, 23, 22] deal with a closely related inverse problem for a perfectly reflecting
grating in 2D. In [38] it is proven that, except for the Rayleigh frequencies, the
scattered fields which belong to all so-called ‘quasi-periodic’ incident fields and
are measured on a straight line above the grating uniquely determine a smooth
profile. The more recent paper [22] establishes the same result for piecewise lin-
ear profiles by means of significantly less data. The survey [9] summarizes the
status of research in 2003 concerning the inverse problem for perfectly reflecting
gratings in 2D and 3D and provides a rich bibliography of related publications.
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Results on the uniqueness of the inverse problem in the 2D case of a penetrable
grating with Lipschitz profile are obtained in [24], extending the approach fol-
lowed in [31] for a smooth, perfectly reflecting grating. This work deals with the
direct and the inverse problem for penetrable periodic media of finite height in
R3, with variable material parameter n and &, respectively. We require that the
material parameter has essentially finite absolute value in Q' and that the con-
trast satisfies g(x) = 0 for almost all x € R? with x3 < —h for some & > 0, in
addition to the conditions in Definitions 1.1 and 1.2. The medium is allowed
to be disconnected and is irradiated by some time-harmonic acoustic or electro-
magnetic field. For the treatment of the inverse problem, we will make some
additional requirements. Earlier works in this direction include [19, 8, 63, 64]
for the direct problem of electromagnetic scattering from general periodic media
in 3D and [5, 4] for the inverse problem of reconstructing impenetrable lamellar
gratings. In [8], the same type of periodic media is considered as in this work.
The author chooses a variational approach to prove existence and uniqueness of
a solution to the electromagnetic direct problem (in an appropriate sense) for a
plane wave incidence, under exclusion of the Rayleigh frequencies. The article
[63] extends the results for the direct problem obtained in [21] for periodic con-
trasts which are piecewise constant and invariant in one direction to a large class
of periodic contrasts, including those treated here. The related work [64] also ad-
dresses conical diffraction from those of the general media which are constant in
one direction. The inverse problem for a smooth and perfectly reflecting grating is
solved for all but the Rayleigh frequencies in [5, 4], by setting up and applying a
suitable Factorization Method. This method belongs to the class of qualitative re-
construction methods (cf. [15]) and has been proposed by KIRSCH in the context
of scattering from bounded objects in [39, 40]. It has a complete and profound
mathematical foundation and initiated vigorous research in the field, cf. the mono-
graph by KIRSCH AND GRINBERG [45] and the references given therein. In the
main part of our work, we develop a variant of this method to solve the inverse
problem for general, in particular inhomogeneous periodic media. Complement-
ing the theoretical framework, in the final chapter we setup numerical solvers for
the direct as well as the inverse acoustic problem in 2D. For the direct problem,
we follow and enhance the approach by VAINIKKO in [68], cf. also the mono-
graph by VAINIKKO AND SARANEN [61]. This leads to an efficient solver for
the so-called Lippmann-Schwinger equation, a Fredholm volume integral equa-
tion of the second kind, which is proven to provide an equivalent formulation of
the direct problem. Our reconstruction scheme for the inverse problem describes
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the implementation of the central assertion of the Factorization Method, which
is established in Chapter 6. We combine and apply both solvers in a couple of
numerical examples to demonstrate the applicability of our results.






Chapter 2

Geometric setting and basic tools

2.1 The geometric setting

Throughout the work, we consider scattering problems for periodic media in R3.
We recall that the contrast ¢ is defined by ¢g(x) = n(x) — 1 in the acoustic and by
q(x) = 1 —1/g:(x) in the electromagnetic case, where n is the complex-valued
refraction index and &, is the complex-valued relative permittivity. The scattering
medium is embedded in a homogeneous background matter which occupies the
whole space R? and acts like air in acoustics and like vacuum in electromagnetics,
respectively. An open periodic set Q' C R? with finite extension in the x3-direction
is chosen such that suppg C Q'. By a proper scaling, we can guarantee without
loss of generality that g is 27-periodic in the x1- as well as the x;-direction, so
A = (27,27,0)T. Thus, the unit cell ITis given by IT = (-7, 7)? x R. Moreover,
we require that Q' as well as Q = Q' NI are Lipschitz and suppg N1II is not
degenerate, according to the following definition.

Definition 2.1. Let S C R3.

(i) We call § degenerate if d(S°) # dS, where as usual S° denotes the interior of
S and dS = S\ S° denotes the boundary of S.

(ii) We call S a Lipschitz set or just Lipschitz if S is open and if for every x € dS
there exists a neighborhood O C R? of x and a new orthogonal coordinate
system with coordinates (y,y»,y3) =y, resulting from the original coordi-
nate system by a rotation plus a translation, such that

(a) O is a cube in the new coordinates, i.e. O ={y: —a; <y; <aj, j=
1,2,3} for some vector a € (R*)’.

(b) There exists a scalar-valued Lipschitz continuous function 7 defined in

O ={(y1,y2): —aj<y;<aj, j=1,2}
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that satisfies |7(y')| < az/2 for all y € O" and

SNO={ye0:y;<t((y1,52))},
SN0 ={ye0:y3=1((yi,y2))}-

We note that, in particular, S might be unbounded and disconnected. S
is called a Lipschitz domain if S is Lipschitz and connected.

Further restrictions on Q and g are stated in the places where they are needed.
The medium is irradiated by a time-harmonic acoustic or electromagnetic field of

the form .
U(x,t) = Re{u(x)e'?'}

with fixed frequency @ > 0 and a complex-valued, space-dependent part u. In
acoustics, U 1is scalar-valued and represents a pressure field, whereas in elec-
tromagnetics it is vector-valued and might either represent the electric or the
magnetic field. In general, the space-dependent part u does not share the A-
periodicity of the contrast g. In fact, we consider so-called a-quasi-periodic fields
ug ' R3—C4 de {1,3}, as defined next.

Definition 2.2. Let oo € R? x {0}. A function uy : R — C?, d € {1,3}, which
satisfies

ug(x+AGe;) = e %N ug(x)  forall j€ {1,2,3} and almost all x € R’

is called a-quasi-periodic with quasi-period A and phase shift o.. Here, © de-
notes the componentwise multiplication and e; again the j-th unit vector. For

such a function u, .
u(x) = e " “ug(x)

1s the A-periodic counterpart.

In the following, we omit the indication of the quasi-period A. We note that for
a = (0,0,0)7, an a-quasi-periodic function is A-periodic. Since A = (27,27,0)7
is fixed, we call A-periodic functions just periodic. Moreover, we abbreviate
a = (0,0,0)7 by o = 0 from now on. Let us shortly illustrate the notion of
a-quasi-periodicity for the common choice of a plane wave incidence. The space-
dependent part u®") : R® — C¥ of a plane wave with d € {1,3} is given as

uPV(x) = p %0, (2.1)

Here, k is the wave number, 8 € R? is a unit vector which indicates the prop-
agation direction of the wave, and p € R9\{0} is either the scalar amplitude of
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scattering object

Figure 2.1: Plane wave incidence

an acoustic wave (d = 1) or the polarization of an electric or magnetic transverse
wave, satisfying p- 0 = 0 (d = 3). The direction 6 can be stated in terms of the
incidence angles as

0 = (sin ¢ cos ¢, sin ¢ sin @, —cos @),

where ¢ € [0,7/2) and ¢, € [0,27). Figure 2.1 sketches the geometric situation
for a plane wave. Obviously, 4PV is o-quasi-periodic with

o = k (sin ¢ cos ¢, sin ¢ sin ¢, 0)7

and e 1%y (PW) = p =1k C0s0133 g trivially periodic. However, in the main part of

this work we consider a broader class of a-quasi-periodic incident fields, made up
by weighted superpositions of the fields of point sources on some flat surface. The
point sources are either acoustic point sources or magnetic dipoles. In this class
of fields, a plane wave (precisely, its space-dependent part) can be approximated
based on Huygens’ Principle. In addition to (1.1), we use the notation

Fi:{XEH:)@:mi},
Q. = {x €II: xis connected to I's. in Q™' = IT1\Q}, (2.2)
Ry={xell: x3=2my}
where m > sup{x3 : x € Q'} and m_ < inf{x3 : x € Q"}. Without loss of gener-
ality, we assume that sup{x3 : x € Q'} > 0 and inf{x3 : x € Q'} < 0. Note that the

sets Q, and Q_ might coincide if Q' is disconnected. Figure 2.2 illustrates the
setting apart from Q' and Q..
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QB = .

N
N
A
N
AT

_|_
-_-------
2

X3

I
o

|
R,

--—

__|_

&

Figure 2.2: The geometric setting

2.2 Basic function spaces

Clearly, a central role in the problem treatment is played by the proper choice of
function spaces. We mostly work with Sobolev spaces on Lipschitz sets and their
boundaries. In this section, we introduce these spaces after summarizing some
basic definitions.

Definition 2.3. Let S C R? be some open set and ®j, j € N, be a sequence in
C=(S) = N,>0C"(S). Let K denote a compact subset of S in the following. We
define the function spaces

Ck(S) ={ueC'(S): supp(u) CK}  and  CE(S) =[] Ck(S)
r>0

and also CJ(S) = {u: u € Cg(S) for some K}. Let now y € N be a multi-index

of order |u| = Z§:1 (; and

ot 2 M3
= u

denote the partial derivative of u € CI*! (S) with respect to the index . We write

o*u(x)

(x) 2.3)

@ —0inCg(S) <= 9"¢; — Ouniformlyin K forall u € N;  (2.4)
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and similarly
¢ —0inCy(S) <= ¢@; — 0in Cg(S) for some K. (2.5)

By £(S) we denote the space C*(S) combined with the notion of sequential con-
vergence in the sense that

@ —0in&(S) <= 9"¢; — 0 uniformly in K for all u € Nj and all K.

The space £(S) consists of all functions u € £(S) for which all derivatives have
continuous extensions to dS. Moreover, D(S) denotes the space C7'(S) with se-
quential convergence in the sense of (2.5). The elements of D(S) are referred to
as test functions on S. A linear, sequentially continuous functional [ : D(S) — C
1s called a (Schwartz) distribution on S. The set of all distributions on S is denoted
by D(S)’.

Sobolev spaces of integer order and their duals

We can now continue to define the notion of a weak (partial) derivative and of
a Sobolev space (of integer order). In the following, we let S C R3 be some
Lipschitz set.

Definition 2.4. Let u € L*(S) and u € NJ be fixed. If there is a function f, €
L2(S) such that

(u,0"9)g = (=)™ (fu,9)g  forall g € D(S),
then f}, is called the weak partial derivative of u with respect to the index [i.

We just remark here that if u € L?(S) has a classical partial derivative, then the
corresponding weak partial derivative exists and coincides with the classical one.
For this reason, we denote the function f},, in generalization of (2.3), also by 9" u.
For m € Ny, the space

H™(S) = {ucL*(S): o*u e L*(S) for all u with [u| < m} (2.6)
is called the Sobolev space of order m on S. Equipped with the inner product
(U, V) pmis) = Y /a“umdx, (2.7)
| <m?”S

H™(S) is a Hilbert space with the naturally induced norm ||| ;ym ). An alternative
characterization of H™(S) is given by the closure

<= lEams)

H™(S) = &(S) (2.8)
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It is an important observation that for bounded S and m > 1 the space D(S) is not
dense in H™(S), thus we define in addition

HI(S) = W”'”H’"(S)

For m = 0, there holds H%(S) = H(S) = L*(S), cf. Corollary 3.5 in [53]. More-
over, for any Lipschitz set S C R3, we define the space

H(S)={u:S — C: u|z € H™(S) for any compact S C S}.  (2.9)
As a particular case (for m = 0), we have
L} (S)={u:S— C: u|s € L*(S) for any compact S C S}.

Finally, by H"(S) with m € Ny we denote the space of distributions u € D(S)’
that admit a representation of the form

u= Y d g, with g, € L*(S),

u[<m

see Lemma 1.2 in [28]. For bounded S, H~"'(S) is the (topological) dual space of
H{['(S), rather than that of H"(S), see Subsection 6.4.9 in [59]. For § = R3, it is
the dual of H™(S).

Sobolev spaces of fractional order

In addition to the Sobolev spaces of integer order, we can define such of fractional
order. To this end, let s > 0 be non-integer and s = m + ¢ be its unique decompo-
sition with m € Ny and o € (0,1). The semi-norm | - | ; induced by the Hermitian

form _
o= L

is called the Slobodeckii semi-norm. Using this, we define the Sobolev space
H*(S) of fractional order s by

H(S) ={uc H"(S) : |u|5 < oo}. (2.10)
Equipped with the inner product

(U, V) prs(s) = (V) sy + ) (M, 04v), (2.11)
u|=m
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H?*(S) is a Hilbert space with the naturally induced norm ||| s ). It can also be
characterized by

HY(S) = E(5) "™ (2.12)

Analog to HJ'(S), we define the space

H(S) = Wll'ﬂysm).

The scalars m from (2.6) and s from (2.10) are sometimes called the Sobolev
indices of the corresponding spaces.

o-quasi-periodic Sobolev spaces and their duals

Since we are mainly interested in &-quasi-periodic functions (with quasi-period
A = (2m,27,0)T), the following spaces are especially important to us. Let here
S C I be a Lipschitz set in the unit cell IT and s > 1/2. We define the space

Ea(S) = {ua D Ug = UO“S for some a-quasi-periodic Uy € 8(R3)}. (2.13)

Then, in analogy to (2.12), we set

H,(S) = £a(s) 1m0, (2.14)

Equipped with the inner product (2.7) or (2.11), depending on whether s is integer
or not, H},(S) is a Hilbert space. We note that if S 2 I1, in particular if dSNJII =
0, then for every wy € H(S) there are uy, vy € HY(I1) with ug # vq and wy =
Ua|g = Valg. Now, we make some remarks concerning the dual space of Hy(S).
First, for = 0 any function z € €,—(S) is the restriction to S of a periodic
function U on R®. Hence, for every fixed x3, the function Uy, (x1,x2) = U (x) is
a (2m,27)-periodic function on R2. Every such function can be interpreted as to
live on the 2-torus T? = S! x S!, which is the direct product of two unit circles
S!, see Figure 2.3. These circles reflect the periods in the x;-direction and the
xp-direction, respectively. Now, let IT; C JII for j = 1,2,3,4 be the four closed
faces of JII given by

I ={-—xn} x[-m,7x] xR, I, ={n} x[-m, 7| xR,
3 =[—m,7m| x{—7} xR, Iy =[—7m, 7] x{n} xR.
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Figure 2.3: the torus T?

Having this, we let

[o={xcIl:xc (dSNT))° Ax+(27,0,0)" € (9SNTLL)°},
[4={xcll;:x€ (dSNT)° Ax+(0,27,0)" € (dSNTIL)°},
I =T,U{x+(27,0,0)" : x €Ty},
I =T54U{x+(0,2m,0)7 : x € T34},
['=95\(I'| UTY).
These sets are defined simply in order to separate the ‘periodic part’ of a function

in H},_,(S). The situation in 2D is illustrated in Figure 2.4. Precisely, for any
sufficiently regular periodic function u, we find

Ju a—ﬁds
9s oV cov

where v denotes the outward unit normal vector to S. With

E,(S) = {H € Eqo(S): i

zo =0forall u e Ng},

by H,’ ,(S) we denote the dual space of

HE(S) = —80(3)”.”HS(S)7

cp. definition (2.14) and Definition 6.111 in [59]. In particular, for § = IT it is
H3(S) = H},_,(S) since I° = 0 in this case. On the opposite, for I'j =T’ = 0
there holds &,(S) = D(S), and so H,* ,(S) is the dual space of H}(S). For o # 0,
by H,*(S) we always denote the dual space of Hj(S). However, at the end of
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I |

Figure 2.4: separation of the ‘periodic part’ in 2D

this section, we will show that there is a one-to-one correspondence between the
functionals in H_© 5 (S) with B # 0 and those in H " ;(S). We finally consider the
periodic extension Sper of § C I, given by

Sper:{x€R3:x+A®z€Sforsomez€Z3}o, (2.15)

where again ® denotes the componentwise multiplication. Note that in general
there holds @ NITII # SN T, as demonstrated by Figure 2.5. For this reason,
we define S, = Sper NIT, which satisfies Sper N II1 = S, N II1. We remark that S,
1s not a topological domain since it is closed and possibly disconnected. It might
also be degenerate in the sense of Definition 2.1, as it is the case for the example
shown in Figure 2.5. We will frequently consider integrals over

(Sper N ITT) U (9Sper NIT) = (S.NITT) U IS

for some S C IT. Then, for any sufficiently regular periodic function # we obtain

du du
/ —ds = / —ds,
(SenATT)UIS OV 9sNI1 OV

i.e. the integral contributions of du/dv over the faces of S. N JII cancel out.
We want to point out that if S, is not degenerate, then the above boils down to

(ScNAI)U IS =dS and
u u
—ds = —ds. 2.16
/ ; /85rwnav ’ ( )
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Sper

Figure 2.5: Sy, N0l = (SN JII) U!

In particular, with the assumptions made at the beginning of this chapter, this is
the case for S = (suppgNII)°.

Vectorial Sobolev spaces

The definition of vectorial Sobolev spaces H*(S, C?) and their variants follows the
above definitions in a straightforward manner. For the sake of brevity, we skip the
details here and give MCLEAN [53] as a reference. For electromagnetic scattering
problems, the proper solution space, i.e. the space of finite-energy solutions, turns
out to be

H(curl,S) = {u € L*(S,C3) : curlu € L*(5,C*)},

normed by the graph norm

1/2
el cun,s) = (el p2s.c5) + lleurlull 25 c3))

Y

with S any Lipschitz set in R3. Here, curl denotes the vectorial differential op-
erator curl = Vx with V = (d/dx1,d/dx2,d/dx3), meant in the weak sense.
Moreover, we will need the space

H(div,S) = {u € L*(S,C%) : divu € L*(S)},
which is naturally normed by

1/2
HMHH div,S) (H”HLZ s,c3)t Hle”HL2 )

Y
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where div denotes the weak vectorial differential operator div = V.. For a bounded
Lipschitz domain § C R3, it is proven in [55], Theorems 3.22 and 3.26, that the
spaces H(curl,S) and H(div,S) can be characterized alternatively as the closure

of €(S) in the norm [|-[| cyn 5) @04 ||| gy 5> respectively. In analogy to (2.16),

we note that for any Lipschitz S C II with non-degenerate S, = Sper N IT and for
any sufficiently regular periodic vectorial function u there hold the identities

/ v-ﬁds:/ V-uds and / vxﬁds:/ vV X uds.
dS dSNII dS dSNII

Trace spaces

It remains now to clarify whether and in which sense the concept of the restric-
tion to dS of a continuous function on S with continuous extension to dS can be
transferred to a function from one of the above Sobolev spaces. In fact, there is a
consistent generalization, which leads to the concept of a trace of a function on
dS. This is an essential issue in the handling of boundary value problems where
Sobolev spaces serve as solution spaces. The characteristic objects in this context
are the trace operators, which we introduce and discuss in the following sections.
We will show which functions have a trace on dS and how the associated trace
spaces look like. Thus, we reproduce here only a basic characterization of a trace
space, cp. Subsection 3.2.1 in [55]. Let here S C R? be some bounded Lipschitz
domain and associate every x € 95 with a set O C R? and a Lipschitz continuous
function 7 defined on O’ = {(y1,y2) : y € O} which are of the type specified in
Definition 2.1. Moreover, define (locally) the mapping 7 by T(y') = (y/,7())),
y € ©'. We note that T~! exists and is Lipschitz continuous on the range of
T. Then a distribution u on dS belongs to H*(dS) for |s| < 1 if for all O and T
meeting the above conditions there holds

uoT € HS(O'NT1(dSN0O)).

For s € [0,1), H*(dS) is a Hilbert space with the inner product

(V) p1s(25) = /asu<x)@ds(x)+ /8 ) /a S (”(x)—r;(i))yﬁ;g—v(y)) drdy

for u,v € H*(dS). We have not yet characterized the dual space of a trace space.
Since this is a quite technical issue and we want to confine the presentation to
some basic ideas here, we refer the reader to Chapter 3 in [53]. In the acoustic
case, we use the trace space for functions in H'(S), which is H'/2(9S), and its
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dual H~1/ 2(dS). An appropriate notion of traces of fields in H(curl,S) and the
corresponding trace spaces in the electromagnetic case require a separate consid-
eration. We postpone the details to the discussions in Section 2.3 and Subsection
2.4.1.

Periodic and a-quasi-periodic functions which have a well-defined trace on JI1
are determined by their behavior in the open unit cell II. Therefore, to avoid an
overload of notation, we identify such functions with their restrictions to I1. For
any normed space X, we finally introduce the dual pairing [-,-] : X x X" — C by

[, fly = f(u) forallue X, feX,

where, as usual, X’ denotes the topological dual space of X. If X is a (complex)
Hilbert space with scalar product (-, ), then by the Riesz representation theorem
the mapping ® : X — X', y — (-,¥)y, is an isometric (anti-)isomorphism. Thus,
for any f € X' there is some y; € X such that f = (-,yy),. Then there holds

u, flx = f(u) = (u,yr)y z/u-ﬁdx forall u € X.

For convenience, we will adapt later on the integral notation for any dual pairing
[-,]x with a normed space X and write

[u,f]X:/u-fdx foralluc X, feX'.

We close the section by pointing out that there is a one-to-one correspondence
between the functionals in H,” g (S) with B # 0 and those in H,*,(S). This can

be seen as follows (based on [1]). According to Definition 2.2, for any 8 € R3 the
multiplication operator Mg : H},_(S) — H.,_ B (S) defined by
(Mguo)(x) = P ug(x),  uo € Hy_o(S),

maps a periodic function to its -quasi-periodic counterpart. This operator is
linear and bounded and has a bounded inverse M [; ' Now, denoting for short

H; (S) by Xy, there hold the identities
up, fply, = Mpuo. fgly, = luo,Mp'fp]y, ~ and

, 2.17
o o, = M5 g ol = g, (45 i, =1
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for all ug € Xg, up = Mgluﬁ € Xo, fﬂ S Xﬁ’, and fy € Xy'. Using standard no-
tation, by Mg’ : Xg' — Xy’ we denote the normed space adjoint of Mg, given by
(Mpg'fp)(uo) = fp(Mguo) for all fg € Xg', ug € Xo. The identities (2.17) already
prove the assertion. Moreover, since Xy = H,(S) is a Hilbert space, there holds

[Mﬂu07fﬁ]xﬁ - <Mﬂu07yfﬁ>xﬁ - <MO’MEyfﬁ>XQ - <u07yMﬁ/fﬁ>Xo - [u()aMB/fﬁ]Xoa

where ME =®d, 'Mm ﬂ’ ®p : Xg — X is the Hilbert space adjoint of Mg and &y, Pg

are the anti-isomorphisms of the form stated above for X = Xo, X = Xj, respec-

tively. Of course, a similar relation applies to [M 5 luﬁ, fo]X :
0

Further results on Sobolev spaces are given, e.g., in the thorough references

[2, 53]. Specific spaces and results will be announced later, in the places where

they are needed.

2.3 Trace operators

Definition 2.5. Let § C R3 be a bounded Lipschitz set. We define the operators
Yp : C=(S) — C(dS) and yy : C*(S) — L*(9S) by

d
’yD:uHu‘aS and yN:quzv-yD(Vu)

for u € C*(S), where Vv is the exterior unit normal vector to S.
An important result is the following.

Proposition 2.6. Let S C R? be a bounded Lipschitz domain. The operators Yp
and Yy from Definition 2.5 have unique extensions to bounded linear operators

w: H'(S) = H2S)  and  yv: HX(S) — H'?(9S).

The operator Yp is called the (Dirichlet) trace operator for S, and Yy the Neumann
trace operator for S.

A proof of the extension of yp is given in [53], see Theorem 3.37 therein.
Concerning the extension of Yy, see Bemerkung 2.7.5 in [62]. For the treatment
of electromagnetic problems, we need some more operators.

Definition 2.7. Let S C R? be a bounded Lipschitz domain and L?(9S) = {v €
L?(dS,C?): v-v=0a.e.on dS} be the space of tangential fields on d, where
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v is the exterior unit normal vector to S. Define P, and Pr as mappings from
L?(9S,C%) to L?(3S) by

P:wr—vVvXw and Pr:wr (VXW)XV

for w € L2(dS,C?). Then, let %; and yr be the operators from (S, C3) to L2(9S)
given by % : u > P(u|yg) and yr : u— Pr(ul,g) for u € C=(S,C?). These op-
erators can be extended to bounded linear operators from H'(S,C?) to L?(95)
by

Y =Fo and Yr = Proyp.

Here, yp : H'(S,C3) — H'/2(9S,C?) is the trace operator for vectorial functions,
meant as the componentwise application of the trace operator from Definition 2.5.
The operator ¥ is called the fangential trace operator for S, and yr the tangential
components trace operator for S. Moreover, let L2(dS) = {v € L*(9S,C?) : v x
v =0a.e. on dS} denote the space of normal fields on dS and define P, as a
mapping from L?(dS,C?) to L2(9S) by

P,:w—v-w
for w € L?(dS,C3). The operator 7, : C*(S,C?) — L2(dS) which maps u €
C>(S,C?) to P,(ul ;) can be extended to a bounded linear operator ¥, : H! (S, C?) —
L2(9S) with

Yo = Pno YD,

where Yp is as given above. The operator ¥, is called the normal trace operator
for S.

In the above definitions, we have used that the normal vector v exists almost
everywhere on dS according to Rademacher’s theorem, see Satz 2.7.1 in [62].

2.4 Green’s identities
Equipped with the operators from the previous section, we can now setup some
important integral identities, the Green’s identities.

Theorem 2.8. Let S C R3 be a bounded Lipschitz domain. Further, let A: H*(S) —
L*(S) denote the weak Laplacian and curl the weak curl operator.

(i) For all u € H*(S) and v € H'(S) there applies the first Green’s identity

/Auvdx:/ yNuyDvds—/Vu-Vvdx. (2.18)
S s S
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(ii) For all u,v € H*(S) there holds the second Green’s identity
/ (Auv —uAv)dx = /8 (ywuypv — Ypu yyv)ds. (2.19)
S s
(iii) For all vectorial u,v € H'(S,C?) there holds
/(curlu-v— u-curlv)dx:/a Yiu - Ypvds. (2.20)
s S

Proof.

(1) We make the following operator identifications and refer to Lemmata 4.1
and 4.2 in [53]. According to the notation in [53], we write the operator
P=A:H*S) — L*(S) as

3 3
—ZZ Jk8ku uEHz(S),
j=1k=1

with the coefficients Az = —6j; and d; denoting the weak derivative w.r.t.
the j-th coordinate, j,k € {1,2,3}. The ‘formal adjoint’ P* of P and the
‘conormal derivatives’ By and By, are given on H?(S) by

P*u=Au
and Bvu:%vu: —v - (Vu).

With yy = — By, the identity (2.18) is recognized as a special case of the first
Green’s identity as stated in Lemma 4.1 in [53].

(i1) The identity (2.18) is obtained as the difference of (2.18) and its dual version
implied by Lemma 4.2 in [53].

(i11)) Again, we make some operator identifications and refer to Lemma 4.2 in
[53]. We write the operator curl : H'(S,C3) — L*(S,C?) as

3
Pu = ZAj8ju, MEHl(S,(C3>,
j=1

with the coefficient matrices

00 0
A= 0 —1|, A=
1

0 —1

oo -
X
W

|

O = O
oo |
oo o

0
0
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and d; denoting the weak derivative w.r.t. the j-th coordinate, j € {1,2,3}.
The ‘conormal derivative’ B, vanishes here. With

R — * — . _— .
Bju=Au=—-Aju=—ejxu,

for the ‘formal adjoint’ P* of P and the ‘dual conormal derivative’ B, we
get, respectively,

3 3
u:—z(?iju: Z8jAju:iPu,

3
Bvu—ZVﬂ’D B ) Z i(ej X Ypu) = —V X Ypu.

]_ :

Using y, = —%v and

You - %vv = Ypu-(—vV X ypv) = Ypv-(V X Ypu) = Ypv- %il,

the identity (2.20) is found to be a special case of the dual first Green’s
identity as stated in Lemma 4.2 in [53]. L]

2.4.1 Generalized trace operators and identities

Now, we show that the trace operators introduced above can be generalized by
means of abstract variants of the Green’s identities from Theorem 2.8. First, we
assume that for some u € H'(S) and some f € H~'(R?) there holds Au = f in S.
For u € H'(S), Au is defined as a distribution on S via

(Au)(v) /Vu Vvdx forall v e D(S),

cp. p- 116 in [53]. Then, according to Lemma 4.3 in [53], there exists a g, €
H~'/2(95) such that

/fvdx:/ gu’ypvds—/Vu-Vvdx forall v e H'(S), (2.21)
S as S

where the first and the second term should be understood as dual pairings. We note
that this equality is a generalization of the first Green’s identity (2.18). Therefore,
a bounded linear extension yy : H'(S) — H~'/2(dS) of yy from Proposition 2.6
1s defined by v : u — g, with g, from (2.21). However, the functional g, depends
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on f, see the explanation on p. 117 in [53]. We are especially interested in the
case that Au € L*(S) for some u € H'(S). Hence, we define the space

HA(S)={uecH'(S): AucL*(S)}. (2.22)

Based on (2.21) with f = Auin S and f = 0in R\ S, we then define by v : u— g,
a unique bounded linear extension yy : HA(S) — H~'/2(95). For more details, we
refer to Section 2.7 in [62].

Regarding the identity (2.20), the condition u € H'(S,C?) appears restric-
tive, since with v € H'(S,C?) the left-hand side of (2.20) is well-defined for
u € H(curl,S) and the right-hand side of (2.20) requires simply that y%u formally
defines a bounded functional on H'/2(dS,C3). So, by enforcing this identity
(2.20) for all u € H(curl,S) and all v € H'(S,C?), we define a unique bounded
linear extension of J to an operator y; : H(curl,S) — H~'/2(95,C3), cf. [13].
Moreover, since the left-hand side of (2.20) remains well-defined likewise for
v € H(curl,S), one might think of an even more refined identity. In fact, one can
prove

Theorem 2.9. Let S C R? be a bounded Lipschitz domain and let Y (dS) be the
space

Y(9S) = {f e H'/2(3S,C3) : Ju € H(curl,S) with yu = f1, (2.23)
normed by
I£1lvo) =B Toliansy
With this norm, Y (dS) is a Banach space.
(i) The operator Y, : H(curl,S) — Y (9S) is surjective and bounded.

(ii) Forallu € H(curl,S) and v € H'(S,C?) there holds

/(curlu-v—u-curlv)dx:/a Yiu - Ypvds. (2.24)
s S

(iii) There is a unique bounded extension of yr to an operator yr : H(curl,S) —
Y (9S) such that for all u,v € H(curl,S) there holds

/(Curlu-v—u-curlv)dx:/a Yiu - yrvds. (2.25)
S S
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Proof.
(i) This is clear by the definition of ¥ (dS) and its norm. In fact,

H’}/I‘HH(curl,S)—W(&S) < 1.

(ii) The operator ¥; is defined on H (curl,S) such that the identity (2.24) holds.

(111) Although its statement differs slightly from the one here, careful inspection
of the proof of Theorem 3.31 in [55] reveals the assertion. L]

The space Y (95) is a proper subset of H~'/2(9S,C?), cp. Remark 3.30 in [55].
For a detailed characterization of ¥ and its range Y (dS), see Theorem 4.1 in [13].
For a Lipschitz polyhedron S, we also mention the earlier article [12]. In addition
to the above generalized identities, one has the following result for the normal
trace operator.

Theorem 2.10. Let S C R? be a bounded Lipschitz domain. The normal trace
operator VY, from Definition 2.7 can be extended by continuity to a bounded linear

operator Y, - H(div,8) — H~/2(S), and for all u € H(div,S) and v € H'(S) there
holds the Green’s identity

/(u-gradv—l—(divu)v)dx:/a Yult Ypvds. (2.26)
S S

A proof is given in [55], see Theorem 3.24 therein. As a reference, we collect
the results of this subsection in the following corollary.

Corollary 2.11. Let S C R? be a bounded Lipschitz domain. The trace operators
are well-defined as bounded linear mappings

1 H'(S)— H'?(99),

Yo s H(div,S) — H™/2(S),
w:H(S) — H'/?(9S),
T HA(S) — H™'/2(95),
Y : H(curl,S) — Y (d9),
vr : H(curl,S) — Y (2S)’,

with Y (9dS) as defined in (2.23).
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Further extensions of the trace operator yp from Definition 2.5 are stated in
Theorems 3.37 and 3.38 in [53]. We have shown the unique extensions of the
trace operators from the classical spaces C*(S) and C*(S,C?), respectively, to
Sobolev spaces on a bounded Lipschitz domain S. However, in the following we
let these operators frequently refer to a Lipschitz set S C R?, i.e. to a possibly
unbounded and disconnected S. If S is unbounded, the application of some trace
operator is guaranteed to be well-defined by a truncation procedure in the given
context. In addition, if S is disconnected, the respective trace operator is meant
to denote the corresponding unique trace operator for the (bounded) connected
component for which it is evaluated. We will use the notations u|;q, V - u|;q.
du/dv, v xu|,q, and (V X u|,q) X v synonymously with ypu, y,u, yyu, Yu, and
Yru, respectively. A particular notation is chosen in any occurrence only for a
better readability.

2.5 Additional function spaces

Besides the space Hj,(S), defined for a Lipschitz set S C ITand s > 1/2 in (2.14),
we introduce the spaces

=l div.s) o ol lEeuns)

Hy(div,S) = E4(S) and  Hgy(curl,S) = E4(S) (2.27)

for a Lipschitz set S C I1. For a function u in one of the spaces H,(S), Hy(div,S),
and Hy/(curl, S), we write uy instead of u. Finally, we define the spaces H}, | .(S),
Hgy 1oc(div,S), and Hy joc(curl, S). In view of (2.9), one might define /), | .(S) for

Joc

a Lipschitz set S C ITand s > 1/2 as the set of functions uq such that ug |3 € H,(S)
for every compact subset S of S. The other both spaces could be defined analo-
gously. Now, let S C IT be a Lipschitz set such that SN I # @ and S = Spe N1
is not degenerate, hence (S, N JII) UdS = dS. If the Hy joc-spaces are defined in
the above manner then they do not provide a statement about the behavior of a
space element at the boundary dS. However, we will work with fields on S whose
o-quasi-periodic extensions are Hy,-, Hy(div)-, or Hy/(curl)-regular even across
the (partial) boundary dS N JI1. To capture this feature in the spaces, we define
them by

gﬂ,loc(S) = {ua :§—-C: UO“SV
Hy joc(div,S) = {ua S 3 Ua‘g € Hy(div,S) for any compact § C Sper},
Hy joc(curl,S) = {ua 5 —C3: Ua’g € Ha(curl,g) for any compact ScC Sper},

e H,(S) for any compact § C Sper }
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where Uy denotes the a-quasi-periodic extension of uq, Sper 18 defined according
to (2.15), and s > 1/2. A few times, we will also need the space

aloc(S) = {ug:S—C: Ua\ge H&(g) for any compact S C SI()Q}

and the corresponding counterparts of Hy joc(div,S) and Hy joc(curl,S) for Lip-
schitz sets S with S C 2-I1, but S € I1. The set SI()Q 1s given by

SI()Q ={xeR3: x+(2A) ©®z € S for some z € Z3}O,

~ ~ ~ ~

and the spaces €y (S), H(S), Hy(div,S), and Hy/(curl,S) are defined exactly as
in (2.13), (2.14), and (2.27), with S replacing S and the a-quasi-periodicity still
referring to the quasi-period A = (27,27,0). Finally, we let

s 10e(R?) = {ug : R* = C a-q.p.: g€ H*(S) for any compact S C R*},

a,loc

and He joc (div, R?), Hy joc (curl, R?) similarly.



Chapter 3

The acoustic case

3.1 The direct problem

3.1.1 Problem formulation

We start with a schematic description of the direct problem in the acoustic case.
At this point, we do not yet care about the regularity of the contrast g =n — 1
and the scattered acoustic field uj,. We assume first that the incident acoustic
field ul, satisfies the Helmholtz equation Aul, +k3ui, = 0 in the whole unit cell
I1. This holds true for a plane wave incidence (see Section 2.1). We now consider
the following problem: Given an a-quasi-periodic incident field u.,, determine an
o-quasi-periodic scattered field uj, from the equations

Aug +k§(14+q)ug =0 in 1, (3.1)
ug = u', +ul,  inII, (3.2)
[ualr =0, (3.3)

duy,
% =0 3.4
[ Jv } o (3.4)

and the representation
uy (x) = Z u= el thexs) in Ry (3.5)
€2

where Z =72 x {0}, &, = t+z, and 8, = 1/ k3 — |o¢,|2. Later on, we will need that

none of the coefficients f3,, z € Z, vanishes. Since in acoustics the wave number k
and the frequency o of the incident field are related by ko = /¢y, this condition
amounts to excluding the frequencies in the set

E={wcR": 0=cy|a| for some z € Z}, (3.6)
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the so-called Rayleigh frequencies. Obviously, € is a discrete set and @, = co ||
tends to infinity as |z| goes to infinity. The equations (3.3) and (3.4) represent
transmission conditions at I' = dQ NI (see (1.1)). Further, v is the exterior unit
normal vector to Q and [f] denotes the jump [f] = f|, — f|_, where f], is
the trace of f on I' when approaching I' from the outside and the inside of €,
respectively. The series in (3.5) is required to converge uniformly on compact
subsets of Ry UR_. Here and below, the complex square root is defined as the
unique holomorphic extension of the square root on Rar to all of C\(—ieo,0), i.e.
to the complex plane slit at the negative imaginary axis. The representation (3.5) is
easily recovered by a Fourier expansion of the periodic field #*(x) = e~ **us,(x)
and ensuring radiating behavior as well as boundedness of uy,. Hence, it acts
as a radiation condition on uy, and is called the Rayleigh (expansion) radiation
condition. For given phase shift o and wave number ko, the so-called Rayleigh
coefficients uf € C, z € Z, completely determine the field «},. A function which
fulfills (3.5) is said to be radiating. Together, the equations (3.1)—(3.5) make up
the mathematical model for an o-quasi-periodic acoustic transmission problem,
with transmission in Q. Entailing a first modification of the above problem, we
consider a special type of incident fields, which is chosen in a related setting
in [44]. Let I'; =1 UI'; _ be an incidence surface where I'; , C R, NII and
[;— C R_NII are flat surfaces with non-empty relative interiors in the planes
containing I'; ; and I'; _, respectively. We assume oc-quasi-periodic incident fields
which are superpositions of fields generated by acoustic point sources located on
I';. Such a field is a classical solution to the Helmholtz equation Aul, + kjui, = 0
in the restricted domain IT\I';. For the scattered field u{,, we obtain the equation

AuS, 4 I5 (14 q)ul, = —kjqu',  inTL (3.7)

By (3.2) and the smoothness of u’;x in a neighborhood of I', the transmission con-
ditions (3.3) and (3.4) imply

51 dug |
luylr=0 and [8v }F—O. (3.8)
In the following, we choose L= (IT) as the source space for the contrast g. How-
ever, to ensure a proper problem formulation and treatment, we actually have to
restrict to a modest subset of L=(IT). In fact, we require that the boundary of the
essential support of ¢ is a Lebesgue null set in R?, that the periodic extension of
g into R3 has a piecewise smooth representative, and that the (countably many)
interfaces between smooth parts of one such representative enclose Lipschitz do-
mains. This class contains virtually all physically relevant contrasts. At all of the
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interfaces between smooth parts we have to impose transmission conditions of the
type (3.8). But, not to put large effort in similar and frequently arising details, we
keep this issue in mind and leave the problem formulation at stating the conditions
at I' = dQNTII. Clearly, the differential equation (3.7) has no classical solution
in all of IT in general, and we have to make precise the notion of solutions we are
interested in. Moreover, making considerations analog to those above for g, we
replace ', on the right-hand side of (3.7) by a ‘source’ f and let f be an element
of L?(IT) which is essentially supported in Q. In this more abstract setting, we
write vy instead of u3,.

Precisely, we treat the following generalized direct problem: Given f € L2(I0)
with support in €, find a radiating function v, which satisfies

Avg+k(14+q)vg =—kiqgf  inII (3.9)
together with the transmission conditions

[Yovalp =0  and  [Wwve]r=0. (3.10)

Here, [Ypvalr = ¥p,+Valpr — ¥p,~Valp> Where ¥p 1 and yp _ denote the trace oper-
ators for Q' and Q, respectively. The jump of the Neumann trace on I' is given
by [Ywvalr = =W, +Valr — W,~Va|p, where Yy 1 and yy, — are the Neumann trace
operators for Q" and Q, respectively. The minus sign in front of yy -+ is due to
the fact that yy + is the generalization of the normal derivative on dQ*!, where
the normal vector points into rather than out of € on I (check against (3.8)).
Variational formulation We understand (3.9) with (3.10) in the variational

sense. In fact, for f as given above, we seek a radiating function vy € H, é 1oe (IT)
such that
[ (Wa Vo= +vav-o)de =K [ afyrads  GD)

holds for all w_, € H! ,(IT) with compact support with respect to x3. This latter
requirement is meant in the sense that there is a compact set M C II such that
V_o((x1,x2,-)) is (essentially) supported in M for all (x{,x;) € (—7,7)%. We re-
call that the a-quasi-periodic extension of a function in H}, | .(IT) is H}-regular
across the boundary dII. Now, we make some remarks about the formulation
(3.11). All terms in (3.11) are clearly well-defined and v, naturally satisfies the
first transmission condition in (3.10) by the ansatz space H) . .(IT). However,
only if a radiating solution vy to (3.11) is sufficiently regular,’this V¢ can be in-

terpreted as a variational solution to the problem (3.9) with (3.10). In this case,
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the jump [ywve|p is well-defined (cf. Corollary 2.11) and the transmission condi-
tion [wve|p = 0 is already accounted for in the formulation (3.11). The latter is
seen by separate application of the Green’s identity (2.21) to the equation (3.9)
in the domains Q and Q! to derive (3.11). In the arising boundary integrals, the
contributions on JITI cancel out. We keep in mind the problem (3.9), (3.10) as the
motivation for (3.11).

Closing this subsection, we comment on the existence, uniqueness, and regularity
of a variational solution vy, to the direct problem. Let us start with the regularity.
An adaptation of a standard interior elliptic regularity result (e.g. [27, Theorem
8.8]) to our problem implies that a weak solution to (3.9), in particular v, lies in
fact in H2 | .(IT). It is even a classical solution in Q% ([27, Corollary 8.11] or
[69, Weyl”s Lemmal]) and so analytic there ([16, Theorem 3.5]). This also makes
the Rayleigh expansion (3.5) well-defined for v. Since II meets the cone condi-
tion, v 1s continuous in IT according to Sobolev’s Lemma ([69, Lemma 13.X1]).
We confine ourselves here to describing now a common procedure to show ex-
istence and uniqueness, rather than conducting a complete proof for our setting.
First, one incorporates the Rayleigh radiation condition into a variational formu-
lation by considering the scattering problem in the truncated domain IT\R; UR_,
instead of in IT as for (3.11), and imposing transparent boundary conditions on
the artificial boundaries I' and I'_. These conditions are set via the Dirichlet-
to-Neumann operators on I' and I'_, obtained by simple formal derivation of
the Rayleigh expansion, noting that the unit normal on I'y equals +e3, respec-
tively. Here, we have used that the Rayleigh expansion in fact still holds in some
neighborhood of I'y (in II), as it is easily seen by the definition of the sets R..
From the fact that ¢' %™, 7 € Z, as functions of (x1,x;) € (—7,7)? are orthogonal
to each other it follows that the Rayleigh coefficients of a solution vy, to the just
described variational problem are uniquely determined. By this, v, characterizes
completely the behavior in R4 UR_ of any radiating solution v to (3.11) which
coincides with vy in IT\Ry UR_. One finds that the problem on the truncated
domain is equivalent to the formulation (3.11) combined with the radiation con-
dition. Usually, the variational problem is stated for the total field u, rather than
for the scattered field v = uj,. Then, the main step is to prove that the operator
induced by the associated sesquilinear form is Fredholm with index zero (on a
properly chosen space) and depends holomorphically on the wave number in a
set & C C which we specify in a moment. For the theoretical analysis, the wave
number is allowed here to be complex-valued, we therefore write k instead of k.
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We recall that for a plane wave ul,(x) = p ¢'*®~ the phase shift « € C?> x {0} and
the wave number k are related by

o = k6 = k(sin@; cos ¢, sin@; singy, 0)7, (3.12)

where ¢; and ¢, are the angles of incidence (see p. 11). Moreover, the wave
number and the frequency @ are related in acoustics by k = @/c, where ¢ stands
for the speed of sound in a homogeneous background medium. One may equiv-
alently assume two of the quantities k, @, and ¢ to be complex-valued. The set
S = S(¢,,4,) Of admissible wave numbers is given by

S={kecC:k—o, o, ¢ (—ico,0] forall z € Z}

where o, = o0 +z with o = a (k) from (3.12). To these wave numbers there ob-
viously correspond the frequencies in S= {weC: w/ce8}. Aside, we remark
that the set € of the Rayleigh frequencies, considered in (3.6) for real-valued wave
numbers k = ko for ¢ = ¢y € RT, is given as € = R+\§. In addition to the main
step, one can show that for certain contrasts g as well as for sufficiently small
wave numbers kg > 0, the direct problem is uniquely solvable (see [65]). Com-
bining the above results on the variational form with such a particular uniqueness
result and applying analytic Fredholm theory (cf. [29]) finally yields that the di-
rect problem is uniquely solvable for all ky € 8T\D where 8T = SNR™ and D is
a discrete subset of 8T without finite accumulation point. This approach is cho-
sen e.g. in [65] for a smooth contrast and a plane wave source f = ul,. We only
remark here that the arguments therein can, with some modifications, be carried
over to our setting.

3.1.2 The Green’s function and a representation theorem

For the treatment of the problems in this chapter, we choose an integral equation
approach. In a different, yet related setting, this has been suggested in [44]. A
central ingredient for this approach is the a-quasi-periodic scalar Green’s function
for the Helmholtz operator in free field conditions, which can be represented as

a(y,x 87;2 Z i(0 (x—y)+B:[x3—y3]) (3.13)
zeZ P2

for x,y € Il with x3 # y3. At this point our initial assumption enters that 8, # 0
for all z € Z. The restriction x3 # y3 for (3.13) is necessary in order to guarantee
absolute convergence of the series. Anyway, the Green’s function G is well-
defined for all x,y € Il with x # y, and there are more advanced representations
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of G, without the limitation x3 # y3, see e.g. [3] and, for the 2D case, the com-
prehensive article [51]. We use the series form for simplicity. For fixed y € R3,
G(y,-) as a distribution can be interpreted as an array of point sources. In fact, a
technical, but straightforward proof reveals that formally there holds
MG (%) + kg Galy,x) = = Y €7 %28, o (x). (3.14)
&7
This implies that inside the unit cell IT it is

AGo(3,x) + K Go(y,x) = —=8,(x),  xeTl, (3.15)
and analogously, for fixed x,
AGa(y,x) +k5Galyx) = =6(y),  yell (3.16)
It is easy to show that in (IT x IT)\{(x,x) : x € I1} the function G, has the form
Ga(y,x) = @(x,y) +¥(x—y), (3.17)

where @ denotes the fundamental solution to the scalar Helmholtz equation in
R? and ¥ is a classical solution to the Helmholtz equation in 2 -IT (and hence
analytic). Moreover, it follows from the representation (3.13) that G satisfies
Go(y,x) = G_g(x, y) and obeys the radiation conditions

Ga(y,x) = Y gX(y)e®**Fn)  x3>y;,  and (3.18)
€2

x) = Zg;t(x>e—i(az'yiﬂzy3)’ X323, (3.19)
[V4

for fixed y and fixed x, with Rayleigh coefficients g (y) and g (x), respectively.

Representation theorem

The a-quasi-periodic Green’s function is especially important for the following
representations of o-quasi-periodic functions in the interior and the exterior of
some Lipschitz set.

Theorem 3.1. Let L C Il be a bounded Lipschitz set such that Ly, is also Lip-
schitz and L. = Ly.r N 11 is not degenerate, according to Definition 2.1.

(i) Assume vy € Hé’ A(L). Then there holds Green'’s formula

/8L <Va(y) aivyGa(y,X) aav\fﬂ( )Ga(y,x ))ds(y) +

—vg(x), x€L

_ (3.20
0, xeIl\L (3.20)

+/L(AVa(Y)+k(2)Va(Y>>Ga(y,x)dy{
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for almost all x € T1. If vg, € C%(L), then (3.20) holds for all x € T1.

(ii) Assume vo € H &’ e (INL) is a radiating solution to the Helmholtz equation
Avg +k3veg =0 in TI\L. Then vy satisfies

0 dvy _Jo, xeL
/()L (va(y) a—vyG"‘(y’x) —5, V) Ga(y,X)>dS(y) = {Va(x% ceT\L

(3.21)

Proof (scheme). The proof relies on the arguments in Section 3.3 in [3]. By a
sophisticated analysis of the Green’s function G (-,x), in particular for real wave
numbers (like ko), it is shown there that results from standard potential theory (see
e.g. Section 2.2 in [17]) can be transferred to the o-quasi-periodic case. These
also yield the identities (3.20) and (3.21). To show the second claim in (i), we
modify the proof of Theorem 2.1 in [17] using the second Green’s identity for a
bounded Lipschitz set, cp. Corollary 3.20 (3) in [55]. In the proof of the identity
(3.21) for x € L, the radiation conditions (3.5) for vy and (3.19) for G4(-,x) are
applied. [

3.1.3 The near field operator

In this subsection, we introduce the so-called near field operator, which will be
the central object in our following discussion. From the form of this operator it
becomes clear that its computation is essentially equivalent to the solution of the
direct problem in Q*'. In a more abstract context, the operator which reflects the
direct problem (in Q') is called the forward operator.

In our scattering problem, the incident field has the form

Tx) = [ Galr)9()ds(),  xeT\L (3.22)

with I'; as defined on p. 30. Here, ¢(y) describes the ‘moment’ of the acoustic
point source at y € I';, which is represented by Gy(y,-). This function ¢ evi-
dently characterizes the incident field u!,. Due to the superposition principle, the
scattered acoustic field generated by i’ is given by

T) = [ B alr)00)ds0),  xeTL

where ﬁ;’a(-, y) denotes the response to the incidence of a single point source lo-

cated at y € I';. In practice, this field is measured on some surface I'y C Q' =
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Figure 3.1: Incidence and measurement surfaces

IT\Q not too far away from the medium. This fact is captured in the name ‘near
field’. Our analysis requires that I'; is the union of two flat surfaces I'; ¢ C Iy and
I's;_ € I'_ with non-empty relative interiors in I'y and I'_, respectively. Besides,
we note that each of the sets I'; , I; _, I 1, and I'; _ might be disconnected. Fig-
ure 3.1 exemplifies the geometric situation. The operator which maps the moment
function ¢ of the incident field u., to the scattered field u%, on Iy is called the near
field operator M : L*(T';) — L*(T'), reading

(119)(0) = [ @0l 00)ds(), €. (3.23)

i

An approximant for the operator M is computed in practice from the given data ¢
and a discrete set of measurements of u, on I';. However, in order for the Factor-
ization Method to be applicable later, it is necessary that the near field operator
maps a Hilbert space into its dual. This requirement obviously is not satisfied if
the incidence surface I'; and the measurement surface I’y are different. To over-
come these problems, in [44] an auxiliary forward operator (a far field operator
therein) is used, which is computed approximately from the original, physical
one. We adapt this procedure here and define the somewhat artificial near field
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operator M : L*(I'y) — L*(T') by

(Me)(x) = [ uh0(x)90)ds(y),  weT, (3.24)
where u}, (+,y) is the response to the complex conjugate point source G—q(y; )
at y € I'. This means that M ¢ corresponds to the o-quasi-periodic incident field

() = [ Gabx)@()dsy),  xeII, (325
The radiation properties of G_¢(y,+) = Gy (+,y) (see (3.19)) imply that u!, satisfies

wly(x) = Y () TR = (3.26)
z€Z
where -
)= - —i(ayFB:y3) g
u, ((p) Q72 E r, (p(y)e S(y)

The reason why we have to restrict the representation (3.26) to R = {x € IT:
x3>my}and R_ ={x €Il: x3 <m_} is that Q%' might be connected. In this
case, incident waves originating on I'y + and I'; _ can propagate to I'_ and I,
respectively. For x € IT inbetween I'; and I'_, neither x3 > y3 nor x3 < y3 holds
forall y € I';. However, we can decompose uy, as the sum of u, , and u;, _ defined
by

Uy = | G_a(y.x)0(y)ds(y),

1—‘s,:i:

which allow a more detailed representation of u, by

Ml(.x’_i_()(f) = Z uZi,-i-((P) ei(az'x:FE)%)’ X3 2 my, (327)
Z€Z
and . | B
wy (x) =Y uf (@)l T xyzm (3.28)
z€Z

with evident coefficients uf . (¢) and uf_((p). We only remark that the signs
of the x3-terms in the exponents in (3.27) and (3.28) are flipped compared to
those of the corresponding terms in the expressions for the physical incident field
Zﬂa defined in (3.22). It means that the waves caused by uix are travelling in
the opposite x3-direction. The approximation of the auxiliary near field operator
M, which we will work with, by means of the physical near field operator M is
discussed in detail in Chapter 5.
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3.2 The inverse problem

With the above preparations, we now address our main goal, referring to a prob-
lem which is ‘inverse’ to the problem described in Section 3.1. At first go, one
might think that it is about the inversion of the operator M, whose computation
represents in a way the direct problem, or to a full reconstruction of the contrast,
which governs the direct problem. However, the inversion of M is useless since
its argument, the moment function ¢, is the known input in practice. The full re-
construction of the contrast is a sensible, but also the most ambitious objective. In
many applications, the focus is instead on the determination or the optimization
of the shape of some object.

This motivates the following inverse problem: Given the scattered fields u}, on
I'y for all moment functions ¢ € [? (I';) (and a single fixed wave number ko), find
the shape of the scattering medium or, equivalently, the support of the contrast ¢!

To be precise, by the ‘shape’ of the medium we always mean its actual shape
together with its location in R3. We note that, due to superposition, knowing
the scattered fields ?, (on T'y) for all ¢ € L?(I';) is equivalent to knowing the re-
sponses uj, o(+,y) (on I'y) for all y € I';. Anticipating the unique solvability of the
above inverse problem, one might apply some iterative method to solve it. For
inverse scattering from bounded inhomogeneous media in R3, one can prove that
even the contrast g, not only its support, is uniquely determined by the complete
far field patterns for all directions of incident plane waves, see e.g. Theorem 4.3 in
[45]. A similar rigorous uniqueness result for periodic contrasts seems to be still
an open issue. An iterative method for the full reconstruction of g from far field
data for a bounded inhomogeneity is proposed in [33]. For the reconstruction of
the profile of a perfectly reflecting lamellar grating, an iterative method based on
the so-called domain derivative of the scattered field is established in [30]. On
the one hand, iterative methods are powerful and widely applicable, on the other
hand they have some inconvenient requirements, including conditions on the for-
ward operator, a reasonable initial estimate of the (unique) solution, or so-called
source conditions to guarantee convergence rates, cf. [25, 32]. Moreover, on the
downside of being highly non-specific, these methods do not utilize directly the
characteristics of the problem at hand. For the adequate goal of reconstructing the
support of the contrast, there are more suitable (non-iterative) alternatives which
in fact do not require an initial estimate, see, e.g., [15] for qualitative methods in
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inverse scattering theory. A well-known such alternative is the so-called Factor-
ization Method. It has been proposed by KIRSCH in [39] for inverse scattering
from a bounded obstacle and extended to a class of inverse elliptic problems in
[42]. Under modest assumptions, this method allows an efficient and easy-to-
implement identification of the support of the respective contrast. It is based on a
factorization of the forward operator and a substantial use of the properties of its
factors, thereby taking account of the nature of the problem. In the last decade,
the Factorization Method was developed further by several people, we refer to the
bibliography of the monograph [45]. This book provides a thorough discussion of
the method along with different applications. The problem of inverse scattering
from homogeneous periodic media is treated in the articles [5, 4] and the thesis
[49]. So far, the Factorization Method has not been investigated in the context
of inverse scattering from inhomogeneous periodic media. Our intention is to fill
this gap.

3.2.1 Factorization of the near field operator

Let us start by briefly sketching the idea of the Factorization Method. The first
main feature of the method is the characterization of the range R(B*) of the adjoint
operator B* of B from a certain factorization A = B*C B in terms of the operator
A. This relies on a functional analytic result and depends on the properties of the
operators B and C. In our discussion, the operator A is the artificial near field op-
erator M and depends implicitly on the medium via the response u;, ,,. The second
feature of the Factorization Method, specific to the application in inverse scatter-
ing problems, is expressed in the proof that for some factorization M = B*CB
there is a deep connection between the range of B* and the shape of the scattering
medium. The combination of both relations then enables us to identify the shape

of the medium by means of the artificial near field operator M.

In the following, we make some general assumptions, which we collect for refer-
ence in

Assumptions 3.2.

e The sets Q' and Q = Q'NII are Lipschitz, and the set Q. = Qper NIT is not
degenerate.

e The connected components of Q' are simply connected.

e The contrast ¢ is essentially bounded, i.e. ¢ € L*(IT), and satisfies
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Figure 3.2: the connected components of Q C R? are simply connected

(i) ¢ = 0 almost everywhere (a.e.) in QXt,
(i1)) 14+Reg =Ren > ¢p a.e. in Q for some constant cg > 0,
(ii1) Img > 0 a.e. in Q,

(iv) |¢| is locally bounded from below in Q, meaning that for every compact
subset S C Q there is a constant ¢g > 0 such that |¢| > ¢ a.e. in S.

e The direct problem, defined on p. 31, is uniquely solvable.

We remark that, since Q' is Lipschitz, Qper coincides with Q. Due to the third
assumption, Q does not only contain, but is equal to suppgNIL. Moreover, the
second and the third assumption imply that " does not show any inclusions of
the background medium (where g vanishes). For this to hold, we have to require
the simple connectivity of the connected components of Q' rather than of those of
the set Q, to exclude cases similar to the 2D example shown in Figure 3.2. Here,
the connected components of Q are simply connected, but those of ' (which are
rings) are not. Since every Lipschitz set fulfills the cone condition, the embedding
of H(Q) into L?(Q) is compact according to the Rellich-Kondrachov theorem,
cf. [2]. Now, in the style of the incident field (3.25), we define the integral operator



3.2. THE INVERSE PROBLEM 41

Hr, ;Lz(I})——>l?(£2)by

(Hr, 0)(x) = /a0 / Goaln) 9()ds(y),  xeQ. (3.29)

The meaning of the weighting factor \/|¢| in (3.29) will be clarified in the proof
of Theorem 3.8. The adjoint Hf" : L*(Q) — L*(T'y) of Hr, is found to be given by

()W) = [ Goale)s0) VgD, xel. (330

Moreover, we define the solution operator G : L*(Q) — L*(I'y) which maps f €
L*(Q) to vg |, Where vy is radiating and satisfies

Vvg-Vw_g — k(1 _o)dx = k/ g dx
/g( Vo VW_oq =k (1+q)va Vo 0 \/——fW# o

= /(Vva-Vl//_a—k%vaw_a)dx:k%/ <—f+qva>1//_adx
I 2 \/|q|
(3.31)

for all y_o € H!,(IT) with compact support with respect to x3. The equation
(3.31) resembles the variational formulation (3.11), here f plays the role of \/m flo
in (3.11). According to Assumptions 3.2, there is a unique radiating solution to
(3.31), hence the operator G is well-defined. Inspecting the above definitions, one
observes that the near field operator M can be written as

M = GH.,. (3.32)
Finally, we define the operator T : L*(Q) — L*(Q) by
T =kgsign(q) (7 +Vlalva) | (3.33)

Here, sign(z) = z/|z| denotes the complex sign of z € C and v, € H! aloc(IT) is the
variational solution to the direct problem with source f, i.e. the radlatlng solution
to (3.31), where f is given as the argument of T and related to the source f as
described above. Then, (3.31) is easily seen to be the variational form of

Ava+kgva:—k%\/%f—k%qva:—\/k]ﬁf (3.34)

in I, where the right-hand side is extended by zero into Q*'. In a next step, we
show that (3.31) is equivalent to a formulation as an integral equation. Based on
this integral equation, we will refine the factorization (3.32) of M and, along the
way, prove the well-known (acoustic) Lippmann-Schwinger equation. The main
tool is established in the following proposition.
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Proposition 3.3. Let W be the volume potential operator defined by

(Wg)(x) = /Q G_a(x,y)g(y)V/lg(y)|dy (3.35)

with g € Lz(Q) and x € I1. We consider the potential wo = W g for some g.

(i) Let the density \/|q| g be bounded and Holder continuous, \/|q|g € C%Y(Q)
with 0 < y < 1. Then the potential wo, = Wg is in C3(IT\I') NC} (I1) and a
classical radiating solution to

Awg +kiwg = —/|qlg  inTI\T. (3.36)
The right-hand side of (3.36) is extended by zero into Q.

(ii) For densities \/|q|g € L*(Q), in particular for g € L(Q) and g € L*(Q), the

potential wq is in Hé’ 1oeI1) and a radiating variational solution to (3.36).

(iii) The mapping of g to the restriction of wy to Q defines a bounded linear
operator from L*(Q) to H,(Q).

Proof.

(1) We recall the decomposition (3.17) of the Green’s function G, and the fact
that the fundamental solution ®;, = @ to the Helmholtz equation in R3 is
the product of the fundamental solution ®, to the Laplace equation in R3
and a smooth function. Using this, the regularity of wy and the equation
(3.36) can be shown in a similar way as Lemmata 4.1 and 4.2 in [27]. See
also p. 141 (a) in [69] and Theorem 8.1 in [17]. The potential w¢, inherits
the radiating behavior from the integration kernel of W. Besides, we want to
emphasize that (3.36) does not imply that \/m g 1s (or needs to be assumed)
a-quasi-periodic since (3.36) is asserted only to hold in IT\I" and we have not
yet made any statement about the regularity of wy across the boundary JII.
If the -quasi-periodic extension of \/m g is C%V-regular across JI1\9<Y,
then (the a-quasi-periodic extension of) wy, is in C2(R*\dQ')NC} (R?) and
(3.36) holds in R?\0Q'.

(11) Concerning the regularity of wy, we refer to Theorem 8.2 in [17], again un-
der consideration of the relation (3.17). Since a classical solution is also a
variational solution, the second part of the assertion results from the dense-
ness of the set of bounded C%7(Q)-functions in L*(Q) with respect to the
norm of the latter. We also point here to the regularity discussion in Subsec-
tion 3.1.1.
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(111) This 1s a consequence of the definition of w¢, and part (i1). []

Obviously, the operators W from (3.35) and Hfis from (3.30) are related by
Hf g= (Wg)’rs, g€ L*(Q).

By Proposition 3.3 (ii) and the identity G_q(x,y) = Gg(y,x), a solution to the
integral equation

_ 9()
balt) =4 [, Gal0:9 (1270 + 0 vl

— & [ Ga(31)40) (/) +va () dy (3.37)

in I1 is a radiating solution to (3.31). The equation (3.37) is called the a-quasi-
periodic (acoustic) Lippmann-Schwinger equation. Vice versa, since the only
radiating solution to Avy + k% v = 0in ITis vy = 0, the unique solution to (3.31)
satisfies (3.37). Hence, (3.31) and (3.37) are equivalent, and we can write (3.37)
for short as

va(x) = [ Gal(3) (TH)0) VIaDdy. (339)

From this and (3.30), we realize the identity Hy- T f=va r,=G f. Finally, insert-
ing this into (3.32), we obtain a factorization of the artificial near field operator M
in the form

M = Hp T Hr,. (3.39)

We complete the description of the integral equation approach in a corollary to
Proposition 3.3. It just rephrases for the periodic case the comments on p. 92 in
[45].

Corollary 3.4. Let Assumptions 3.2 hold.
(i) If vy € H&leC(H) is a radiating solution to (3.31), then the restriction vy|o €

HL(Q) solves the equation

%:%W(ﬁLg+%0 (3.40)

Vlal

(ii) If vo, € HL(Q) solves (3.40), then it can be extended by the right-hand side
of (3.37) to a radiating solution to (3.31).

Q
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Our final result in this subsection deals with some properties of the operator

Hr, and its adjoint, which are necessary for the setup of a suitable Factorization
Method. A thorough analysis of the inner operator 7" in (3.39), defined in (3.33),
1s the subject of Subsection 3.2.3.

Proposition 3.5.

(i) The operators Hr, and Hfis are compact.

(ii) The operator Hr, is injective.

Proof.

(1) We recall that Hf: is given by

(Hf g)(x /G (,) &) V/]g(y)|dy

with x € T'y. This is a Hilbert-Schmidt integral operator with kernel in L? (T’ x
Q) and thus compact, cf. Theorem 7.83 in [59]. The compactness of Hr, is
a direct consequence, see e.g. Theorem 4.19 in [60)].

(i1) Let ¢ € kerHr,. Since g # 0 a.e. in Q, we conclude that the potential A :

IT — C defined by

— /r G ay ) @()ds(y),  x€Tl,

vanishes in Q, cp. (3.29). An analytic continuation argument then shows that
he=0in{x €Il: m_ < x3 <m,}, where m_ and m have been introduced
on p. 11. Since for ¢ € L?(T'y) there holds i € H) o.1oc (1) (cf. Theorem 6.11
in [53]), hg does not jump across 'y and I'_. Th1s yields yp +hg = 0 on
I'y UI'_, where yp + denotes the trace operator for Ry UR_. Moreover, hg
solves the Helmholtz equation in R, U R_ and obeys the expansion (3.26).
Given these equations, the problem to determine /4 in R UR_ is an unusual,
a-quasi-periodic exterior Dirichlet problem. Compare the classical exterior
Dirichlet problem for a bounded region, treated in [16]. This problem has
at most one solution, which is seen by the smoothness of a solution to the
Helmholtz equation and the representation (3.26) together with the fact that
(%) as well as e"1(%¥) with z € Z form a basis of L>(T',) for every I, =
{x € I1: x3 = r} with r € R. We conclude that Ay vanishes in Ry UR_.
Finally, by the jump relation [Yyhe]r = —@ ([53, Theorem 6.11]) we obtain
¢@ = 0. Hence, Hr, is injective. L]
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3.2.2 The interior transmission eigenvalue problem

Before we proceed with the analysis of the inner operator 7 in (3.39), we present
here a special kind of an eigenvalue problem called the interior transmission
eigenvalue problem. This problem has some analogy to a transmission problem,
but while in the latter the interior as well as the exterior of some domain are in-
volved, in the former the ‘transmission’ manifests in a coupling at the boundary
of a domain of two functions which are both defined in the interior of the domain.
It turns out that this special problem, stated for our setting, affects some properties
of the near field operator M. To begin, we introduce the equation system

Avg +k5(1+q)ve =0, Awg +kiwg =0 in Q
yDva - YDWa7 ’}/Nva = ’}/NWa onI’

}, (3.41)

where }p is the trace operator for € and Yy is the Neumann trace operator for
Q. In a classical formulation for a sufficiently smooth contrast, k(z) 1s said to be
an interior transmission eigenvalue if there is a nontrivial solution (vy,wq) €
(C2(Q)NCL(Q))? to (3.41). For a contrast g € L=(IT), the problem (3.41) has, of
course, to be understood in the variational sense.

Definition 3.6. The value k% is said to be an interior transmission eigenvalue
with corresponding eigenpair (vo,wq) € HY(Q) x HY (Q) if (v, wq) # (0,0) and
(v, W) satisfies

/Q (Vva VYo — kg (1+q)va Y_g)dx = /Q (Vwe - VY_q —kiwa w_g)dx
(3.42)
forall y_o € H! ,(Q) and

/ (Ve - Vg — Rwe W_q)dr =0 (3.43)
Q

forall y_q € Hla,O(Q‘>°

Under sufficient regularity of the functions vy and wy, of an eigenpair (vg, we)
is a variational solution to the system (3.41). The coupling boundary condition
YWva = Ywweq on I is then implied by the formulation (3.42), (3.43), due to the
claim that (3.42) holds for all y_, € H' ,(Q). This can be seen by applying the
first Green’s identity (2.18) separately to the first both equations in (3.41) and
comparing the resulting equations with (3.42), (3.43). The arguments here are
analog to those in the short discussion following the variational equation (3.11)
for the direct problem. Now, we shortly address a type of contrast for which there
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are no interior transmission eigenvalues. Let U C Q be some non-empty open
set which has non-empty intersection with each connected component of Q. If
Img > 0 on U, then there is no interior transmission eigenvalue k(z) > (. This can
be proven using the fact that any variational solution v to the first equation in
(3.41) lies in H2(Qg) for any subdomain Qy C  [27, Theorem 8.8] and applying
a differential inequality for v, for unique continuation, cf. Lemma 4.15 in [55].
An important consequence of the absence of such eigenvalues for the near field
operator M is stated in the following proposition.

Proposition 3.7. Assume that k% is not an interior transmission eigenvalue. Then
M : L*(Ty) — L*(Ty) is injective and has dense range R(M) in L*(Ty).

Proof. We use the idea of the proof of Theorem 1.8 (d) in [45]. Let ¢ € kerM.
The radiation condition (3.5), an analytic continuation argument, and the fact that
Q' has no inclusions of the background medium yield that the scattered field us,
with the near field M@ = 0 vanishes in Q%*'. From the definition of the operator
M, it is clear that u}, is raised by the incident field uj, = [ G_a(y,-) @(y)ds(y).
Now, the functions vy = u!, + u, and wg = u', satisfy the interior transmission
eigenvalue problem (3.41). By the assumption on k3, v and wg, have to vanish in
Q. As a consequence of the form of the incident field u!, and the injectivity of Hr,
(see Proposition 3.5 (ii)), this is possible only for ¢ = 0. Hence, M is injective.
For the second part of the assertion, we use the common identity R(M )" = ker M*
and show that also the adjoint M™ is injective. This is easily seen to be given by

M 0)) = [ 1, 00 00)ds0) = [y o(0x) @0 ds),  xeT.

S S

The definition of u), , and the form of the Green’s function imply the reciprocity

relation u;, o(y,x) = uj, o(—2x,—y) for all x,y € T's, hence

M 9)x) = [ ) ol—x-)90Ids().  xETe  (344)

N

Now, let ¢ € kerM*. We define M_ like M with —I's replacing I'; and note that
—I'y as well as I'y are contained in I'y UI'_. With (3.44), we obtain M_¢_ =0
on —I'y where ¢_(y) = @(—y). By similar arguments as above, M_ is shown
to be injective. Therefore, ¢_ = 0 on —I'y and, accordingly, @ = 0 on I'y. This
completes the proof. [
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3.2.3 The inner operator

Complementing the preceding considerations, we address now the inner operator
T, which remains to be examined in the factorization (3.39) of the artificial near
field operator M. Properties of the inner operator are crucial in the functional
analytic foundation of the Factorization Method as presented in [45]. Hence, for
an application of the Factorization Method it is a key step to prove that the inner
operator in a suitable factorization of the respective forward operator (here M) has
the required properties. Our next theorem collects the results for the operator T
from (3.39).

Theorem 3.8. Let Assumptions 3.2 hold.

(i) The operator T defined in (3.33) can be written in the form T = T +K where
T :L*(Q) — L*(Q) is defined by T f = Kk sign(q) f and K : L*(Q) — L*(Q)
is compact If there exist two constants t € [0,21) and co > 0 such that
Re (e''q) > colg| holds a.e. in Q, then the operator Re(e''T) is coercive,

precisely,
oA A )
Re (e"(Tf.f)12) = kgeollfl2 (3.45)
holds for all f € L*(Q).
(ii) The operator ImT is positive semi-definite, i.e. Im(Tf,f}Lz >0 forall f €
L*(Q).

(iii) Assume that there is a constant ¢y > 0 such that Imq > cy|q| holds a.e. in Q.
Then ImT is coercive, meaning that there is a constant ¢y > 0 such that

Im(Tf, /)2 > 2| f2 (3.46)
applies for all f € L*(Q).
(iv) The operator T is injective.
Proof.

(i) The form T =T + K is obvious where K maps f € L*(Q) to k2 q/+/]q| v o
and vy, 1s the radiating solution to the variational equatlon (3.31). The op-
erator K is compact due to the compact embedding of H}(Q) 3 vg|q into
L?(Q). Further, we get

A p Re(e'q) 4 A
Re (¢(TF.f)12) =3 [ %lf\zdxzk%co [ 17Pax

which proves (3.45).
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(1i1) The first half of the proof is based on the idea of the proof of Theorem 4.8 (b)
in [45]. We define § € L*(Q) by § = (f + v/|g|va)|, and use the definition
(3.33) of T to find

A A . N q ~
(17,72 =1 [ sien(a) gPar—iG [ —gvadx. (347
C e 2 /ld]

Since v satisfies the equation

Avg+Kve = —/|q|Tf=-I2—1_3 (3.48)

Vlal

in IT in the variational sense (cp. (3.34)), (3.47) can be written as
(17 )z =18 | sign() gPdx+ | (va+kva)vad

Now, we let R = {x € IT: |x3| < r} with r > 0 such that QNII C R. Applying
the Green’s identity (2.18) in Q and afterwards in R\Q, we obtain

<Tf7f>L2
: R A
=i [ sien(@)|gPdx+ [ (F1val— VvaP)de+ [ Fvgds
Q Q r ov
. R AT
=k3/ sign(q) Ig\zdﬁ/(k%lva\z—\Vvalz)dx+ % ygds.
Q R ORAIT OV

We point out that the boundary integrals have to be taken here only over
I = dQNTII and dR NTI, respectively, since the contributions on QN JTI
and RN JT1 cancel out. Using the radiation condition (3.5), the orthogonality
of ¢! %™, 7 € Z, as functions of (x1,x2) € (—7,7)?, and the fact that v = +e3
on dRNTII, we arrive at

(17 Fr2 =1 [ sien(@)|gPdx+ [ (vl = [Vval)de+

- +12 —2Imp;,
+1/8RHHZ[32|VZ\ e 2mB:xs 4g (3.49)

z€Z

Finally, letting r — 4o and noting that then in (3.49) the partial sum of the
terms corresponding to z € Z with 8, € iR™ vanishes, we obtain

(17,72 =13 | sign(a) eP v+ [ (G Ivel = [Vriaf?)dr+

+i4m? ) BvE|?.
B:cR+



3.2. THE INVERSE PROBLEM 49

Under Assumptions 3.2, this yields

m(Tf,7) /Imq| Pdx+4n* Y Bvi[* >0, (3.50)

‘ | ﬁ €R+
which is the assertion.

(111) The short proof is in the same spirit as the proof of Theorem 5.12 (c) in
[45]. Assume that there is no constant ¢, > 0 such that (3.46) holds for
all f € L*(Q). Then we can find a sequence f;, j € N, with ||f]|,» =1
such that Im (T f, f),;> — 0. From (3.50) and the definition of § we conclude
that §; = (f; + /14| ve.;) |, — 0in L*(Q), where vy j denotes the radiating
solution to (3.31) with f replaced by f ;. Thus, v ; is the radiating variational
solution to

—=fi— k5 qva,;=—ks—=2&;
\/ \QI V \QI
in IT, where the right-hand side is extended by zero into Q. From Proposi-
tion 3.3 we obtain that vy ;, j € N, converges to zero in H!(Q) and therefore
fj — 01in L*(Q). This contradicts || f;||,» = 1, the assertion is proven.

2
Avg j+kyva,j =

(iv) Let f € kerT. Then (3.48) turns into the Helmholtz equation Avy, —l—k% Ve =0
in I'l. This means that from the theoretical perspective the scattering medium
is invisible for f € ker 7. We understand the Helmholtz equation in the vari-
ational sense, but recall that every variational solution to it is indeed a clas-
sical one. Now, we apply the representation formulas (3.20) and (3.21) with
any bounded Lipschitz set L C I1. Since in the situation considered here the
assumptions for both formulas are fulfilled, we combine them to conclude
that v, vanishes identically in I1. Then from

T =kysign(q)(f +v/]glva)|q =0
= (f+Vl]g|va)|o=0 (3.51)

there follows f =0, hence T is injective. L]

We finally remark that the weighting factor \/m in the definition (3.29) of
Hr, is important for the coercivity of Re (¢'/T) and Im7'. If e.g. the contrast g is
continuous, then the coercivity could not be ensured without the weighting factor
because of the resulting form of the operator 7" and the fact that ¢ decays to zero
in a neighborhood of I".






Chapter 4

The electromagnetic case

4.1 The direct problem

4.1.1 Problem formulation

Like in the acoustic case, we start regardless of regularity issues by introducing
the basic model equations for the electromagnetic direct problem. These are the
a-quasi-periodic time-harmonic Maxwell’s equations

curlﬁa+iwegazcga, curlEa—iwuﬁa:O,

where Hy and Ey represent an o-quasi-periodic magnetic and electric field, re-
spectively. Again, we let the permeability u be constant equal to its value g in
vacuum, hence the relative permeability t,(x) = pt(x)/to equals one in all of R>.
We also recall that €,(x) = &(x) /g with €(x) = €(x) +10(x)/® denotes the rela-

tive permittivity. Substituting in the above equations Hy by U, Y 2Ha and E by
& 1/ 2Ea, we obtain

curl Hy +1ko & Eq = 0, curl Eq —ikgHy = 0, 4.1)

where ko = @./€g Lo 1s the wave number in vacuum, being the background matter
in the model. We assume at first that the equations (4.1) hold in the whole unit
cell I1. If these equations hold in the classical sense then, due to the identity
divcurl = 0, they imply that div (g, Ey) = 0 and divHy = 0. This means that for
a constant permeability the magnetic field Hy, is divergence-free (in the classical
sense), whereas for the normal case of a non-constant complex permittivity &€
the electric field E 1s not. Since this feature of Hy remains valid in a proper
sense also for the notion of a weak (or variational) solution (Hy,Ey) to (4.1),
which we discuss below, it is convenient to deal with the magnetic field rather than
the electric field. Once Hy is found, Ey can be computed according to the first
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equation in (4.1). Utilizing the first in the second equation yields the second-order
Maxwell’s equation curl (¢, ! curl Hy) — ki Hy = O for the magnetic field in IT.
The full direct problem for the electromagnetic case now reads in a first version:
Given an incident ot-quasi-periodic magnetic field H',, compute the corresponding
scattered magnetic field H}, as a solution to the equations

1
curl (8— curlHa> —kHy =0 in I, (4.2)
Hy=H,+H) inIl, (4.3)
[V X Hylp =0, (4.4)
[VXEglp=0 < [vx (g 'curl Hy)]p = 0. (4.5)

Again, [f]p = f|, — f|_ denotes the jump of f across the boundary I = dQ NI
and v is the exterior unit normal vector to 2. In analogy to the Rayleigh expansion
(3.5) in acoustics, we require in addition that H;, obeys a representation of the
form

Hy(x) = Y curl (hF l0xPexs)) = ¥ pelleesthes) — ing, - (4.6)

€7 72
where Z = 7% x {0}, o, = ot +z, B, = \/k3 — |¢;|?, and
(0781 B
hy=i| o | xh.
+B

The series in (4.6) is assumed to converge uniformly on compact subsets of R U
R_. Moreover, we require that 3, 0 for all z € Z. With ky = ®/€ Uy, the
associated Rayleigh frequencies form the set

¢={weR": o= (o) ""*|o]| for some z € Z}.

The Rayleigh expansion (4.6) acts as the radiation condition for the Maxwell prob-
lem. Obviously, for given phase shift o and wave number ko, the Rayleigh coef-
ficient vectors h;t € C3, z € Z, completely characterize the scattered field Hy. A
function which satisfies (4.6) is said to be radiating in the following. Together,
the equations (4.2)—(4.6) model an o-quasi-periodic electromagnetic transmis-
sion problem, with transmission in Q' (recall Q = Q' NII). We now fix the class
of incident fields and to this end let I'; =1I'; . UI'; _ be a surface of the same type
as in the acoustic case, cp. p. 30. We consider a-quasi-periodic incident fields
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H!, which originate from a collection of point sources located on I';. The point
sources are magnetic dipoles here. Such a field solves the homogeneous second-
order Maxwell’s equation curl>H!, — kiH! = 0in IT\I'; and is smooth there. For
the scattered field H;,, we then obtain (formally) the equation

1 .
curl (—curlH&) — k§ HS, = curl(q curl H.,) in IT. 4.7)
With (4.3) and the continuity of fo across I', from the transmission conditions
(4.4) and (4.5) we derive

vx H)|~=0 and vx (e 'curlHS)]- = —v x (gcurl H.)| . (4.8)
oll” r o/l o

For the following problem treatment, we let the relative permittivity €. and the
contrast ¢ = 1 — 1/¢, be elements of L*(IT). However, we refer back to the expla-
nation on p. 30 and make, in fact, the same implicit assumptions for & and g as
for the contrast in the acoustic case. We restrict also here to stating the transmis-
sion conditions at I' = dQ NTI. Consequently, there is no classical solution to the
equations (4.6)—(4.8) in general. We specify now a proper notion of a solution to
this problem and comment on the formal rearranging leading to (4.7) and (4.8).

Similar to the approach in the acoustic case, we consider a slightly more abstract
direct problem: Given a vectorial function f with support in Q, find a radiating
function v, which satisfies

1
curl (8— curlva> — k% vg = curl f in I, 4.9)

together with the transmission conditions

[Yivalp =0 and [%(8,,_1 curlvg)|lp = —%—f. (4.10)

Here, [}ivq]r denotes the jump of the tangential trace across I" and is given by
[Yivalr = =¥, +Valr — %,—Va|p, Where ¥ 4 and ¥ _ are the tangential trace oper-
ators for Q' and Q, respectively. The minus sign in front of % 4 is due to the
fact that y; 4 is the generalization of the operator v X ¥p 1 (+) on dQ!, where the
normal vector Vv points into rather than out of € on I'" (check against (4.8)).

Variational formulation Under the given assumptions, we understand (4.9)
with (4.10) in the variational sense. For f & Lz(H, C3), we seek a radiating func-
tion vq € Hy joc(curl, IT) such that

/(icurlva-curlw_a— (2)va-l//_a)dx:/f-cur11//_adx (4.11)
IT Q

r
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is fulfilled for all y_, € H_q(curl,IT) with compact support with respect to the
x3-variable, meaning that there is a compact set M C II such that w4 ((x1,x2,-))
is (essentially) supported in M for all (x1,x2) € (—m, 7). We recall that the o-
quasi-periodic extension of a function in Hy 1oc(curl, IT) is Hy (curl)-regular across
the boundary JI1, cf. the definition of the space Hy joc(curl,S) on p. 27. With the
spaces chosen above, (4.11) is well-defined and v, naturally meets the first trans-
mission condition in (4.10). However, in order to explain the relation between
(4.11) and (4.9) with (4.10), we have to clarify some points. First, we note that for
f € L*(I1,C?) the right-hand side of the second transmission condition in (4.10)
is certainly not well-defined. Even more, the left-hand side of the condition as
well as the equation (4.9) in the actual variational sense are not well-defined in
general. To see this, one should be aware that for the derivation of the variational
formulation the Green’s identity (2.25) has to be applied, but neither & ! curlvg
nor f is H(curl)-regular. The equation (4.11) is obtained by a formal application
of this identity to (4.9). Nevertheless, it can be justified rigorously as follows. We
go back to our starting point (4.1) and note that it is reasonable to require that
the physical total fields Hy and E = —(iko &)~ ! curl Hy are Hy(curl)-regular, in
order for the Maxwell’s equations (4.1) to be fulfilled in a proper sense. Also,
the physical incident field HY, as well as curl H., are Hg (curl)-regular since HY, is
smooth in its domain of definition. Hence, under consideration of the regularity
issues, the equations in (4.7) and (4.8) are stated in a proper form as

1 .
curl (8_ curl Hy — curlH&) —k§H, =0  inII 4.7)
in the variational sense, together with the transmission conditions
[%H&]r = 0,
(v (&, L curl Hy — curl HY)]p = 0 (4.8")

<  YpolcurlH) + 7y (g curlHy) = % _(curlHY).

Applying the Green’s identity (2.25) to (4.7') separately in the domains Q and
QX the variational form of (4.7") is found to be

1 .
/ ((— curl Hy — curlH&) ccurly_ o — kG HS, - l//_a> dx—
I

&

_/r [yt(e,,_lcurlHa —CurlH&)-}/Tl//_a]rds =0. (4.12)

Here, we have used that the integral contributions on JIT cancel out. By the sec-
ond transmission condition in (4.8") and the fact that y_, € H_y(curl,IT) implies
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%1 W_o]p = 0 and likewise [Yry_q|p = 0, the boundary integral term in (4.12)
vanishes. On the other hand, if this boundary integral is required to vanish for all
W_q € H_q(curl,I1) then this implies [y (€, ! curl Hy — curl H. )] = 0. The for-
mulation (4.11) is based on the observation that the remaining volume integral on
the left-hand side of (4.12) stays well-defined for Hy € Hy oc(curl,IT), without
requiring that £~ ! curl Hy, lies in Hg joc(curl, IT). From this more general perspec-
tive, Hy, 1s not understood as a magnetic field anymore. Now, one can rearrange
terms and, replacing HS, = Hy — H!, by vg and (1 — &) curl H, = g curl H!, by
f (as done before at an early stage), one arrives at (4.11). This derivation shows
that only for certain sources f € L?(IT,C?) and for certain radiating solutions
Va € Hy oc(curl,IT) to (4.11), these vq can be reinterpreted as variational so-
lutions to the physical problem (4.7") with (4.8"), where v stands for HS, f/q
stands for Curlex in Q, and &, YeurlHy — curlH(ix equals curlvy in Q. In this
case, (4.11) incorporates the second transmission condition in (4.8’) as explained
above. Keeping this relation between (4.11) and the physical problem in mind,
we continue to use the convenient ‘schematic’ formulation by (4.9) and (4.10).

Existence and uniqueness of a variational solution to the direct problem can be
shown by a similar procedure as outlined for the acoustic case at the end of Sub-
section 3.1.1. These and more results for the electromagnetic direct problem, for
the medium type considered here and a plane wave incidence, are obtained in the
articles [8, 63]. We finally comment on the regularity of a radiating variational
solution vy, to (4.9) with (4.10). For constant permeability u, as we assume it to
be the case with u = U, the ax-quasi-periodic extension of vy, which we identify
with v, is divergence-free in all of R? in the weak sense. To show this, one uses
the Green’s identity (2.26) and the fact that for constant u the normal trace ¥,v
of vy does not jump in R3 (cp. Subsection 1.2.2 in [55]). Hence, vy lies in the
space
HS(T) = {ug € Hy joc(curl, IT) : divug € L3 (R}

and so in fact is Hé—regular on every compact subset of R3, cf. Corollary 2.10 in
[28]. In Q! i.e. outside the supports of the contrast ¢ and the source f in II,
the equation (4.9) reduces to the homogeneous equation curl?vy — k(z) vg = 0. The
classical differential operators D, j € {1,2,3}, which are uniquely determined
by

Dive,

Dovgor | = curlzva — k% Vo

D3va
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are not strictly elliptic. However, using the identities divcurl = 0 and curl®> =
—A + graddiv, one finds that the homogeneous second-order Maxwell’s equation
1s equivalent to the system

Ava+k8va:0 } 4.13)

divvg =0

where the Laplace operator A is meant componentwise. Since this equivalence
holds in the classical sense, so it does in the weak sense. Now, with A+ k(z) 1d being
strictly elliptic componentwise, we can apply Corollary 8.11 in [27] to conclude
that every weak solution to Curlzva — k(z) ve = 0 is a classical one. According to
Theorem 3.5 in [16], v is even analytic in Q°*'. Thus, in particular, the Rayleigh
expansion (4.6) is well-defined for v,.

4.1.2 The Green’s tensor and representation theorems

Like for the treatment of the acoustic problem, we choose an integral equation
approach. In the electromagnetic case, this necessitates the a-quasi-periodic
Green’s tensor for the Maxwell operator curl? — k(z) id. It is simple to verify that
this tensor is given by

G (7,%) = G (y,%) I353 + ko 2 grad divy (G (y,x) T3x3) (4.14)

where x,y € IT with x £ y (see [50]). Here, G, again denotes the ¢-quasi-periodic
scalar Green’s function for the Helmholtz operator, I35 is the identity in C3%3,
and div is meant columnwise, grad componentwise. As a consequence of the
relation (3.14) for the scalar Green’s function and the identities curl> = —A+
graddiv and curl grad = 0, &, as a distribution formally satisfies

curl} G (y,x) — kg Ba(y,x) = Y €7 ¥ %8y o7 (x) L33, (4.15)

zeZ
which implies
curl2® o (v, x) — k§ B (1, x) = 8,(x) [33 and

curl; & ¢ (v,x) — kg B (3,x) = 8¢(y) I33

for x,y € I1. The tensor &, maps (y,x) to a symmetric matrix and there holds
G (v,x) = B_(x,y). Moreover, it is easy to see that &, fulfills radiation condi-
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tions of the forms

Gy (y,x) =curl, ) ézi (y) (% EhPexs) X3 2 y3, and (4.16)
€Z

Ba(y,x) =curly Y G (x) e 0] g =y, (4.17)
€2

for fixed y and fixed x, respectively. Here, é;t (y) and @i (x), z € Z, are coeffi-
cient matrices and curl is meant columnwise. For a clearer view of (4.16), one
should consider that the columns of &y, -) satisfy the Rayleigh radiation condi-
tion (4.6). A similar statement applies to (4.17) for G4 (-, x).

Representation theorems

Now, having introduced the Green’s tensor, we can establish representations for
a-quasi-periodic vector fields in the interior and the exterior of some Lipschitz
set. These representations can be proven to be equivalent to the well-known
Stratton-Chu formulas stated for our setting, see Section 9.2 in [55] and, for
smooth domains, Section 6.2 in [17]. The following theorem is the counterpart of
Theorem 3.1.

Theorem 4.1. Let L C I be a bounded Lipschitz set such that Ly, is also Lip-
schitz and L. = Lyor N 11 is not degenerate, according to Definition 2.1.

(i) Assume vy € Ha(curlz,L). Then there holds

[ (8ar0(v) x curlva(y)) — eurl,Ba(5.2) (v(y) x va(y)) ) ds(r) —

- /L B (3, ) (curlPvg (y) — K va(y))dy = {_V“(")’ el g

0, xeIl\L

for almost all x € T1. If vy, € C%(L,C?), then (4.18) holds for all x € 1.

(ii) Assume v € Hajloc(curl,H\Z) is a radiating solution to the homogeneous
Maxwell’s equation curl?vy — k% vg = 0 in TI\L. Then vq is represented by

/a ) (@a(y,x) (V(y) % curlve(y)) — curly® o (y,x) (v(y) x va(y))>ds(y)

0, xelL
{va(x), feIN\L (4.19)
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The first integrals on the left-hand sides of (4.18) and (4.19) can be rewritten
componentwise as

/8L <Q5a(y,x)(j) (v(y) x curlvg () —va(y) - (V(y) x curlyﬁa(y,x)(j)))ds(y)
. (4.20)
where @S{ ) denotes the J-th column of .

Proof. We only prove the first case in (4.18). To start, let x € [T and L, = {y €
L: |x—y| > p} for some p > 0. For the ease of notation, in all integrals below,
hidden dependencies and derivatives are meant with respect to the variable y. By
using twice the identity (2.24), for u € H(curl?, L,) and v with curly € H'(L,,,C?)
we obtain

/ ((v xcurlu) - v+ (v xu)-curlv)ds(y) = / (curl®u - v —curl®v - u)dy.

Now, we insert vq, for u and &4 (-,x)!) for v and get
/a (el )V - (v x curlvg) +curl,& g (-, ) - (v x vg))ds(y)
Lp

= (curlzva B (-x)) — curlﬁ@ia(-,x)(j) Vg )dy
Lp

= @a(-,x)(j) - (Curlzva — k%va)dy
Lp

with x € I1. Moreover, using matrix notation and exploiting that & (y,x) is sym-
metric and curl,®4(y,x) is skew symmetric, we obtain

/8L (Q5a(.,x) (v xcurlvg) —curl, &4 (-, x) (V x va))ds(y)

= [ &u(-,x) (curl’vg —kGve)dy (4.21)
Lp

with x € I'l. With the identities

curl, &y (y,x) = —curl, &4 (y,x),
curly (G o (y,x) h(y)) = curly (Gy (v, x) h(y)), and
curl,curl, (Go (v, x) h(y)) = k3 S (v,x) h(y)
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for x # y it is a straightforward computation to show that the left-hand side of
(4.21) equals

1
curl (VX vg)Gg(:,x)ds(y) + —20ur12/a (v x curlvy) Gy (+,x)ds(y).
Lp

dLp k
(4.22)
Let now vy € C3(L,C?). Then, by the arguments on p. 158f. in [17] and those
behind Theorem 3.1, for x € L the expression (4.22) turns into

1

va(x)+curl [ (Vv xXvg)Gg(-,x)ds(y)+ —2cur12/ (v x curlvy) Gy (+,x)ds(y)
oL k oL

in the limit of p — 0. Hence, if vy, € C3(L,C?) is a solution to curl*vg, —kZve =0

in L, from (4.21) we recover the Stratton-Chu formula

—vg(x) = curl 8L(V X va) Go(-,x)ds(y) +
1

+ —2cur12/ (v x curlvy) Gy (+,x)ds(y)
k oL
for x € L. Under sufficient regularity of the field v, (as given) it is valid to con-

sider Lipschitz domains here instead of C?-domains as in Theorem 6.2 in [17], cf.
Theorems 3.19 and 9.2 in [55]. Based on (4.21), we arrive at

—va(0) = [ (Ba(2) (v x curlv) — curl, B (1) (v x va)ds() =
_ /L B (-,x) (curlPvg — KBvg)dy (4.23)

for vq € C%(L,C?) and x € L. The denseness of C%(L,C?) in Hy/(curl?,L) with
respect to the norm of the latter finally leads to the asserted weak form in (4.18).
The componentwise reformulation (4.20) of the first integral in (4.23) is easily
seen by the symmetry of &4(y,x), the skew symmetry of curl,&q(y,x), and the
vector identity a- (b x ¢) = —c- (b x a) for a,b,c € C3. In the proofs of the second
case of (4.18) and the identities in (4.19), the radiation conditions (4.6) for v, and
(4.17) for & (+,x) are used, cp. the proofs of Theorems 4.1 and 4.5 in [16]. [

4.1.3 The near field operator

We are now prepared to introduce the near field operator for the electromagnetic
case, which will be our main object of interest in the following. Again, the com-
putation of this operator is related to the solution of the direct problem in Q¢
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The incidence surface I'; and the measurement surface I'; are assumed to have the
same form as in the acoustic case, i.e.

F,-:Fi,JrUFi’_ and FS:FS#UF&_,

where I'; + C R.NII and I's, + € I'y are flat surfaces with non-empty relative
interiors in the planes which contain them, see Figure 3.1 on p. 36. We remind
the reader that we consider ®-quasi-periodic incident fields !, which originate
from magnetic dipoles on I';. Precisely, we let

7o) = [ a(n)00)ds(),  xeILL 424

where ¢(y) is the vectorial moment of a dipole at y € I';, represented by &¢(y, -).
Due to the superposition principle, this field generates the scattered field

7) = [ @al)00)ds).  xeTL 4.25)

1

)

where i), «(+,y) is the scattering response to the field of the single dipole at y € I';.
The associated near field operator M : L*(T;, C3) — L2(I'y,C3) reads

(M9)) = [ 7 alx)90)ds),  xeL (4.26

However, since the surfaces I'; and I’y are not required to coincide, the function
spaces do not suit an adaptation of the Factorization Method. Using the same
technique as in the acoustic case, we resolve this problem by means of the auxil-
iary near field operator M : L?(T'y, C3) — L?(I'y,C?) defined by

M)W = [ (x5 @()ds().  xell, @27)

N

where u), «(+»Y) stands for the response to the field of a complex conjugate dipole

aty € I'y, modeled by & _4(y, ). It is essential here that still we can construct an
approximation for M from the given moment function ¢ and measurements of the
scattered field #%, on Ty, caused by the physical incidence #%,. We explain this in
detail in Chapter 5.

4.2 The inverse problem

We are interested in the following inverse problem: Given the scattered fields u,
on Iy for all moment functions ¢ € L?>(I';,C?) (and a single fixed wave number
ko), determine the support of the contrast ¢!
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Again, we develop a variant of the Factorization Method in order to solve this
problem. The procedure resembles that for the acoustic case.

4.2.1 Factorization of the near field operator

Since we described the general idea of the Factorization Method at the beginning
of Section 3.2, we directly proceed with a suitable factorization of the auxiliary
near field operator M defined in (4.27). In the remainder of the section, we make
similar general assumptions as in the acoustic case. We collect them in

Assumptions 4.2.

e The sets Q' and Q = Q'NII are Lipschitz, and the set Q. = Qper NIT is not
degenerate.

e The connected components of Q' are simply connected.
e The relative permittivity &, lies in L (I1) and satisfies

(i) & =14 g=1—1/¢g = 0 almost everywhere (a.e.) in Q',
(i1)) Reg, > cp a.e. in Q for some constant ¢y > 0,
(i) Ime, > 0 < Img > 0 a.e. in Q,

(iv) |&-— 1] islocally bounded from below in L, i.e. for every compact subset
S C Q there is a constant cg > 0 such that |¢, — 1| > cg a.e. in S.

e The direct problem, defined on p. 53, is uniquely solvable.

We note that the assumptions on &, imply in particular that ¢ € L (IT). In the
style of the artificial incident field

@) = [ @ alx)p()dsy),  xeIL,

which underlies the near field operator M, we define the integral operator Hr, :
L*(L,C°) — L2(Q,C) by

O, 0)0) = VigW curl [ 8 a0 p0)ds),  xeQ  @28)

The adjoint Hr : L2(Q,C3) — L*(T,C?) of Hr, is straightforwardly shown to
read

(9,8) () = curl [ ® a(xy)e0) Vg0, xeTe  (429)
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Analog to the acoustic case, we define the solution operator G : L*(Q,C?) —
L?(T'y,C*) which maps f € L*(Q,C?) to va|p, where vy radiates according to
(4.6) and solves

1
—curlvg -curl Y g — KRvg - / Ly qdx
/H<8rcurva curl v_q oVall/> \/7fcur1//a

or, equivalently,

/I:I (Cuera . Cuﬂ ll/_a — k(z) Vo - ll/_a) dx

= b
for all y_, € H_y(curl,IT) with compact support in the x3-dimension. The equa-
tion (4.30) is equivalent to the variational formulation (4.11) of the direct problem
except that here f plays the role of \/m /af ] o In (4.11). Recalling the initial sub-
stitution of the source term ¢ curlex from (4.7) by f in (4.9), the requirement
fe L?*(Q,C?) appears reasonable. By Assumptions 4.2, there is a unique ra-
diating solution to (4.30), thus the operator G is well-defined. From the above
definitions, it follows that the near field operator M can be factorized by

(f+ /gl curlvg) - curl y_gdx (4.30)

M = GHr,. (4.31)

Moreover, motivated by the right-hand side of (4.30), we define the operator 7 :
L*(Q,C3) — L*(Q,C?) by

Tf = sign(q) (f + Vgl curlva) |, (4.32)
where sign(z) = z/|z| for z € C and vq € Hy 1oc(curl, IT) satisfies (4.30) with the
source f given as the argument of J. Then, (4.30) is recognized as the variational
form of

f—i—qcurlva> = curl (v/|¢| Tf) (4.33)

curlzva — k(2) Vo = curl (L

Vldl
in IT, where the right-hand side is extended by zero into Q*'. As a key step in our
approach, we now prove that (4.30) can be equivalently formulated as an integro-
differential equation. This will allow us to refine the factorization (4.31) of M
and to deduce the so-called electromagnetic Lippmann-Schwinger equation. The
central ingredient is the following result, cp. Lemma 5.2 in [45].
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Proposition 4.3. Let W be the volume potential operator defined by

(Wg)(x) = curl /Q B _q(x,y)g(y)dy (4.34)

with g € LZ(Q,(C3) and x € I1. We consider the potential wo, = Wg for some
density g.

(i) Assume for now that the connected components of I’ = dQNII = dQ' NII
are C*-regular. (Clearly, this holds in particular if 9Q' € C2.) For Holder
continuous densities g € CVY(Q,C3) with 0 < y < 1 the potential wg = Wg is
in C2(IT\I', C*) N Cy(I1,C3) and a classical radiating solution to the trans-

mission problem
curlPwy —k§wg =curlg  in TI\T, (4.35)
[Yiwalp =0, (4.36)
1% (curlwg) | =g x V. (4.37)

In (4.35), we have extended the right-hand side by zero into Q.

(ii) Let again Assumptions 4.2 hold and € be just Lipschitz. For densities g €
Lz(Q,C3 ), the potential wq, is a radiating variational solution to the equa-
tion curl’wy — k% wq = curl g in I, where the right-hand side is extended by
zero into Q. This means that wq lies in Hy joc(curl, IT) and satisfies

/H (curlwy -curl W o — k3 we - W_g) dx = /Q g-curly_gdx  (4.38)

forall y_q € H_y(curl, IT) with compact support in the x3-dimension.

(iii) The mapping of g to the restriction of wy to  defines a bounded linear
operator from L*(Q,C?) to Hy(curl, Q).

Proof.

(i) First, we remark that by the identities &_(x,y) = &4 (y,x) and curl grad =0
the integration kernel of W equals

curly (G (y,x) g(y)) = curly (G (v, x) I3x38(y)) = curl(Ga(y,x) g(y))

and hence
We(x) = Curl/QGa(y,x)g(y) dy. (4.39)
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We also remark that, even if the connected components of I' = dQ N 1T are
C?-regular, Q might still be just Lipschitz. Now, let g € C(Q,C?) with
0 <7y<1andac C?be a fixed vector. Analogous to the proof of Lemma
5.2 (a) in [45], with x € dQ we obtain

a.wa(x):/Qa-curlx(Ga(%x)g()’))dy
_ / a-(grad,Ga(y,x) x () dy
Q
_ /Q g(y) - curly(Gg(y,x)a) dy

:/QGa(y,x)a-curlg(y) dy+/aQGa(y,X)a'(g()’> x v(y))ds(y),

where we used the identity grad,Gq(y,x) = —grad,Gq(y,x) and, for the last
equality, Theorem 2.9 (ii). Since this holds for all a € C3, we conclude that

walx) = [ Galyox) curlg()dy-+ | Gal) (s(3) x V() ds(y).

We recall that the unit normal vector v exists almost everywhere on dQ.
Under consideration of the decomposition (3.17) of the Green’s function G,
from the regularity of the standard volume potential ([17, Theorem 8.2]) and
the jump relations for the single-layer potential for Lipschitz domains ([53,
Theorem 6.11]) we conclude that wy does not jump across dQ DO I'. By
Proposition 3.3 (i) and the properties of the single-layer potential we have
that wy € C3(IT\I',C3) N Cq(T1,C?) and Awy + k3wgq = —curlg in TI\T,
where the right-hand side is extended by zero into Q. In addition, the
divergence of wg vanishes in IT\I", which proves (4.35). To show (4.37),
we note the following. The standard volume potential over Q is H>-regular
in a neighborhood of Q ([17, Theorem 8.2]), hence the (weak) curl of this
potential does not jump across d©2. Moreover, since the normal vector v
exists everywhere on I" and g|- X Vv is a tangential field on I', the integrand
v(x) x curl,(Gg(v,x) (g(y) X v(y))) has the same type of singularity on I"
as the kernel of the double-layer potential, cf. the proof of Theorem 2.26 in
[16]. Finally, the jump relations of the double-layer potential ([53, Theorem
6.11]) yield (4.37).

(i1) The asserted regularity of wy, follows from the decomposition (3.17) of the

Green’s function, the H>-regularity of the standard volume potential (cf. [17,
Theorem 8.2]), and the relation (4.39). Since under the conditions of (i) the
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potential wy solves the variational equation (4.38), a denseness argument
implies this also for g € L?(Q,C?). Note that we do not need to make any
further regularity assumption on I since the support of g € L?(Q,C?) can
have any regularity.

(111) This 1s a consequence of the definition of w¢ and part (i1). []

We remark that the operators W from (4.34) and iHi‘iS from (4.29) are related
by
Hre=W(Hldlg)|., gel*(Q.C).

By Proposition 4.3 (i1), a solution to the integro-differential equation

() = curl [ 64000) 22 (70) + /GO curlva )y (4.40)

[q(y)]

in I1 is a radiating solution to (4.30). The equation (4.40) is called the a-quasi-
periodic electromagnetic Lippmann-Schwinger equation. Since the only radiating
solution to curl®vy — k% Ve = 01in IT is vy = 0, the unique solution to (4.30) satis-
fies (4.40). Hence, the formulations (4.30) and (4.40) are equivalent, and we can
write (4.40) for short as

va(x) = curl | Ba(30) (T7) () v/lg0)]dy @41)

Now, in view of (4.29) and &_4(x,y) = By(y,x), (4.41) reveals the identity
iHi‘isT f = Vg |Fs = Gf. Combining this with (4.31), we arrive at the factorization

M = 3G THr, (4.42)

for the artificial near field operator. The connection between the variational for-
mulation (4.30) and the integro-differential equation (4.40) is made precise in the
following corollary to Proposition 4.3, cp. Theorem 2.3 in [43].

Corollary 4.4. Under Assumptions 4.2 there hold:

(i) If va € Hy joc(curl,IT) is a radiating solution to (4.30), then the restriction
Valg € Ha(curl, Q) solves the equation

Ty =W (L f4q curWa) (4.43)

Vlal

(ii) If vq € Hy(curl,Q) solves (4.43), then it can be extended by the right-hand
side of (4.40) to a radiating solution to (4.30).

Q
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In [34], HOHAGE devises a fast numerical solver for the electromagnetic Lipp-
mann-Schwinger equation with a Holder contrast ¢ € C'Y(IR?®), but formulated
for a bounded scatterer and for the total electric field rather than for the scattered
magnetic field as done in (4.40). We have some hope that an efficient solver for
(4.40) can be constructed in a similar fashion. In the last chapter of this thesis, we
set up a solver for the considerably simpler acoustic Lippmann-Schwinger equa-
tion, which nevertheless shares many basic ideas with [34] as both methods are
inspired by VAINIKKO’S primal article [68]. Moreover, we mention that KIRSCH
investigates an equation related to, but more general than (4.40) in [43]. We close
the subsection with the proof of some properties of the operator Hr, and its ad-
joint, which become important later on. Subsection 4.2.3 complements this by a
discussion of the inner operator J in the factorization (4.42).

Proposition 4.5.
(i) The operators Hr, and Hy are compact.
(ii) The operator Hr, is injective.

Proof.

(i) The operator Hj. : L*(Q,C?) — L*(T,C?) (see (4.29)) can be restated as

(37,8)(x) = [ eurl(G-a(x.)Tax3)2() VigO)[dy,  x€T

This is a Hilbert-Schmidt integral operator with kernel in L?(T'y x Q, C3*3)
and thus compact [59, Theorem 7.83]. The compactness of Hr, is a direct
implication [60, Theorem 4.19].

(i1) Let ¢ € kerHr,. Since g # 0 a.e. in Q, we have that the potential hy €
Hg joc(curl, IT) given by

ha(x) = curl /F G a0 0()ds(y),  xeTl,

vanishes in Q, cp. (4.28). An analytic continuation argument shows that A
vanishes in {x € IT: m_ < x3 < my} with m_ and m, as specified on p. 11.
By the jump relation [y;(curlhq)]r, = 0 (see p. 354 of [44]) we obtain
Y%+ (curlhg) =0 on Iy UT'_, where % . is the tangential trace operator for
R UR_. Moreover, hy, satisfies the homogeneous second-order Maxwell’s
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equation curlzha — k(z) he =0 1in Ry UR_ and a radiation condition of the
form
=Y it (@)@ ) inR, (4.44)

77

with vectorial coefficients Zi(w) By applying another ‘curl’ to the second-

order Maxwell’s equation and defining a function ha by the equation curl 4 +
1kg ha =01n Ry UR_, for this hy we derive the problem

Ail/a"'k(z),]:l/a:o il’lR+ UR_
Y.+ (divhg) =0 onT,UT_ ;. (4.45)
Yihe=0 on[ UTl_

This is an unusual, a-quasi-periodic exterior electric boundary value prob-
lem. The classical form of this problem for a bounded region is discussed in
[16]. Due to unique solvability of (4.45), hq vanishes in Ry UR_. Now, we
may use the complementary equation curl 2y — i1k hg = O to back-substitute
hg, since together with the one above it simply states the given homogeneous
Maxwell’s equation for hy. We conclude that also /g vanishes in Ry UR_.
The jump relation [%hq]r = ¢ finally implies ¢ = 0. ]

4.2.2 The interior transmission eigenvalue problem

As for the acoustic case, we want to expose shortly the interior transmission
eigenvalue problem for the Maxwell’s equations and its impact on the near field
operator M. We consider the problem of finding a solution (vy,wg) to the equa-
tion system

curl ( curl va) k% ve =0, curlzwa — k% Wwo =0 in Q (4.46)
Yo ="Ywa,  Y(gcurlvg) =p(curlwg)  onT [’

where ¥, denotes the tangential trace operator for . For how to interpret (4.46)
with regard to the regularity of the involved terms, we refer to the similar discus-
sion of the variational formulation (4.11) for the direct problem.

Definition 4.6. The value k% is said to be an interior transmission eigenvalue
with corresponding eigenpair (vo,wq) € Hy(curl, Q) x Hy(curl, Q) if (vy, wgy) #
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(0,0) and (v, wq) satisfy yvg = Yywq on T,

/Q (écuﬂva ~eurly_ o — k% Vo © l//_a> dx
= /Q (curl wg -curl W_o —kfwe - W_g)dx (4.47)
for all y_q € H_g(curl,Q), and
/Q (curlwg -curl W_g —k3we - W_g)dx =0 (4.48)
forall y_q € H_g (g)(curl,Q) = {u_o € H g(curl,Q): yru_g=0o0nT}.

The formulation (4.47) is based on a separate application of the Green’s iden-
tity (2.25) to the first both equations in (4.46). If the functions vy and wy, of an
eigenpair are sufficiently regular, then (v, w¢) is a variational solution to the sys-
tem (4.46). In this case, the absence of any boundary integral in (4.47) accounts
for the second coupling boundary condition in (4.46). We now give a first result
on conditions under which interior transmission eigenvalues do not exist.

Proposition 4.7.

(i) If Imqg > 0 a.e. in L, then k(z) > 0 is no interior transmission eigenvalue.

(ii) Suppose that every connected component @; of £ can be decomposed into

!

non-empty subdomains QE. with piecewise analytic boundaries 895-1). More-

)

over, assume that the contrast q is analytic on each QE.

least one subdomain Q%)

! I C .
x € QS.O) and 8&25.0) NI has non-empty relative interior. Then k% > 0 is no
interior transmission eigenvalue.

Proof.

(i) We argue almost exactly as in the proof of Theorem 3.2 in [43]. Let (vg,wq) €
Hy (curl, Q) x Hy (curl, Q) solve (4.47) and (4.48) with %;vq = %ywq on I'. For
Y_q = Vg, from (4.47) we obtain

1
/(8—|curlva|2—k6|va|2>dx

/ curlwo,|2 k0|wa\ dx+/ curlwg -curlzg — kowa Za) dx

and there is at

of each component @; such that Imgq(x) > 0 for all

:/ (| curl w|? — K2 [wq?) dx
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where z4 = vq — wqo and the last equality holds by (4.48) due to %z4 =
0= YrZ¢ = 0 = Zg € H_g (0)(curl,Q). Taking the imaginary part, with
Img > 0< Im(1/g) <0 a.e. we conclude that curl vy, vanishes identically.
Inserting this into (4.47) and using (4.48) shows that [, k% Vo Y_gdx =0
forall y_o € H_ g (g (curl,Q) and thus vy = 0 by k(z) > 0 and a denseness
argument. Then, we see that wy solves curlzwa — k(z) wo = 0 1n Q (in the
variational sense) together with %wy = 0 and % (curlwg) = 0 on I'. By the
representation Theorem 4.1, we finally get that also wy = 0. Thus, according
to Definition 4.6, k(z) 1S no interior transmission eigenvalue.

(i1) We restrict the discussion first to a single connected component @; and let

Q%) C w; be a subdomain as described in the statement. To beautify no-
tation, we write Q%) as Qg for short. We repeat the argumentation of (i)
up to the point where we can conclude that curlv, vanishes in Qg. Then,
from the variational formulation of the first equation in (4.46), we obtain that
Jo, kive - W_qdx =0 for all y_q € H_y (o)(curl, Q) with compact support
in Qq. Thus, by k(z) > 0 and a denseness argument, v, vanishes identically
in Q. Now, we define a function v, by the equation curlvy +iky&-vg =0
in g, understood in the variational sense. We note that, since ¢ is ana-
lytic in Qg, & is analytic and has no roots in g, hence v, is well-defined.
From the first equation in (4.46) we deduce the complementary equation
curlvy —ikgve = 0 in Qg, both understood in the variational sense. With
Vo = Vg = 01in Qq, we are now in a similar situation as in the proof of The-
orem 7 in [63] and conclude that v, and v, vanish in the whole connected
component @;. Thus, wy solves curlzwa — k(z) wo = 0 1n @y (in the variational
sense) together with %wy = 0 and % (curlwg) = 0 on dw;NT. Similar to
above, we define a function wy by curlwy +ikowg = 0 in @; and observe
curlwg —ikgwe = 0. Again, by the arguments in the proof of [63, Theorem
7], we find that wg vanishes in @;. Argueing likewise for the other connected
components yields vo, = wy = 0 in Q, which finishes the proof. [

The next proposition points out the impact of this special transmission problem
on the near field operator M, cp. Theorem 4.4 (d) in [45].

Proposition 4.8. Assume that k(z) is not an interior transmission eigenvalue. Then
the operator M : L*(I'y,C?) — L*(T's,C3) is injective and has dense range in
L?(T,,C3).
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Proof. We recall that M refers to the artificial incident field

) = [ B alio0)ds().  xeIMIL

which generates the scattered field

) = [ 1,06 90)ds().  xell
Now, let ¢ € kerM. Then u}, has a vanishing near field M¢ =0 on I';. The
radiating behavior of «,, an analytic continuation argument, and the fact that Q'
has no inclusions of the background medium imply that u;, vanishes identically in
Q. Therefore, the functions vg = u!, + u$, and wy = u, lead to a solution pair
for the interior transmission eigenvalue problem (4.47). From the assumption that
k(z) 1s not an interior transmission eigenvalue, there follows v, = wy = 0 in Q. By
analytic continuation, ., is then seen to vanish in {x € [T: m_ < x3 <m }. Using
the jump relation [%(curlzu’&)]nun = 0 (see Theorem 6.11 in [17]), we obtain

%o (curl’ul,) = k% +ul, =0 on T, UT_. Here, ¥, denotes the tangential trace
operator for R, UR_. Similar to the proof of Proposition 4.5 (ii), we now formu-
late an a-quasi-periodic exterior electric boundary value problem for u!, and con-
clude that u}, vanishes in R, UR_. Finally, the jump relation [y (curlu} )| =

yields ¢ = 0, showing that M is injective. The second part of the assertion can be
proven following the idea of the proof of Proposition 3.7. [

4.2.3 The inner operator

In order to set up a Factorization Method for the electromagnetic inverse problem,
we also need to inspect the inner operator 7T in the factorization (4.42), defined in
(4.32). The following theorem establishes the same properties for J as Theorem
3.8 does for the inner operator 7 in the acoustic setting.

Theorem 4.9. Let Assumptions 4.2 hold.

(i) The operator T can be written in the form T = T+ K where K : Lz(Q, C3) —
L*(Q,C3) is compact and, if q is real-valued and g > 0 a.e. in Q, the operator

~

Re T is coercive, precisely,

~ A A

An2
Re(Tf,f) = /11 (4.49)
holds for all f € L*(Q,C).
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(ii) The operator Im7 is positive semi-definite, i.e. Im (Tf, f}Lz >0 forall f €
L2(Q,C%).

(iii) Assume that there is a constant ¢y > 0 such that Imq > cy|q| holds a.e. in Q.
Then Im7 is coercive with

A A A2
m (TS, [z = el fll2
forall f € L*(Q,C3) and some constant c; > 0.
(iv) The operator T is injective.

Proof. We make some preparations first and for these use an idea from the proof
of Theorem 5.12 in [45]. We recall that T : L?(Q,C?) — L*(Q,C?) is defined by

TF = sign(q) (f +/lq| curlva) |,

where v € Hy joc(curl,IT) is a radiating variational solution to

1 q
curl (—curlva> — k(z)va = curl <—f> in I1
&r vari

This means that vy, solves, for all y_, € H_y(curl, IT) with compact support in the
x3-dimension, the variational equation (4.30), which we repeat here for reference
as

1
/H(;rcurlva-curll//_a—k%va-l//_ ) /\/_f curly_gdx. (4.50)

Now, we define C, = {x € I : |x3| < r} for any r > 0 such that QNII C C, and
I1 = C>,\C,. Let further ¢ € C=(I1) be a mollifier with ¢ = 1 in C,NITand ¢ =0
in IT\C,,. Then (4.50) states in particular that with y_, = ¢ vg € H_g(curl, IT)
there holds

f-curlvgdx = <8—|0urlva|2 kO\va|2>dx—|—

/ \/_ G,

+ /~ (curlvg - curl(¢ vg) — k5 0 \va\z)dx
0

By an application of the Green’s identity (2.24), we find that

/ﬁ (curlvg - curl (¢ vg) — curl?vy - (¢ Vg))dx = — /aﬁ (v xcurlvg) - (9vg)ds
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1s equivalent to
/~ (curlvg - curl (¢ V) — kG ¢ [ve|*)dx = —/ (curlvg X V) - Vg ds
I dC,NII

where v denotes the exterior unit normal to dC, NI1. Here, we have used that ¢
vanishes on dC,, NII. Thus, we obtain

A 1
/Lf-curlﬁdx: [ <—\curlva\2—k8\va|2>dx—
Q ¢,

Vldl e

— /8C - (curlvg X V) -vgds. (4.51)

The left-hand side of this equation, and so the right-hand side, is actually inde-
pendent of the parameter r. In a last preparatory step, we let r go to infinity and
derive a convenient expression for

lim (curlvg X V) - Vg ds.
r—e JaC,NII

Since v, radiates, it has the Rayleigh expansion

ve(x) = Y vEellee bl in R, (4.52)
zEZ

with the Rayleigh coefficient vectors

0627]
+ . ~t
v, =1 (0/%) XV, .
+;

Using this, a straightforward computation leads to

O‘z,l az,l
curlvg(x) = Z kv — | oo o | v | EF(x) in Ry
ez +B; +B:

where E (x) = ¢!(%+P:%3) For x € 9C, N1 there hold |x3| = r and either v(x) =
e3 or v(x) = —es. In (4.52), the partial sum over all terms corresponding to z € Z
with B. € iR" vanishes for |x3| — co. Moreover, ¢'(%*) with z € Z as functions of
(x1,x2) € (—m,7)? are orthogonal to each other. A technical calculation reveals
that

lim (curlvg x v) -Vgds =idn* Y B.vi|* (4.53)
r—e JoC,NII B.eR+
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Combining (4.53) with (4.51), we finally arrive at

/\/_f curlvg dx = /(—\Cuﬂva‘2 kO‘VOC‘2> —id7? Z BZ|V;E‘2.

B.eRT
(4.54)
We will exploit this relation in the proof of parts (1)—(ii1).

(i) We note first that the operator T depends on the wave number kg via vy
solving (4.50). We make this dependence explicit here by writing Ty, and
Vo ky» T€SPectively. Now, we decompose Ty, as

Tko =T+ (Tko — Ti)

and show that T = Ji and X = Ty, — J; have the asserted properties. We
consider the hypothetical case kg = 1 here only to define the auxiliary op-
erator Jj; apart from that, we assume ko = @0/€ o € R*. The operator
T;: L*(Q,C%) — L*(Q,C?) is given by

T.f = sign(q) (F + V/]q| curlvei) |,

where v ; € Hy joc(curl, IT) radiates and satisfies

/H <8lrcurlva71 ceurly_ g +vg i Yog ) / \/_f curl y_q dx

(4.55)
for all y_o € H_q(curl, IT) with compact support in the x3-dimension. This
operator is well-defined by the following argumentation, cf. the proof of [43,
Lemma 2.4 (a)]. The equivalence between the variational formulation (4.50)
for a radiating vy, and the integro-differential equation (4.40), stated by
Corollary 4.4, also holds for kg = 1, cp. the proof of [43, Theorem 2.3]. We
denote the Green’s function G and the Green’s tensor &, more precisely
here by G, and & y,, respectively. The definition of &4 ; shows that
every solution v ; to (4.40) lies in fact in Hy(curl,IT). In consequence, the
variational equation (4.55) holds for all y_, € H_y/(curl,IT). Finally, the
theorem of Lax-Milgram yields the existence of a unique solution to (4.55)
and the boundedness of the operator from L?(Q,C?) to Hy(curl,Q) which
maps £ to Vailg. Thus, Tj: L*(Q,C7) — L*(Q,C?) is well-defined. Using
(4.54), we find that

1
(/ \/_f curlvaldx> :/ (Re <g—>|curlva,i\2+ \va71\2>dx2 0,
IT r
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where Ree~! = |&,|"2Reg, > 0 by Assumptions 4.2. For real-valued con-
trast g, there holds

Re(/Q \/q‘?lcurlva,i-?dx> (/ \/7f curlvaldx> > 0.

Hence, under ¢ > 0 in Q, which implies sign(g) = 1, we obtain

Re(Tif = [P ae e [ cutueg ae) 2 1715

which shows the coercivity of ReT for T = Ji. It remains to prove the com-
pactness of the operator X = Ty, — T;, which reads

q

\/m curl (Vg kg, — Va,i) ‘Q'

By the integro-differential equation (4.40) and the remarks in the proof of
Proposition 4.3 (i), we can write (Vg k, — Va,i)| o @S

(Tko - r*Ti)]? =

(Vokg = Var,i) (%)

—curl /Q Gy (0,%) q(y) curl (v — vai) (v) dy+

q(y)
+curl/Q(Ga,k0—Ga’i)(y,x) e )‘( y)+/1q(y)| curlvgi(y))dy

with x € Q. Equivalently, (vg x, — Va,i)| satisfies the equation

(id —Biy) Vaky — Vo)l g = Cto f

where the operators By, and Cy, are given by

(Biya) () = curl [ G300 g()curl a(y)dy, ¥ € Holourl Q)

and

F)(x) = cur —Ggi),x 90) :
(Cuaf)e) = curl || (Gasy = G ) Lo

() + Vg curlvg i(y))dy

with x € Q. By similar considerations as in the proofs of [43, Lemma
2.2] and [44, Lemma 3.1], together with the decomposition Ggk(y,x) =
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Dy (x,y) + Pr(x —y) in (IT x IT)\{(x,x) : x € [1} with the fundamental so-
lution @ to the Helmholtz equation in R? and a smooth function W) on
2 -II for arbitrary k € C\{0} with Rek > 0 and Imk > 0, we find that
By, is bounded from Hy(curl,Q) to Hy(curl, Q) and Cy, is bounded from
L?(Q,C?) to Hy(curl,Q). Moreover, using arguments analog to those in
the proof of [43, Lemma 2.4 (b)], it can be shown that € is compact and
id —By, is the sum of a boundedly invertible operator and a compact opera-
tor, i.e. id —By, is a Fredholm operator with index zero. Now, we note that
the restriction of the integro-differential equation (4.40) to € can be written

as )
lq(v)]

Since we assume that the direct problem defined on p. 53 is uniquely solv-
able (cf. Assumptions 4.2) and the variational problem (4.50) as well as the
integro-differential equations (4.40) and (4.56) are uniquely solvable alike,
the operator id —By, is also injective. Hence, this operator is boundedly in-
vertible in Hy (curl, Q), cf. Corollary 1.20 in [16]. The observation that

q

Vlal

finally reveals the compactness of X : L>(Q,C?) — L?(Q,C3). The proof is
finished.

(i) We define g € L?(Q,C3) by g = (f ++/|q] curlvy)

(id — By Vs |, = curl /Q Gty (v:) 7(y)dy (4.56)

K=Tp—Ti= curl (id —By,) ' €,

o> SO that

(TF, 2= / sign(g) |8]? dx / \/_g curl vg dx. (4.57)

For the second term on the right-hand side, we calculate

g-curlvgdx = / (curlva\z——|curlva| )dx+

b
f-curl vg dx,

+/¢_

and, plugging in the relation (4.54), we get

8- curlvgdx = / (leurlvg|* — kg [ve ) dx —idm® Y Blvi|>.

/ \/_ B.eR+
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Using this expression in (4.57), we then obtain
I

. mq .
Im(Tf,f)Lzz/ 5P dx+4ax> Y BRI
o |q] BcR+

Since Img > 0 by Assumptions 4.2, the assertion is shown.

(i11) This follows from part (ii) and an argumentation similar to that in the proof
of Theorem 5.12 (¢) in [45].

(iv) Let f € kerJ. Then (4.33) turns into the homogeneous Maxwell’s equation
curl®vy — k(z) vg = 0 1n IL. According to the discussion at the end of Subsec-

tion 4.1.1, for each component of v, we can now argue as in Theorem 3.8
(iv) and conclude that v, vanishes identically in II. Then from

Tf = sign(q) (f—l—\/ﬁcurlva)‘g =0
— (f—l—Mcurlva)‘Q:O

there follows f = 0, hence T is injective.



Chapter 5

Approximation of the near field operators

In Subsections 3.1.3 and 4.1.3 we introduced the acoustic and electromagnetic
near field operators M and M, respectively. These were the starting points in
our construction of Factorization Methods for the acoustic and electromagnetic
inverse problems and have been factorized and discussed subsequently. However,
M and M are not the physically relevant near field operators and have been defined
as auxiliary operators to meet a basic requirement of the Factorization Method.
In this chapter, we prove that M and M can be approximated (arbitrarily well in
theory) by means of only the physical near field operators M and M, see (3.23)
and (4.26). These operators can be computed (approximately) from data known or
measured in practice. Precisely, we will not require any knowledge which cannot
be acquired from the data. Afterwards, in Chapter 6, we show that the functional
analytic result which underlies the Factorization Method can be applied to M and
M, as opposed to the situation for the physical operators M and M.

5.1 The acoustic case

To begin, we examine the mapping properties of the operators involved in the
acoustic problem. The operator H}- _ defined by

HF‘P / G- y7 )dS(y), era

is an element of L(L*(T'y),Hy (L)) and related to Hr, by Hr,¢ = +/|q| H{ ¢. cp.
(3.29). Having this, the preliminary factorization (3.32) states that

Mo =G+/|q|Hr, ¢ (5.1)
holds for all ¢ € L*(Ty). Analogously, the physical near field operator M obeys

M¢ = G/|q|H-¢ (5.2)
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for all ¢ € L?(I';) where I-Nlli € L(LA(T;),HL(Q)) is given by

(H}0) (x /Gay, as(y),  reQ.

In (5.1) and (5.2), G is the solution operator defined on p. 41. Now, let R = {x €
IT: |x3] < r} with r > 0 chosen such that QN IT C R and RNI; = RNIy = 0. Our
main tool in the approximation procedure for M are the operators Vr, : L*(T;) —

1/2(8R) and V-, : L*(Ty) — H1/2(8R) defined as
Vo= [ Galrn)00)ds()  and Vo= [ Goa()()ds(y)

In the next lemma, we collect some important facts about \7rl. and Vr..
Lemma 5.1.

(i) The operators ‘71“1- and Vr, are compact.

(ii) If k% is not a Dirichlet eigenvalue of —A in R, i.e. if the problem

AVa+k(2)Va:O in R }

Ypve =0  on dRNII (5-3)

has only the trivial solution, then \N/rl. and Vr, are injective and their ranges

are dense in H&/ 2((91'?). We note that the subscript & prescribes an Q-quasi-
periodic boundary condition on RN JIL

(iii) Assume that k(z) is not a Dirichlet eigenvalue of —A in R, such that ‘71“ is
injective. Let {Ps} 5-0 be a family of operators Ps:H 1/ 2(3R) (Fi)
which forms a regularization for the (unbounded) inverse of VF,- on R(Vrl.),
¢f. [25]. Then with Py = PsVr : L*(Ts) — L*(I;) for 8 > O there holds the
pointwise convergence

ViPs@ — Ve,@  in Hy*(OR) for 8 —0 (5.4)
for every ¢ € L*(T).
Proof.

(1) The compactness of ‘71“,- and Vr, follows directly from the smoothness of
Gq(y,x) for all y € I';UTs and all x in an open proper superset of R which
does not intersect I'; UI'5. Such set exists due to the conditions on R.
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(i1) The proof scheme for this part is adopted from the proof of Lemma 5.1 in
[44]. Let g € kerVr,. Then, for the potential

/G_ V) g(y)ds(y),  xell,

there holds vo| pnm = (VI,8)lgpap = 0. Note that the restriction of vy to
dRNII is well-defined here. Due to the properties of the single-layer poten-

tial ([53, Theorem 6.11]), vq lies in Hy 1, (TT) and satisfies the jump relations

[?’Dva]nur_ =0 and [‘WValr, = —& (5.5)

Moreover, vy, solves the Helmholtz equation in IT\I'y and has an expansion
of the form (3.26) in R+. Hence, vq|g is a solution to the interior Dirichlet
problem (5.3). From the assumption on k2, we conclude that v, vanishes in R
and, by an analytic continuation argument, even in {x € IT: m_ < x3 <m }.
Then, the first jump relation in (5.5) implies Yp 1 vqg =0 on Iy UI'_, where
Yp,+ 1s the trace operator for R, UR_. We are now in the same situation as
in the proof of Proposition 3.5 (i1) and obtain that v, vanishes in Ry UR_.
Finally, the second jump relation yields g = 0, hence Vr, is injective. The
argumentation for \7r is essentially the same. To prove the denseness of

R(Vr,) in Hy, /2 (R), we show that also the adjoint V}* : H, 1/ 2(8R) L2(Ty)
1s injective. Again, the procedure for Vr,- is similar. The adjoint of Vr, 1s
easily found to read (V{ @) (x) = [z Ga(y,x) 9(y)ds(y) for ¢ € H_l/z(aR)

and x € I'y. Let now @ € kerVf: . We define the potential wq € H! (2-T1)
by

a,loc

wal) = | Galyx)pl)ds(s),  xe2-IL

such that we| = Vi ¢ = 0. We use the extended domain 2 - IT here since
we will have to consider the behavior of wy on both sides of the boundary
JdR ¢ T1. Again by Theorem 6.11 in [53], there hold the jump relations

[Yowalgr =0 and [WWWalgp = —@. (5.6)

The geometric setting is illustrated in Figure 5.1. We note first that, by the
analyticity of we((+,+,x3)) in I't UT'_, wg| = 0 implies wg|r, r = 0.
Moreover, wy, solves the Helmholtz equation in IT\dR and has a Rayleigh
expansion in R = {x € 2-TI : |x3| > r}. From the uniqueness of a radiating
solution to the exterior Dirichlet problemin {x € 2-IT: x3 <m_Vx3 >m,},
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I1

Figure 5.1: Extended domain

we conclude again by an analytic continuation argument that w, vanishes in
all of R. As a consequence of the continuity of wq, across dR (in the sense
of traces), we have yp _wq = 0 on JR NTII, where Yp,— 18 the trace opera-
tor for R. Hence, wq/|p solves the interior Dirichlet problem (5.3). Under
the assumption on k2, there follows wg = 0 in R. Exploiting the a-quasi-
periodicity of wy and the second jump relation in (5.6), we finally obtain
¢ = 0. This completes the proof.

(ii1) The pointwise convergence (5.4) follows from standard regularization the-
ory, cf., e.g., [25]. We note that since by (ii) the operator Vr, : L*(T;) —

(8R) is injective and has a dense range its (unbounded) inverse on
CR(VF ) coincides with its generalized inverse Vr R(Vr,) @R(Vr,)t — L2(I).
In addition, we remark that convergence in the operator norm does not hold,
1.€. H‘7rl.P5 — VFSH - 0. L]

From now on, we assume that k(z) is not a Dirichlet eigenvalue of —A in R. Then
the a-quasi-periodic interior Dirichlet problem

Ava—l—k(z)va:O in R } (5.7)

YDVa :fa on aRﬂH
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is uniquely solvable for every fy € Cy(dR), cp. Theorem 3.24 in [16] for the clas-
sical interior Dirichlet problem for a bounded medium with C>-boundary. Since
with ¢ € L?(I) both -quasi-periodic potentials

X — /F Ga(3x) (Ps@)(y)ds(y)  and  x+— /F G_a(yx) @(y)ds(y)

solve the Helmholtz equation in R, the pointwise convergence (5.4) and the con-
tinuous dependence of the solution to the problem (5.7) from its boundary data on
JR yields that flfin(p converges to Hp ¢ in HL(Q) as & goes to zero. Thus, we
obtain the pointwise convergence

]\7[P5(p:G\/\q|fll’—iP5(p—>G\/|q\Hl’—s(p:M(p for 8 — 0 (5.8)

for every ¢ € L2(FS). In view of (5.8), we can, in principle, evaluate the artificial
near field operator M at any given instance ¢ with a prescribed accuracy, since
the physical operator M can be constructed from measurements of the scattered
field and the operator Ps can be computed for any 6 > 0, provided that a set
R with the above properties 1s known, see p. 78. (This requirement does not
cause extra trouble as choosing a proper incidence surface I'; is essentially the
same.) However, our final objective is the characterization of the range of an
operator which depends on the exact operator M. It is an open question whether
the pointwise convergence (5.8) is sufficient and convenient to accomplish this by
means of the approximants M Ps. For the tool we refer to later on, it is crucial that
M Ps converges to M even in the operator norm. Although our proof of this fact has
a different background, it is strongly inspired by the proof of Proposition III.12 in
[49]. Beforehand, we prove an auxiliary result, following the next definition.

Definition 5.2. Let L C R> be a bounded Lipschitz set. We define the operator
~1/2
SLop: Hy /(L) — HY o (R) by

(SLop)x) = [ Galx)(3)ds(y)

with x € R3. The function SLy; ¢ is called the single-layer potential with density
@ on dL. The associated single-layer operator Sy; : H&l/z(aL) — Hé/2(8L) is
defined by Sy; = ¥pSLjy; where Yp denotes the trace operator for L.

A proof of the asserted mapping property of SLy; can be found e.g. in [53].

Lemma 5.3. Let R be given as above, i.e. R ={x € I1: |x3| <r} with r > 0
such that QNII C R and RNT; = RNIy = 0. The single-layer operator Syg :
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1/ 2((9R) é/ 2((91'?) is a Fredholm operator with index zero. Moreover, if k§
is no Dirichlet eigenvalue of —A in R, then Sy is injective and has a bounded
inverse.

Proof. Clearly, the set R 1s bounded and Lipschitz. Analog to Theorem 7.6 in [53],
it can be shown that Syz can be decomposed into Syr = So + (Syr — So) where

So : 1/ 2(8R) — Hé/ 2(8R) has a coercive real part and Syp — Sp is compact.
Hence, Syr 1s a Fredholm operator with index zero. To prove the second part of
the assertion, assume @ € kerSyg. Since Sy @ = ¥pSLyr @ and the potential uy =
SLyg @ solves the Helmholtz equation in IT\dR, uy solves the interior Dirichlet
problem (5.3). So, if k(z) is not a Dirichlet eigenvalue of —A in R, uy vanishes
in R. In this case, we obtain Yp 1ug = 0 on JRNII, where yp ;. denotes the
trace operator for IT\R. By the uniqueness of a radiating solution to the exterior
Dirichlet problem in IT\R, we find that u also vanishes in IT\R, hence ug =0
in I1. The o-quasi-periodicity of ug and the jump relation @ = —[yyugyg then
yield ¢ = 0. Hence, Syg is injective. For a Fredholm operator with index zero,
the Fredholm alternative applies, cf. [53]. Therefore, the equation Sypr@ = g is

uniquely solvable for every gy € H&/ 2((9R), 1.e. Syp 1s bijective, and the inverse

Sg HY 2(8R) Hy 1/ 2(8R) is bounded (see Corollary 2.12 in [60]). The proof
is ﬁmshed. [

Theorem 5.4. Assume that k% is no Dirichlet eigenvalue of —A in R. Let, for all
8 >0, g5:[0,]|Vr,]|*] — R be piecewise continuous and such that

1
Ags(A)| <C and limgg(A) = —
[Ags(A)] < limg5(4) =~
for all A € (0,||Vr,||?] and some constant C > 0. We define the operators Py :
Hé/z(&R) — L2(I}) by P5 = gg(\N/lfini)?li‘i, with gg(?lfi\N/ri) as a functional cal-
culus, as well as Ps : L*(T'y) — L*(I}) by Ps = PsVr, for 8 > 0. Then, MP;
converges to M in the operator norm, i.e. ||MPs — M|| — 0, for 6 — 0.

Proof. The proof bases on and slightly enhances the proof of Proposition III.12
in [49]. From the strong convergence MPs¢p — M@ stated in (5.8) there follows
the weak convergence P*M *@ — M*@ for § — 0, for all ¢ € L*(T'y). According
to Theorem 4.1 in [25], P5 converges pointwise for 0 — 0 to the (unbounded)
inverse of Vr on R(Vp ). We recall that VT, is injective and has a dense range
according to Lemma 5.1 (i1). Hence, {lgg} 50 forms a regularization for ‘71“1-’ see
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Proposition 3.4 in [25]. The adjoint 133‘ of 135 is represented by
Py = Vi s (Vi V) = &5 (Ve Vi) Vr, (59)

(see p. 44 in [25] for an argument) and converges pointwise f0r~5 — 0 to the
(unbounded) inverse of Vi, on R(Vf:). We note that with Vr; also V[* is injective

and has a dense range. With (5.9) and P5 = 135Vrs, we find the identity
PsM* = Vit g5(Vr, Vit) Vi, M™. (5.10)

The prior action of M* in (5.10) allows to make use of the pointwise convergence
of P5 for 6 — 0. In fact, the range inclusion R(M*) C R(Vf%) holds. To prove

this, we first remark that the preliminary factorization (5.2) implies R(M*) C
R((Hr,)*). Second, as we are going to show now, the operator Hr. : L*(T;) —
H!(Q) can be factorized in the form

H{ = Hyr Sy VI, (5.11)

This result leads to R((Flﬁ)*) C CR(VF,) and, together with the previous inclu-

sion, to the asserted inclusion. In (5.11), Syp : Hy 1/ 2(8R) — Hé/ 2(8R) denotes

again the single-layer operator on dR, which has a bounded inverse according to

Lemma 5.3. Now, we define the operator Hypg : H(;]/z(&R) — HL(Q) by Hypp =
(SLygr ©)|q» where R satisfies QNII C R and RNT; = RNT; = 0. To establish

(5.11), let ¢ € L*(I';) and y = \7rl.¢. For any cuboid C C IT and ¢ € H;]/Z(B)
with B C dC, we define the extension @y € H;1/2(8C) by

_Jo onB
Pc=0 on dC\B

Moreover, by C; we denote the cuboid which is enclosed by JIT and the planes
which contain I'; + and I'; _, respectively. Recall that I'; | and I'; _ are flat and
make up the incidence surface I'; = I';  UT; _. Then, we find the identities

W(SLorS;p¥) =W =Vr,¢  and  1p(SLyc,Pac) = Vi,9,

where yp denotes the trace operator for R. From the assumption that k% is no
Dirichlet eigenvalue of —A in R, we conclude that the potentials SLyg S,y and

SLyc,9ac, are equal in R and so, in particular, in Q. The fact that Hﬁ. maps ¢ to
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(SLyc, 9ac;)|, then shows (5.11). Returning to (5.10), we note that the physical

near field operator M and its adjoint are compact, and V° preserves the point-
wise convergence since it is bounded (even compact, too). We are now prepared
to apply Theorem 10.6 from [46] and obtain that PyM™ converges in norm to

V;S(V;i)w *. Since P;M *@ — M*@ and the weak and the strong limit coincide,
there holds M* = VF*S(\N/F*I,)TM *. This finally proves the claim by |[MPs — M| =
|P;M* — M*|| — 0 for § — 0. O

5.2 The electromagnetic case

Many aspects of the approximation of M by M in the electromagnetic case are
similar to those in the acoustic case, therefore we skip some details in this sec-
tion. We adopt here the concept of Section 5 in [44]. To simplify notation
below, we define first the auxiliary operators J : L?(I';,C?) — L2 (I1,C%) and
J:L*(T,C3) — L2 _(I1,C%) by

loc
Jo = [ ®alr)00)dst)  and o= [ & a()p()ds(y).

The incident field (4.24) then reads ul, = (f(b)\n\ri, where ¢ € L*(I;,C?) is
some fixed moment function. The operator Hr, defined in (4.28) can be writ-
ten as Hr,@ = /|q| Hr @ where I is given by Hp. ¢ = (curlJo)|g for ¢ €
L?>(T';,C?). The latter operator is bounded as a mapping from L?(Ty,C?) to
Hg(curl,Q) and, similarly, JN-C{-I() — (curlJ(-))|q, is bounded from L?(I;,C?) to
He(curl, Q). The near field operators M and M satisfy

Mo =5V]qH¢ and Mo =5]q[H[ ¢ (5.12)

for all ¢ € L?>(I';,C?) and ¢ € L*(I'y,C3), where G is the solution operator de-
fined on p. 62. Again, by R we denote a set {x € I1: |x3| < r} with r > 0 such
that QNIT C R and RNT; = RNT, = 0. Finally, we define the operators \7}[ :
LX(;,C3) — L*(IR,C3), Vr, : L2(T;) — L2(9R), Vi : LX(T,C3) — L2(9R,C?),
and Vr, : L2(T's) — L?>(JR) by

Vi) = (curld ()] 5pe Vi, = PERVE \Lz )
J
Vi () = (curlJ(D|ope Vi =PFVE
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where PZR : [2(9R,C3) — L2(JR), PR : w— (v x w) x v, is the tangential pro-
jection on dR, with v denoting the outward unit normal to JdR. Statements analog
to those for Vr, and Vr, in Lemma 5.1 apply to Vr, and Vr:

Lemma 35.5.
(i) The operators \~7rl. and Vr, are compact.

(ii) If k(z) is not an eigenvalue of the problem

curl?vy — k(z) Vg =0 in R (5.13)
Yi(curlvg) =0  on dRNII '

(with an o-quasi-periodic boundary condition on dR N JIl), then vr,- and
Vr, are injective and their ranges are dense in L>(JR).

(iii) Assume that k% is not an eigenvalue of the problem (5.13). Let {535}5>0 be a
family of operators Pg : L2(OR) — L2(T;) which forms a regularization for
the (unbounded) inverse of%,. on CR(T?FI.). Then with Pg = %5\71} L2(T) —
LX(T;) for 8 > 0 there holds the pointwise convergence

Ve Ps@ —Vr.@ inL2(R) for § —0 (5.14)
for every ¢ € L?(T).
Proof.

(i) Since RNTy = 0 and the Green’s tensor &_4(y,x) = G4(x,y) is smooth for
all y € I'y and all x in an open proper superset of R which does not intersect
[y, the mapping @ — (curl J@)| is bounded from LZ(Ty) to H(R,C?). The
embedding H2(R,C?) — H/(R,C?) is compact, and the tangential compo-
nents trace operator Y7 is bounded as a mapping from H),(R,C?) to L?(dR).
Hence, the compactness of Vr. : L?(T'y) — L?(dR) follows by the represen-

tation Vr, @ = yr((curlJ@)|,). A similar argumentation applies to Vr,.

(i1) The proof uses the idea of the proof of Lemma 5.1 in [44]. Again, we confine
ourselves to considering the operator Vr,. Let g € kerVr, and define the
vector potential vy € Hy 1oc(curl, IT) by

va(x) = curl [ & o) g()ds(y) = curl [ Ga(y.x) 8(3)ds()
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with x € II. According to the definitions, there holds (V X vg|yp) X V =
Vr,g = 0 and, since v X vy|,5 and v are perpendicular, also v X v,z = 0.
Inspecting Theorem 6.11 in [17] and Theorem 6.11 in [53] reveals that vy
satisfies the jump relations

[%valr, = 8 and [%(curlvg)]r, or =0. (5.15)

Moreover, vy, solves the homogeneous Maxwell’s equation curl®vy — k(z) Vo =
0 in IT\I'; and has an expansion of the form (4.44) in Ry. In particular, it
solves the interior eigenvalue problem

curlvg — kv =0 inR }

5.16
VXveg=0 ondRNII (5.16)

Now, we define a function vy by curlvy +ikgvy = 0 in R. Due to the ho-
mogeneous Maxwell’s equation, there holds the complementary equation
curlvyg —ikgve = 0 in R. By applying another ‘curl’ to the first equation
in (5.16), we find that v, fulfills

curl Vg —k§vg =0 inR }

5.17
vxecurlvgy =0 ondRNII -17)

This is just the interior eigenvalue problem (5.13), hence v, has to vanish
under the assumption on k(z). We conclude that also v, vanishes in R and, by
analyticity, so it does in {x € IT: m_ < x3 < m}. From this and the second
jump relation in (5.15) we obtain ¥ | (curlvg) =0onI'; UT'_, where ¥, 4 is
the tangential trace operator for Ry UR . We are now in a similar situation as
in the proof of Proposition 4.5 (ii), with v, playing the role of & there, and
conclude that vy, and v vanish in R UR_. Finally, the first jump relation in
(5.15) yields g = 0, showing that Vr, is injective. To prove the denseness of
its range in L?(dR), we prove that also the adjoint Vi, : L?(dR) — L2(Ty) is
injective. First, we observe that

<P78“Rg7h>ak = (PPRg, PPRn+ (id_P?R)th
= <P?R87P7(?Rh>ak
= (PPRg+ (id—PPR)g, PPRh) o
= <87PT8Rh>aR

holds for all g,h € L?(dR,C?), where (-, -) 5 denotes the usual scalar product
for this space. Of course, a similar relation applies to the tangential projec-
tion P;s : L*(T,C3?) — L2(T) with respect to the scalar product (-, r, in
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L*(Ty,C3). Using this, we derive that

<Vrsg, >8R = <VF PT 8 >

< 8er T g7h>

— (g, PL(V}, ) PRRR),,

— (e, P (V) By,

holds for all g € L?(I'y) and i € L?(dR). Hence, the adjoint of Vr, is given
by Vr, = PTF“‘(V’rJ*\ and (V)" : L*(dR,C?) — L*(T'y,C?) is easily
found to be

L?(JR)’

(V)" 9)(x) = curl / &_o(x,y) 9(y)ds(y)

with @ € L>(dR,C?) and x € I';. Now, we choose & € ker VI and define
Wwa € Hg joc(curl, 2 -IT) by

0 =curl [ 6 axy)h()ds(y) =l | Ga(x3)h()ds(y)

with x € 2-T1, such that (v X wg|p ) X v ="V h =0 and also V X wg|r = 0.
Similar to (5.15), there hold the jump relations

[¥walgr =h and (% (curlwg)] g = 0. (5.13)

By the analyticity of wg((+,-,x3)) inI* ={x€2-Il: x3=m_Vx3 =m}
and v = £e3 on I'5 4, from v x Wa‘rs = 0 we gain V X wg|p = 0. In partic-
ular, wq solves the exterior problem

curlPwg —kiwg =0 in R* } (5.19)

VXwg=0 onI™

where R* = {x € 2-T1: x3 < m_ V x3 > m }, together with an o-quasi-
periodic boundary condition (still with respect to I1, i.e. to the quasi-period
A= (2%,27,0)T) on R*NJ(2-I1). By (5.19) and the smoothness of w, in
{x€2-I1: |x3] > r}, we obtain

Awa—l—k%wa =0 inR*
divwg =0 onI™ 3. (5.20)
VXwe=0 onI™
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Accompanied by radiating behavior of wg, this is a special, quasi-periodic
exterior electric boundary value problem, cp. the proof of Proposition 4.5
(i1). Using the Rayleigh expansion of the component functions of wy and
the boundary conditions on I'*, one easily proves that (5.20) has at most
one solution. Hence, wy vanishes in R* and, by analyticity, so it does in
all of {x € 2-I1: |x3| > r}. The second jump relation in (5.18) then implies
Y- (curlwg) =0 on dRNII, where 7 _ is the tangential trace operator for R.
Moreover, w, satisfies an a-quasi-periodic boundary condition on dR N JI1
and solves Curlzwa — k(z) wg = 0 1n R. Thus, it is a solution to the interior
eigenvalue problem (5.13) and vanishes in R under the assumption on k(z).
The a-quasi-periodicity of wg, and the first jump relation in (5.18) now reveal
h = 0. The proof is complete.

(111) This is a consequence of standard regularization theory, see, e.g., [25]. [

In the following, we assume that the condition in Lemma 5.5 (i1) is fulfilled,
1.e. k% 1s no eigenvalue of the problem

T N :
curlvy —k§veg =0 inR } (5.21)

%i(curlvg) =0  on dRNII

The inhomogeneous eigenvalue problem, which corresponds to the problem (5.21)
with % (curlvy) = fo on dRNII with arbitrary fy € Yy (JdR) instead, can be for-
mulated in the variational sense via the Green’s identity (2.25). The volume in-
tegral part of this formulation defines a sesquilinear form on Hy/(curl,R). It can
be shown that this form induces a Fredholm operator with index zero, cf. [14,
Section 3]. Due to the above condition on k(z), this operator is injective. More-
over, the boundary integral part constitutes a bounded conjugate-linear functional
on Hy/(curl,R). In consequence, there is a unique solution to the inhomogeneous
eigenvalue problem and the solution depends continuously on the tangential trace
data. Besides, we remark that there is a slight connection between the eigenvalue
problem (5.21) and the problem

Awa—i—k%wa:O inR
p(divwg) =0  ondRNIT 3, (5.22)
Yiwqg =0  ondRNII

which is an a-quasi-periodic variant of the so-called interior electric boundary
value problem, cf. [16]. The latter one can be derived from the former one by
applying another ‘curl’ to the homogeneous Maxwell’s equation in (5.21) and
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defining wy, by the equation curlvy +ikgwg = 0 in R. Obviously, if curlzva —
k% vg holds in R, then there also applies the complementary equation curlwgy —
1kovg = 0 in R. From this we conclude that if k(z) 1s an eigenvalue of the problem
(5.21), then it is an eigenvalue of the problem (5.22).

Now, for ¢ € L?(Iy,C?), both a-quasi-periodic vector potentials

£ (7259)(x) = [ @a(0r) (P50)0)dsty)  and

X (JO)(x /@ 0, %) 9(y) ds(y)

satisfy the homogeneous Maxwell’s equation in R. Since the pointwise conver-
gence (5.14) implies
vx Vi Ps@—vx Ve inL?(dR) ford —0,

the continuous dependence of the unique solution to the problem (5.21) from the
tangential trace data yields that fH’Fi(P(g ¢ converges to iH’rs(p in Hy(curl,Q) as 6
goes to zero. Finally, we arrive at the pointwise convergence

MPs 9 =5V14|HPs 0 — 5/ la|Hrp =M for§ -0  (5.23)
for every ¢ € L*(T'y,C3). In principle, we can compute M to a prescribed accu-
racy for any given density ¢ € L?(I's,C?). As in the acoustic case, it will become
crucial later that MPgs converges to M even in the operator norm. We prove now
that this in fact holds.

Theorem 5.6. Assume that k(z) is no eigenvalue of the problem (5.21). Let, for all

0>0,gs5:[0, VL2 — R be piecewise continuous and fulfill
¥
1

Ags(A)] <C and %11%85(}') 1

forall A € (0, HT?{—I 1?] and some constant C > 0. Then the operator family {?5}5>0
with Pg = g5((\~7}l)*\~7}l)(\~7h)* : L2(9R,C3) — L*(T;,C3) forms a regularization
for the (unbounded) inverse ofiv?i—i on R(T?i—l) With Ps = %5\7{—5 for § >0, MPs
converges to M in the operator norm as 6 goes to zero.

Proof. 1t is sufficient to show that the range inclusion iR((i}NC’rl)*) C R((T?’rl)*)
holds. Then an argumentation similar to that in the proof of Theorem 5.4 verifies
the assertion. To start, we recall that Hr-, : L*(I;,C3) — L*(Q,C?) is given by

3,9 = (curl§)| o = curl | Gal,)9()ds (). (5.24)
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Cw

Figure 5.2: Example for C+

Letting aside the “curl” in this expression, the remainder has the form of the oper-
ator Hﬁ. from the acoustic case, discussed in Section 5.1, but is applied here to a

vectorial argument ¢ € L?>(T';,C?). We denote this operator by HF., it is bounded
from L*(T;,C3) to H(Q,C?) and, because of QNT; = 0, also to H2(Q,C3).
Since the action of HF. on ¢ does not involve any mixing of the components of
@, J—Cl‘ii allows a factorization in the form

HE = HGp (S%) T VE (5.25)

where the operators on the right-hand side are the vectorial counterparts of the
corresponding operators in the factorization (5.11). Since the adjoint of ﬂ{fi is

given by (UN{’FI)*g = curl (Hf,)"g for g € L?(Q,C?), by means of (5.25) we obtain
() g = curl (V)X g (5.26)

where X = H¢,(5¢ )~ :Hé/ 2 JR,C?) — HL(Q,C?) is bounded. The operator
L IR\PIR) 9! a pel
(Vg.)* is given by (V&)*¢ = (SLog@)|r, for ¢ € Hy'/*(9R,C?) where SLy ¢
denotes the single-layer vector potential

(SLog 0)(x / Go(x,y)0(y)ds(y), xeR. (5.27)
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This potential solves the vector Helmholtz equation in (2 -IT)\dR, see the first
comment on p. 138 in [62], and thus is smooth there. Now, think of I'; 1 as part of
a closed Lipschitz surface C+ in {x € 2-I1: |x3| > r}, respectively, as illustrated
in Figure 5.2. The ‘curl’ of the potential (5.27) lies in H! , ((2-IT)\R) and hence

a,loc
has a well-defined Dirichlet trace on Cy in Hé/ 2(C¢,C3 ), respectively. Now,
restricting the trace again to I';, it follows that g — curl (V{.)*X"g is well-defined
as a mapping from L*(Q,C?) to L?(I';, C?). Finally, there holds

(HF,)"g = curl (VE,)"X"g
= curl /aR Go(,y) (X7g)(y)ds(y)

:m%ﬁXEWﬂWWX

which reveals SR((JTC’FZ)*) C CR((\N%I)*) O






Chapter 6

Reconstruction of the shape

In Chapters 3 and 4, we set up and discussed the factorization of the acoustic and
electromagnetic artificial near field operators M and M. Now, we consider the
identification of the shape of the periodic medium based on these factorizations,
which we recall to be

M = Hf T Hr, and M =Hp THr,, (6.1)

see (3.39) and (4.42). We first restate the theorems which form the abstract foun-
dation of the Factorization Method and have been proposed by KIRSCH in the pa-
pers [39, 42], with one important enhancement by LECHLEITER, cf. Theorem 1.7
in [49]. In Subsections 3.2.3 and 4.2.3 it was shown how the type of the contrast
determines properties of the inner operators T and J. These in turn play a central
role in the functional analytic result behind the Factorization Method, which we
formulate in Section 6.2. It can be applied for a decent class of contrasts in our
inverse scattering problem. For almost everywhere absorbing media one can use
a corollary to this result. The reconstruction of such media and those described
by the more general contrasts is then made concrete in Sections 6.3 and 6.4.

6.1 Range tests

The next two results illustrate an immanent link between the shape of the scatter-
ing medium and the range of the first operator (which cannot be evaluated without
the knowledge of Q) in the factorization of M and M, respectively. The statements
and the proofs of this link are very similar in the acoustic and the electromagnetic
case.

Theorem 6.1. For any z € Il we define W . € L*(Ty) by
l//avz(.x/') = Ga(Z,X), X € FS-
There holds z € Q if and only if Wy ; € R(HE,).
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Proof. The proof follows the idea of the proof of Theorem 4.6 in [45]. Assume
first that z € Q. Let € > 0 be such that the closed ball B(z, &) with center z and
radius € is contained in Q. We choose a mollifier ¢ € C*(R) with ¢(¢) = 1 for
1| > € and ¢(r) = O for |t| < €/2, and define vy € Cg(IT) by vg(x) = ¢(|]x —
z]) Ga(z,x). In II\B(z,€), it satisfies vy = Gg(z,-) and thus Avg + kjve = 0.
Since G(z,-) obeys the radiation condition (3.18), v radiates according to (3.5).
Therefore, by Green’s formula (3.20) with L = €2, we obtain

v (x) = /8 o (Ga(y,x) %Ga (z,y) = Galz,y) aivyG“ (y,X)>dS(y) -
_ /|y e (Ava(y) + kg va(y)) Galy,x) dy
— _/|y—z|<8 (Ava (y) +k§va(y)) Ga(y,x) dy

for x € Q, where the first integral vanishes by formula (3.21). Using an analytic
continuation argument for vy in Q*', we conclude that

Voo = Vo = — /| _Brel) R0 Galy )dy oDy (62)
y—z E

Now, we define

B —(Ava—i—kzva)/\/m in B(z,¢€)
&= {0 : in Q\B(z, &) (©3)

It is g € L?>(Q) since |g| is locally bounded from below in Q D B(z,€), cf. As-
sumptions 3.2. Then, by (6.2) and the form of the operator Hf: from (3.30), we
find yo . = Hf g, 1.e. Yo, € R(HE).

Let now z € IT\Q and assume, on the contrary, that there exists some g € L>(Q)
such that Hlfs 8 = Yo = Gy(z,-) on I's. Then, by the one-to-one correspondence
in Q' = IT\Q between radiating solutions to the Helmholtz equation and their
near fields on I'y, we obtain

| Galrn)g0) VIO dy = Galer),  xeM(@QUED.  (64)

Here, we also used that Q' has no inclusions of the background medium and
the function defined by the left-hand side has a continuous extension from QX! to
dQNII. This function even lies in C,(IT), cf. Lemma 4.1 in [27] together with the
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decomposition (3.17) of G,. Moreover, it is a solution to the Helmholtz equation,
and thus analytic, in Q. The right-hand side, however, has a singularity at z ¢ Q,
which leads to a contradiction. We conclude that Y ; ¢ R(HF. ). O]

The counterpart of Theorem 6.1 for the electromagnetic case has been proven
for a related setting in [44, Theorem 4.2]. The proof for our setting could be done
in an analogous manner with the aid of Proposition 4.3. However, we give an
alternative proof here, which uses our representation Theorem 4.1 and reveals the
same structure as the above proof for the acoustic case.

Theorem 6.2. For any z € Il and fixed p € R? we define Wy, , € L*(T'5,C?) by

Voo (%) = k§ G o(z,x) p, xeTy.
There holds z € Q if and only if Yy, € R(J{l’is),

Proof. We assume first that z € Q and let € > 0 be such that the closed ball
B(z,€) is contained in Q. In addition, let ¢ € C*(R) be such that ¢(¢) = 1 for
t| > € and ¢(¢) = O for |t| < &/2. Then, we define vy € C(IT,C3) by vy (x) =
curl?(¢(|Jx —z|) Ba(z,x) p). In TI\B(z,€), it satisfies vy = curl®(Gy(z,-) p) =
k34 (z,-) p and, in particular, Valp, = Yo,z Since G4(z,-) obeys the radiation
condition (4.16), v, radiates according to (4.6). By Theorem 4.1 with L = Q, we
obtain

va(x) = - /a (Bl (v x curlvg) —curl Ba(,3) (v X va))ds(y) +
+ e G (-, x) (curl?vy — k3 ve)dy

= Go(-,x) (curl®vg — k3 ve)dy (6.5)

ly—z|<e

for x € Q, where the first integral vanishes by formula (4.19) and vy = k(z) Galz,)p

on dQNII. By analyticity of vy in IT\B(z, €), the representation (6.5) holds in
fact in all of II. Now, by a similar argument as in the proof of Theorem 6.1, we
find that Y . is in the range of the operator

¢— [ ®alrx)g) VgD dy, xell,

However, comparing the form of the operator Hy from (4.29), the proof is not

yet finished. We note that in a neighborhood I' of I'y (in IT) we can reformulate
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Vg as

1
valz) = /|y z[<e k2 (Cuﬂz@a(y’x)) (Curlzva (v) = k% Va (y))dy
0
1
= /|y e — curl,(—curly &y (y,x)) (curlzva (y) — k% Va(y))dy
0
— curl/Q (curlyﬁa(y,x))ga (v)dy

for x € I, where gg is defined by

~ —ko_z(curlzva—k%va) in B(z,€)
o in Q\B(z.2)

It is easy to see that g, is in Ci(Q,C?), and thus we can apply the identity (2.20)
to deduce that

| (eurl,a(5.2) Zal)dy = [ Saly.x)eurlZaly)dy

holds for x € I since 7pga = 0 on dQ. Hence, for g € L2(Q,C3) defined by

] ~2curl® \/ in B(z.€
¢ = curlga/V[a] - { el il P

in Q\B(z,¢)

we finally obtain Wy . = J(} g, showing W . € R(I}).
Let now z € IT\Q and assume that there is a g € L*(Q,C?) such that Yy, =
Hr,g. By the one-to-one correspondence in Q! between radiating solutions to

the homogeneous Maxwell’s equation Curlzva — k% vo = 0 and their near fields on
I';, we conclude that

curl/ G (y,x V0gh)|dy =k S4(z,) p, x € Q¥\{z}.

Again, we used that Q' has no inclusions of the background medium. This leads
to a contradiction since by Proposition 4.3 (ii) there holds vy | € Hg/(curl,B)
for any ball B C IT which contains z, whereas (kj &4(z,") p)|g ¢ L*(B,C?) for
B¢ = BN Q™! by the strong singularity at z. This completes the proof. []

In connection with the range identities discussed below, Theorems 6.1 and 6.2
will make it possible to identify the shape of the scattering medium by known
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data, rather than by Hlfs and J—C*S, respectively. On the other hand, the regularity
arguments used in the proofs above make clear why the Factorization Method in
the form we use here is incapable of reconstructing the contrast g as a function.
As mentioned already, it is, however, sufficient in many applications to recover
the support of g.

6.2 Range identity

We now state the functional analytic result behind the Factorization Method,
which for certain factorizations A = B* C B establishes the identity of the ranges of
the operator B* and of a self-adjoint operator which can be computed (in a quite
simple way) from the factorized operator A. As usual, B* denotes the adjoint of
B. The properties of the operators involved in (6.1) which have been proven in the
previous chapters will show that the factorizations of the near field operators M
and M match the required pattern. In [49], Theorem I.7, LECHLEITER refined a
result from [42] which asserts a range identity of the described type. We will use
the following, completely analogous extension of Theorem 2.15 from [45]. We
do not reproduce its elaborate proof here.

Theorem 6.3. Let X C U C X* be a Gelfand triple with Hilbert space U and
reflexive Banach space X such that the embedding is dense. Furthermore, let H
be a second Hilbert space and let A: H — H, B: H — X, and C : X — X be
linear and bounded operators such that

A=B"CB.
We make the following assumptions:
(i) B is compact and injective.

(ii) For some t € [0,27) the operator Re (¢''C) has the form Re (¢''C) = C + K
with some coercive operator C and some compact operator K from X to X*.

(iii) ImC is non-negative on X, i.e. ImC¢,d) > 0 holds for all ¢ € X.
Moreover, we assume that one of the next conditions is fulfilled.
(iv)-a C is injective.

(iv)-b ImC is positive on the (finite-dimensional) null space of Re (eitC), that is
(ImC@, ) > 0 holds for all ¢ # 0 with Re(e"'C)¢ = 0.
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Then the operator Ay = |Re (¢!'A)|+1ImA is positive, and the ranges of B : X — H
and A;/z : H — H coincide.

Here, A;/ % denotes the square root of the operator Az. Every non-negative op-
erator G € L(H) on a complex Hilbert space H has a unique non-negative square
root G'/% € L(H), which solves $2 = G, cf. [60, Theorem 12.33]. The absolute
value |G| of any operator G € L(H) is defined as |G| = (G*G)'/?, see, e.g., p. 329
in [70]. Since, in Theorem 6.3, B is compact and C is bounded, A, Re (ei ‘A), and
ImA are compact. Finally, according to [70, Satz VI.3.4], [Re (ei ‘A)| and A;/ % are
compact and self-adjoint. In Section 6.5, we will summarize properties of posi-
tive compact operators on H (to which Ay belongs). It will turn out in a moment
that Theorem 6.3 allows us in particular to solve the acoustic as well as the elec-
tromagnetic inverse problem for a decent class of media. For almost everywhere
absorbing media, we will apply the following theorem, which is significantly eas-
ier to prove than Theorem 6.3.

Theorem 6.4. Let Hy and H, be Hilbert spaces and A : Hy — Hy, B : Hy — H»,
and C : Hy — Hj be linear and bounded operators such that

A=B"CB.
In addition, let there hold:
(i) B is compact and injective.
(ii) ImC is coercive.
Then Ay = ImA is positive, and the ranges of B* and A; 12 coincide.

Theorem 6.4 is a simple application of Theorem 4.1 from [41], with 0 =
¢13/2™ — _j We note that under the conditions of Theorem 6.4, fort = %n the con-
clusions of Theorems 6.3 and 6.4 are equivalent, with A; = |[ImA| +ImA = 2ImA
in the former. Hence, Theorem 6.4 can be considered as a corollary to Theorem
6.3. The next two sections give evidence that we can apply both theorems to our
inverse problems. To this end, let for any z € I1 the probe functions W . € L*(Ty)
and Yy . € L*(T5,C?) be defined as in Theorems 6.1 and 6.2, respectively, i.e.

Yo.(x) =Galz,x)  and Yo (x) =k Galz,x)p, x€Ly,  (6.6)

with some fixed p € R3. We start with the treatment of the easier situation where
the scattering medium is absorbing.
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6.3 Absorbing media

We deal with absorbing media with a refraction index n (acoustic scattering) and a
relative permittivity €. (electromagnetic scattering) such that the contrastg=n—1
and ¢ = 1 — 1 /¢, respectively, satisfies

Img > c1lq] almost everywhere in Q (6.7)

with some constant ¢y > 0.

6.3.1 The acoustic case

The following proposition ensures that under the condition (6.7) we can apply
Theorem 6.4 to the acoustic near field operator M.

Proposition 6.5. Using the notation from Chapter 3, there hold:
o Hy = L*(Ty) and H> = L*(Q) are Hilbert spaces.
e The operators A =M, B= Hr,, and C =T are bounded linear operators.
e The operator B = Hr, fulfills Theorem 6.4 (i) by Proposition 3.5.
e Given (6.7), the operator C =T fulfills Theorem 6.4 (ii) by Theorem 3.8 (iii).

Finally, by the combination of Theorems 6.1 and 6.4, we gain the following
characterization of the scattering medium.

Theorem 6.6. The point z € I1 lies in Q if and only if Y ; from (6.6) lies in the
range of (ImM)'/2.

In practical applications, the operator M is computed approximately from the
physical near field operator M using the relation (5.8).

6.3.2 The electromagnetic case

Theorem 6.4 can also be applied to the electromagnetic near field operator M.
The next proposition collects the necessary results.

Proposition 6.7. Using the notation from Chapter 4, there hold:
o Hy = L1*(T,C?) and H, = L*(Q,C?) are Hilbert spaces.

o The operators A =M, B =Hr,, and C = T are bounded linear operators.
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o The operator B = Hr, fulfills Theorem 6.4 (i) by Proposition 4.5.
e Given (6.7), the operator C = T fulfills Theorem 6.4 (ii) by Theorem 4.9 (iii).
Combining Theorems 6.2 and 6.4 yields

Theorem 6.8. The point z € I1 lies in Q if and only if Yy ; from (6.6) lies in the
range of (ImM)/2,

In practice, the operator M can be approximated by means of the physical near
field operator M and the relation (5.23).

6.4 More general media

Supplementing Section 6.3, we now consider non-absorbing media and media
which might be only partially absorbing. The conditions which we impose on
the contrast g here differ in the cases of acoustic scattering and electromagnetic
scattering.

6.4.1 The acoustic case

Assume that the contrast ¢ = n — 1 obeys
Re (¢''q) > colq] almost everywhere in Q (6.8)

with some constants ¢t € [0,27) and ¢p > 0. Then we can make use of Theorem
6.3, as affirmed next.

Proposition 6.9. Using the notation from Chapter 3, there hold:

o X =X*=U = L*(Q) is a Hilbert space and as such a reflexive Banach
space. H = L*(T'y) is a Hilbert space.

o The operators A =M, B= Hr,, and C =T are bounded linear operators.
e The operator B = Hr, fulfills Theorem 6.3 (i) by Proposition 3.5.

e Given (6.8), the operator C =T fulfills Theorem 6.3 (ii), (iii), and (iv)-a by
Theorem 3.8 (i), (ii), and (iv).

Thus, via Theorem 6.1 we obtain the following.

Theorem 6.10. The point z € I1 lies in L if and only if Yy ; from (6.6) lies in the
range ofMﬁl/2 where My = |Re (¢'M)| + ImM.
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6.4.2 The electromagnetic case

Let the contrast ¢ = 1 — 1/g, be real-valued and satisfy
g>0 <<= ¢&>1 almost everywhere in Q. (6.9)
Proposition 6.11 verifies that Theorem 6.3 applies then with ¢t = 0.
Proposition 6.11. Using the notation from Chapter 4, there hold:
e X =X*=U =L1*Q,C%) and H = L*(T's,C?) are Hilbert spaces.
o The operators A =M, B = Hr,, and C = T are bounded linear operators.
o The operator B = Hr, fulfills Theorem 6.3 (i) by Proposition 4.5.

e Given (6.9), the operator C = T fulfills Theorem 6.3 (ii) with t = 0, (iii), and
(iv)-a by Theorem 4.9 (i), (ii), and (iv).

Using this and Theorem 6.2, we arrive at

Theorem 6.12. The point z € Il lies in Q if and only if Y, . from (6.6) lies in the
range OfJ\/E;/2 where My = [Re M| 4+ ImM.

6.5 Regularization of the Factorization Method

In the statements of Theorems 6.6, 6.8, 6.10, and 6.12 we refer to the ranges
of operators which depend on the exact artificial near field operator M (acoustic
case) or M (electromagnetic case). However, all we can compute from given
data are approximants to M and M, respectively. It is not yet clear in which
sense, if at all, the characterizations of the medium 2 in the previous sections can
be met “in the limit” when one has to deal with a sequence of approximants to
the artificial near field operator. Since the same questions arise for the acoustic
and the electromagnetic case, we address only the acoustic case in the following
discussion. To state the problem more precisely: How can we benefit from the
range criterions in Theorems 6.6 and 6.10 to recover £ (asymptotically) when we
are given a sequence of operators M, j € N, which satisty ||M; — M| — 0O in the
operator norm for j — o? In this sort of abstract question, we leave aside the
difficulty to obtain approximants M; from measurement data in the form of Mng,
defined in Theorem 5.4, with 5]~ — 0 for j — oo. To tackle this question, we first
note that the operators ImM in Theorem 6.6 and M; in Theorem 6.10 are positive
and compact.
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To collect some basic properties of such operators, let F € L(H) denote a
positive and compact operator on a complex Hilbert space H. Then F is self-
adjoint [60, Theorem 12.32] and injective. Due to the compactness, the spectrum
of F is the union of {0} and the at most countable set {A;} of eigenvalues of F.
The eigenvalues A; # 0 have finite geometric multiplicities d; = dimker (A;id —F)
and accumulate at most at zero, see Theorems 4.18 and 4.25 in [60]. The self-
adjointness of F implies that all A; are real, the eigenvectors belonging to dif-
ferent eigenvalues are orthogonal, and the algebraic multiplicities a; = dim N (4;),
N(A)={xeH:3k>1 (Aid —F)*x =0}, for A; # 0 coincide with the geometric
ones, cf. Lemma VI.3.1 and p. 299f. in [70]. The spectral theorem [70, Theorem
VI.3.2] states that in fact there is an orthonormal basis of H which consists of
eigenvectors of F. Due to the injectivity of F' and the geometric multiplicities of
the non-zero eigenvalues being finite, F' has infinitely many eigenvalues if H is
infinite-dimensional. Since F is positive, all its eigenvalues are indeed positive.
Now, let (0,,, ¢,) denote a sequence of pairs of eigenvalues and normalized eigen-
vectors of F, where o, takes the value of each A; according to its multiplicity,
and all ¢, which belong to those o, equal to A; span the eigenspace ker (A;id —F).
Then F can be represented by

Fx:ZGn<x,d)n>(/)n forall x € H.
n

As a positive operator, F' has a unique square root F 1/2 ¢ L(H) [60, Theorem
12.33]. In fact, by [70, Satz VI.3.4], the spectral representation of F 1/ 2 and the
positivity of F, the operator F 1/2 is seen to be positive and compact. Hence, it
shares all the above properties of F.

Now, let, for instance, {(0,,¢,)} denote an eigensystem of (ImM)'/2. We
assume that the o, are ordered such that oy > 0, > ... > 0. Theorem 6.6 asserts
that a point z € IT lies in Q if and only if the equation

(ImM)' % g =y (6.10)

has a solution. Equivalently, z € II lies in Q if and only if the Picard sequence
N
Sy e """Z’% NEN, (6.11)

stays bounded for N — . This demonstrates that the identification of € by the
operator (ImM )1/ 2 is an ill-posed problem since o, decay to zero as n goes to
infinity, cp. Section 4.3 in [17]. It is an unconventional ill-posed inverse problem



6.5. REGULARIZATION OF THE FACTORIZATION METHOD 103

in the sense that the ‘data’ are given by the specified function Yy, = Gu(z,-)
and that the focus is not on the computation of an approximate solution to (6.10),
but on the solvability of (6.10) itself. The ill-posedness comes into play with the
numerical representations of Wy, and of the eigensystem { (o, 9,)} of (ImM)'/2.
This in turn connects the nature of the identification problem with the type of our
initial question. Since we only have a sequence of noisy operators M; at hand, the
challenge is to imitate for j — oo the behavior of the exact Picard sequence p,(N)

for N — oo, using the perturbed eigensystem {(Gn ,q)n )} of (ImM;)'/2. Aside,

we remark that the sequence o,§ ), n € N, could be finite, i.e. o,§ 7 — 0 for big

enough n. This problem has been solved for a related setting by LECHLEITER in
[48], see also Section I-6 in [49]. His method provides a suitable truncation of the
perturbed Picard sequence. We want to address shortly an important ingredient for
that. To this end, let A denote the operator of interest in [48] and {A;} a family of
approximants which satisfy |[A —A;|| — O for j — co. The exact Picard sequence
therein refers to the square root of the operator Ay = |ReA|+ ImA. Preceding the
construction of the truncation index, LECHLEITER uses an estimate from [66] to
conclude from the norm convergence of A; to A that

lIReA;| — [ReAll —0 and [(A),~Asl —0  forj— oo,

where (A )ﬁ is defined analogously to A;. To adapt the method to our setting, we
have to guarantee that |[ImM; —ImM| — O in the case of absorption (6.7) and
that [|(M;), — M| — O with My = |Re (¢'"M)| +ImM in the more general case

(6.8). Based on Theorem 5.4 and M; = MP(gj, the former convergence is a direct
consequence of

1 k k
105 — TmM|| < . [M;+ M} — (M + M) < M~ M|

while the latter one can be shown using again the estimate from [66]. Operator
estimates of this type are discussed thoroughly in [52]. Let now pg ) (N), N€N,
denote the Picard sequence with respect to the eigensystem {(Gn ), ,§f ) )} of either
(ImM;)"/? or (M ) )1/2, depending on whether the contrast g obeys (6.7) or (6.8).
With our preparation, a mapping j — N(j) can be designed following [48] such
that j — p(] )( N(j)) stays bounded if and only if z € Q. The incorporation of this
regularized Picard criterion into Theorems 6.6 and 6.10 then yields an asymptotic
identification of the medium by known data only. Similar statements hold for the
electromagnetic inverse problem, substituting M by M and M; by M; = j\/ijgj,
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cf. Theorem 5.6. We finally note that the proposed Picard technique requires the

knowledge of a growing part of the disturbed eigensystem {(o,&f ), ,Sj ))} for j —
oo, which might become expensive in practice. However, first considerations let
us suppose it to be very difficult to construct an alternative regularization method
for the range criterions which at least avoids the knowledge of the eigenfunctions.



Chapter 7

Numerical solvers

In this final chapter, we develop and apply numerical solvers for the direct and
the inverse scattering problem which we investigated in theory in the previous
chapters. We restrict ourselves here to the acoustic case in 2D, but remark that
a big part of the presentation can be carried over in a straightforward way to the
3D case and also to the electromagnetic setting. In the first section, we adapt to
our problem a fast solver for the Lippmann-Schwinger equation which has been
proposed by VAINIKKO in [68] and discussed in detail in the monograph [61]. In
particular, we demonstrate features of this approach which arise from the a-quasi-
periodicity of our setting. The original and the adapted solver work properly only
for continuous contrasts (we show a numerical example for this later). However,
the optical devices which are produced up to now and which are of interest in
today’s applications have discontinuous contrasts. A main drawback of the con-
tinuity requirement is that it implies a smooth transition of the contrast to zero at
the boundary of the medium. Thus, the usability of the solver for exact practical
computations is limited. At the end of the first section, we propose a variant of
the solver for our Lippmann-Schwinger equation which can treat contrasts which
are piecewise constant on rectangles. This class of contrasts is covered by our
theoretical considerations in the previous chapters and includes a major part of
the devices used today. On the downside, our current implementation of the new
solver requires a very expensive one-time precomputation for each medium ge-
ometry. This, however, can be improved significantly, we will comment on this.
We show some numerical results for the adapted as well as the new method. The
second section deals with the inverse problem of reconstructing the shape of the
(inhomogeneous) medium from scattering data. Our intention is a numerical val-
idation of our variant of the Factorization Method as a solver for this problem.
The computations rely on the application of the solvers from the first section for
the simulation of the direct problem and the setup of the numerical near field
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operator used in the implementation of the Factorization Method. We describe
the overall computation scheme to show how the main results of this thesis are
integrated in a practical realization. Afterwards, we present numerical examples
for a smooth and a piecewise constant contrast and illustrate the dependence of
the reconstructions on the different parameters. We close the thesis with a short
conclusion.

7.1 Direct problem: A fast solver for the c-quasi-periodic Lipp-
mann-Schwinger equation

7.1.1 The x-periodic Lippmann-Schwinger equation

We start by rephrasing the o-quasi-periodic acoustic Lippmann-Schwinger equa-
tion as

Ug(x) = u’é(x) —l—k(z)/g Go(y,x)q(y)ug(y)dy, x eIl (a-LSE)

The integral is over Q = Q' NI, where Q' D suppgq, the contrast g = n — 1 is
assumed to be 27-periodic in the x;-dimension, and I1 = (—7x,7) x R is the 2D
unit cell. Moreover, I'; C Q% = H\ﬁ consists of horizontal lines and G, denotes
the a-quasi-periodic scalar Green’s function for the 2D Helmholtz equation in
free field conditions. It is given by
Golyx) = = ¥ L gila (=) +Belrz—z) 71
OC(y ) 4r 7 BZ (7.1)

for x,y € IT with x, # yp, where o € R x {0}, Z =7 x {0}, a;, = ¢ + z, and
B, = 4 /k(z) —|o|2 # 0 for all z € Z. Point sources on I'; generate the incident

acoustic field u’a Again, ug is the total field, i.e. the sum of u’a and the associ-
ated scattered field u;,. The difference between the acoustic Lippmann-Schwinger
equation (3.37) in Chapter 3 and equation (-LSE) above is that (3.37) is formu-
lated for the scattered field rather than the total field, with a generalized incidence
and in three dimensions. To emphasize that the Green’s function G depends only
on the difference of its arguments, we change the notation for this chapter from
Go(y,x) to G (x —y). Moreover, we write fg for u!,. Recall that we identify any
periodic or &x-quasi-periodic function with its restriction to the unit cell I1. Now,
we define the set

Cr={xell: x| <r} (7.2)
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with » > 0 such that ﬁﬂ_ﬂ C C, and C,NT; = 0. Since the periodic contrast
q : I1 — Cis supported in 2, we may enlarge without effect the integration domain
in (a-LSE) to C,. Thus, we obtain the equation

Ug(x) = fo(x) +k6/c Go(x—y)q(y)ug(y)dy, x eIl (7.3)

Obviously, the function uy is completely determined by its restriction to the inte-
gration domain C, and even to Q. It is now important to note that x,y € C, implies
x—y € 2-C, and that the y-dependent part of the integrand in (7.3) is periodic
in the first coordinate, since Gy (x — -) is —a-quasi-periodic and qu is @-quasi-
periodic. The latter function might, however, not have a well-defined trace on JII,
depending on the regularity of g. In consequence, only the restriction of G, to the
set Cy, = (2-C,) NII counts for the integral in (7.3). This is a simple implication
of the ax-quasi-periodicity of our problem. VAINIKKO’S solver (see Section 10.5
in [61]) 1s based on the observation that a modification of the integral kernel in the
Lippmann-Schwinger equation outside a specific ‘relevant’ region does not affect
the computation of the total field. Stated precisely for our setting, a modification
of G4 in H\C—zr does not change the function u in C,. Therefore, we introduce a
third set C; with 7 > 2r such that C,, C C; and a new kernel K on C; by

Ga(y) ,ye€Co
Ka — - . 7.4
) { 0 S eT\G (7.4)

Here, we include a part of the boundary of the unit cell for consistency of the
following presentation. To avoid an overload of notation, we redefine

. fOl(y) 7y€C—2r
fa(y)_{o ,yea\c—zr

and denote Ma‘c_; now by uy. Then, we extend Ky, fo, and uy from C; to R? as
functions which are ;-quasi-periodic in the first coordinate and 2#-periodic in the
second coordinate. We call such functions x-periodic for short. In addition, we
extend the contrast ¢ from Cr to R? as a (27, 2F)-periodic function. This preserves
the form of the original contrast g in the strip {x € R? : |x,| < 7}, but comes with a
new x»-dependence below and above this strip. For convenience, we use the same
symbols for the extended functions as for their restrictions to C;. We point out that
the new kernel K, differs from the Green’s function G4 only in the dependence
on the second coordinate. Enlarging again the integration domain, we arrive at
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the x-periodic equation

o) = fal) +13 | Kalx—¥)a0)uab)dy,  x€Cr  (75)

In this equation, the characteristic part of all functions lies in C; and the integral
is over Cy. This is the starting point for an efficient numerical solution of (7.5)
by a Fourier technique. We finish our preparations and denote by HY (Cy) the
space of x-periodic functions of H*-regularity, with u chosen such that they have
a well-defined trace on dCy. In fact, from now on we assume

q e HI’;ler(C;) and qfo € HY (C;) for some u > 1, (7.6)

where Hbe:(+) stands for H&LZO(-). According to Sobolev’s Lemma (cf. [69]), g
and q fq are then continuous in Cy. Moreover, they have continuous extensions to
dCy. Multiplication of (7.5) with ¢ finally yields

walt) = (¢fa) )+ Ba(x) | Kalr=y)wal)dy, €T (LSE)

with wy = qug. This is the x-periodic Lippmann-Schwinger equation which we
consider in the following. Simple considerations make clear that the equations
(7.3), (7.5), and (x-LSE) are equivalent with respect to existence and uniqueness
of a solution. For instance, if (7.5) has at most one solution, then (x-LSE) has at
most one solution. To show this, assume on the contrary to the conclusion that
Wq,1 and wg 2 solve (x-LSE) and wq 1 # wq 2. Then by (x-LSE) there also holds
Wa,l |suppqﬂH = Wa.2|supp gt But then ((Wa,l - WO!Q)/Q) |suppqﬂH # 0 solves (7.5)
in suppg NII with f, = 0 and determines (uniquely) a nontrivial solution to (7.5)
in C; with f,, = 0. This is a contradiction to the assumption that (7.5) has at most
one solution. If uy is a solution to (7.5), then (the x-periodic extension of) quy
solves (x-LSE).

7.1.2 Trigonometric collocation

The equation (x-LSE) is a Fredholm volume integral equation of the second kind.
In order to solve it numerically, we set up a finite-dimensional collocation problem
for (x-LSE). To start, we introduce the index set

N N
Z%,:{jezzz—5<jk§5,k:1,2}, Ne2-N, (7.7)
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and the N*-dimensional linear space T, y of x-periodic trigonometric polynomials
on Cr of the form vy y = ZJ'EZzzv a;jQq.j witha; € C and

(Poc,j(x) _ (471:F)—l/Zeia.xeiﬂ:(jlxl/ﬂ?—f—jzxz/F)7 = @

We note that ¢ j, j € 72, form an orthonormal basis of L?(C). We will use the
abbreviations

(j-/c)'x:_].l)Cl/n_}_jQXQ/f, C:(ﬂ',f), c= (471‘-?)_]/27

5o that @y j(x) = cell®+7//9)*  Associated with the space T y, we define the
interpolation projection Qy : Ht (C;) — T, for g > 1 by claiming

2c¢

=5 78

Ovva €Ten, (Onve)(jOhy) =vo(jOhy) forall j€Z5, hy
for v € HY (C;), where © stands for a componentwise multiplication. This means
that Qn performs a collocation on the grid Gy = lev ® hy El the space T, . The
grid Gy lacks grid points on the left and at the bottom of Cj, which is due to the
*-periodicity of the functions to be handled. The next theorem makes a statement

about the approximation quality of Qy in a certain Sobolev range, cp. Theorem
8.5.31in [61].

Theorem 7.1. For any vy, € H (Cr) with > 1 there holds

Iva — Owvally < cawN* " |vall, (7.9)

for any 0 < A <, where ¢; = 2*"* (X7 (l2+l/2)_“)1/2

and ||-||,, de-
notes the norm of H"(Cy).

We consider the approximate solution of (x-LSE) by the trigonometric collo-
cation method

wa.n = ON(q fo) + On (kg g Kawa.n) (7.10)
where K, : L?(C;) — H2(C;) is the integral operator given by

X)) = [ Kalx=3)v0)dy,  xeCr (7.11)

With K, being a convolution operator, one shows by means of the convolution
theorem that -
KaPa,j= ¢ 'Kal(J) Pt js jez?, (7.12)
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holds, where Kq(j) are the Fourier coefficients of K, with respect to {®a.j}
j € 7Z?. We derive a simple expression for these coefficients at the end of this
subsection. The relation (7.12) will allow us to avoid any explicit integration
later on in our numerical scheme. To this end, we also need to compute the
Fourier coefficients vy y(j) for j € Z12v of a function v x € T, y. However, these
coefficients are simply given by

Fanli) = [ van(s) @a 00y

=0 'N2 Y van(I©hy)e IO gT2RIN e 7 (7.13)
1€7%

The right-hand side of (7.13) is a discrete 2D Fourier transform of the modified
node values v n(j ® hy) e ia(fOhy) | j e Z%V. We abbreviate this transform by
Fa.n. Complementary, 3";’11\, denotes the inverse transformation, given by

van(j ©hy) = (Fghvan)(j) = e UM Y 5o5 )2 N jerd.
1€7%

Now, we can write the collocation problem (7.10) in the discrete form
WoNy = (4 fa)y +ko 2y © TanKan Fanwan,, (7.14)

where X, denotes the nodal values of x on the grid Gy and Ky represents
the pointwise multiplication with the coefficients ¢~ 'Ky(j), j € Z%. In order
to restate (7.14) as a linear equation system, we need to introduce the invertible

. NXN N2 . . . .
operator Ty : C — C"" which converts a matrix into a vector by concatenation
of its columns. One should keep in mind that X, is matrix-valued. Using the
operator Ty, for (7.14) we obtain the equivalent system

ANZTNMN = TNg_aN, Ape =1Ly — k(% Han, 8oy = (m)w (7.15)

where I is the identity in CV ¥ and 3> € CV* is the matrix representation
of the linear operator g, © ?&’IN X, vFan : CVN — CN*N which is consistent
with the element ordering by 7). The application of the Fourier transformation
F o and its inverse 7, each costs N* multiplications and additions when they
are computed in the strefightforward way. As the alternative of choice, one should
use the fast Fourier transform (FFT) and the fast inverse transform for this task
and by that reduce the complexity to O(N?logN) arithmetical operations. From
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the vast amount of literature on this algorithm, we only cite the seminal paper [18]
by Cooley and Tukey and the reference [11]. To use the FFT for some vy v € Ty N,
we have to eliminate the ¢¢-quasi-periodicity in the sample values vy y(j © hy) by
multiplication with e i (jOhN) j € 7%, and also to take care of the index as well
as the phase shifts in the data since the two-dimensional FFT: CV*N — CN*V
computes the expression

N—1
(FFTv), = Y we 27N 1= (1),
l1,[,=0

for j € Zz\, ={j€Z*:0< jiu<N,k=1,2}, compare (7.7). This is accomplished
by applying twice the shift theorem, giving

_ i27/N1- i27 /N (j— . 72
(?Q,NVQ,N>j_s = FFT ({Xl—sel "/ S}IEZIZV)J,eI 7N S)S’ JE ZN7
where s = (N/2—1,N/2 —1) and v, = vqn(n © hy) e %MW)€ 72 Nev-
ertheless, these additional operations do not destroy the order O(N?logN). In
(7.14) and (7.15), the FFT evaluation can not be realized, since in both equations
the argument WaN is the unknown variable and in (7.15) the operators F¢ y and

3"&11\, are hard-coded as matrices into JH,». However, since the application of the
opérator A2 1s cheap, it 1s convenient to solve the linear system (7.15) by some
iteration method. There, A, does not need to be represented in matrix form, and
we can take advantage of the fast evaluations of Fy » and ?&’IN. A very efficient
solution method, which has the same complexity O(N?logN) as the fast Fourier
transforms, is made up by two-grid iterations. These are the subject of Subsection
7.1.3. Instead of (7.15), we consider primarily its Fourier counterpart, reading

A Tvan =Tvgan,  Ave=Ip—kHye,  gan=Fan(gfa),, (7.16)

where j'\CNZ is the matrix representation of the operator g n (QN(DS"&’]NJ/C;N).
The central result about the collocation method is the following, cp. Theorem
10.5.11in [61].

Theorem 7.2. Assume that q € Hp,(C;) and q fo € HL (C;) for some u > 1.
Moreover, let the homogeneous problem corresponding to (7.3) with fo, = 0 have
only the trivial solution. Then equation (x-LSE) has a unique solution wqy €
HY (C;), the collocation equation (7.10) has a unique solution wan € Ty for
sufficiently large N, and

Iwan —wally < eN* " |wal,,  0<A<np,
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with ¢ > 0 independent of o and N.

Proof. By the boundedness of K, as a mapping from L?(C;) to H>(C;) and the
assumption g € Hpe:(Cr) with 1 > 1, the operator ¢XK is bounded from L?(Cy)

to HMMH-2 (C;) and hence is compact as an operator in L?>(C;). Since the ho-

mogeneous integral equation corresponding to (x-LSE) with f, = 0 has only the
trivial solution, the operator id —k3 ¢ K¢ € L(L*(C7)) is boundedly invertible by
the Riesz theory, cf. Theorem 1.16in [16]. By Theorem 7.1 with g > 1 and A =0,
it is seen that

HC]:KOC_QN(QKOC)HL(Lz(CF)) — 0 for N — oo.

Hence, the inverse to id —Qy (k3 ¢Ky) in L(L*(Cr)) exists for sufficiently large
N, say N > Ny, and by a standard perturbation result the norm of the inverse is
uniformly bounded in N, i.e.

1(d—On (k54 Ka) " lr2icyyy < ¢ forall N> Ny (7.17)
for some constant ¢’ > 0. Moreover, by (7.10) and (x-LSE), there hold the equal-
1ties

(id_QN(k(%q:Ka))(Wa,N —Wa) = On(q fo) = Wa + QN(k(%q:KaWa)
= OnWq — Wq.
Combining this with (7.17), the assertion follows for A = 0 by Theorem 7.1,

Wan =wallg < ¢ cou N7 [lwall,,

For the case 0 < A < u, we exploit that the orthogonal projection Py : Ht (C;) —
T, n satisfies

A—p
N
- Powaly < (5) Ivaly  2<p

cf. Lemma 8.5.1 in [61]. Using also the inverse inequality
vanlly <27*2N* vanlly  forvay € T,
see p. 3191n [61], we estimate

[Wan—wall, < llwan—Pywall; +[[wa — Pvwally

A A—U
N N
< E (Hwa,N_WaHo"‘HWa_PNWaHO)"‘ n HWO‘HM
< (2_1/20'00,;1+2“_7L/2+2“_A)N7L_“HWocHy-

This completes the proof. [
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Fourier coefficients of K,

Now, we compute the Fourier coefficients I/(;( 7). j € Z2, of the kernel K, which
are used for the application of the integral operator X in the Fourier space ac-
cording to the relation (7.12). First, we note that the Helmholtz operator applied
to @q,; yields

(A+k5)@aj = (K — la+ 7). /") Qo (7.18)
Setting Ay ; = k3 — |0t + 7 j./c|?, there obviously holds Aq j = A_ —; € R, and
we assume in the following that A, ; # 0 for all j € 7?. Then, the relation (7.18)
can be used to apply the representation formula (3.20) and derive

Kal)) = [ Ka()9a,0)dy
1

:r Ga(y) (A"'k(%)mdy
a,] Gy
d

i (a0 [ (60 3507 3Gl 900 )50 )

The boundary dC,, can be decomposed as dCy, = C5 UC, UV such that C5
and C, are horizontal lines with v = +e; on C5, respectively, and V is a union

of vertical lines. Since Gy (y) Qq,;(y) is periodic, the contributions on V in the
boundary integral in the above expression cancel out. Whereas for non-periodic
problems, Vainikko’s solver is based on artificial periodic extensions of the func-
tions involved, we can exploit here the problem-specific periodicity of the func-
tions. This is a particular feature of our variant of Vainikko’s solver and leads to
a simple expression for the coefficients I/(;( j), j € Z*. Computing explicitly the
boundary integral over the remaining lines C;r and 5, we get

d c T s o
c* EGO‘()}) (Pa,j(y) ds(y) = - H / ne i(otmj.[c)y Z el(az y+B:2r) dy1
2 - z€Z
€[ mimifey i(zy+B2r)
[ e . e : d
41 /—75 zEZZ V1
- _ Eei(ﬁ(jho):l:ﬂ?jz/?) zr’

and, found in a similar fashion,

P crwjp 1 g, 2/7)2
o — 4t (B 00Fm 12/ P2
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Thus, there holds

/Ci (Ga () %‘P(x, i) = %Ga () @a, ,-(y)) ds(y)

2
G (1 LEn ] )ei(ﬁ(jl,o)ﬂmjz/f)zr_
2 7 B0

Summing up the integrals over CSL and C, , for the coefficients I/(;( i), jEZ? we
finally obtain

—~ c . ; ; 1 :
Ko(j) = — ),L <1 — P2 {cos <Q 2r> +in~]2 sin <7T~]2 2r>] ) .
a.J r r ﬁ(]],O) r
(7.19)

We remark that for 7# = 2r this expression simplifies further to
Ka(j) = —=— (1= (=1)2eParo®y - je72 (7.20)

Due to the form of A¢ ; and the fact that (;, ) becomes purely imaginary for
sufficiently big modulus of ji, there holds

Ka(j) = O(|j]7%).

This implies that the convolution operator K, defined in (7.11) is bounded as a
mapping from L?(C;) to H?(C).

7.1.3 Two-grid iteration scheme

In this subsection, we formulate a two-grid iteration scheme for the efficient so-
lution of the collocation equation (7.10). Theorem 7.2 asserts that for sufficiently
large N we obtain from (7.10) a suitable approximation to the solution to (x-LSE).
Our construction of the scheme follows Subsections 10.5.3 and 10.5.4 in [61], see
also Section 3.7 in [68].

So, let N € N be even and fixed. We define the function go v € Ty y and the
operators Tys : T, y — T,y for even M < N by

gan=0n(qfy) and Ty =Ou(k§qKe). (7.21)

Then the collocation equation (7.10) turns into (id —Ty)wg n = gan. Applying
the operator (id —TJ37) ! to both sides of this equation yields

WaN = IMNWa.N +8MN (7.22)
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where
TM,N = (id—TM)_l(TN—TM) and EMN = (id—TM)_lga’N.
We recall that the operator (id —TJ3,) ! exists for sufficiently large M, according

to the proof of Theorem 7.2. From Theorem 7.1 and estimate (7.17), we conclude
that [|Tp v | ¢ (12(c,)) 18 small, and so it is reasonable to apply the two-grid iteration

Wg,)N:TM,NWg,]_V])_{_gM,N7 J: 1727"'7 (723)

starting e.g. from wg)’)N = wa.m = (id —Ty) " 'gy. Concerning the approximation

quality of the j-th iterate w(j’)N and the choice of the stopping index Nmax > J,

o
we refer to the analog discussion in Section 3.7 in [68]. With (id—Tj,) ! =

id+(id —T37) ~! Ty, the equation (7.23) can be rewritten as

Wiy = [id+Gd=Tn) " Ta] [(Tn = Tw)wiiy )+ gaw],  J=1.2,..0,

(7.24)
where the inverse (id —T),) ™! is applied only to functions in 7 . This feature
1s the main factor for the performance of the two-grid iteration scheme. From
now on, we assume that the coarsening factor D = N/M is integer. Rather than
using the representation (7.24) in the finite-dimensional function space T, y, for
the numerical computation it is appropriate to use its discrete Fourier form

—

W(o{,)N = [IN—i‘k(%PN,MTA;]A\A_/[]Z TM?OC,M(QMQRM,N?;}NKO(NH .

L —

[ (Fan(a,©) — PysTan(a, © Run) Fah Ky + gan| (7.25)

with j =1,2,..., starting from Wg)}v = m =Pyu TAZIA\;/Iﬁ Tvgam- Here, A\Mz,

Koy, and Ty are the operators introduced in Subsection 7.1.2, and Py » and Ry
are the prolongation and restriction operators defined by

and Ry nvn) =vN(J, )
0 Jen\z, (Rmunvv) = vN(ImN)

. N N : N 2N
JM,N:{<J_E7I<_E> : ]7k:M7M7"'7N}

and vy (Jy ) is reindexed by j € Z3,.

We remark that a procedure for extending this two-grid scheme to an even
more efficient multi-grid method is proposed in [34], Sections 4.3—4.5, therein
formulated for an electromagnetic scattering problem in 3D.

(Pv.svm)(j) = {V_M(j) ,j €LY

where
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7.1.4 Extension to discontinuous contrasts

The collocation method (7.10) for the approximate solution of (x-LSE) yields a
proper result only for sufficiently smooth contrasts (and appropriate values of N).
We are now going to construct a related, yet new collocation method which can
treat a class of discontinuous contrasts, precisely those which are piecewise con-
stant on rectangles. This includes many contrasts given in current applications.
Let us start with a short discussion of the arguments underlying the collocation
method (7.10). The choice of the ansatz space T y is motivated by the hope
that the solution wo y € Ty y to (7.10) approximates the solution wg = qug to
(x-LSE) arbitrarily well for increasing N. This is verified by the convergence re-
sult in Theorem 7.2, which, however, is proven only under the conditions (7.6),
implying at least continuity of ¢ and ¢ f,. An inspection of the proof of The-
orem 7.2 reveals that these assumptions are needed in order to apply Theorem
7.1 to guarantee that ||[ve — Onval|, exhibits the same asymptotic decay behavior
as ||vg — Pyvallg, Where Qy : HY (C;) — T, is the interpolation projection with
respect to the grid Gy = ijv ®hy and Py : HY (C#) — Ty is the orthogonal pro-
jection. Details can be found in the proof of Theorem 8.5.3 in [61], for the general
idea see also Theorems 8.2.1 and 8.3.1 therein. This relation between the error
decays for the orthogonal and the interpolation projection is not guaranteed any-
more for discontinuous functions (which still permit a point evaluation such that
interpolation remains well-defined). We will show now that this problem can be
avoided by computing an approximate solution to (7.3) in a slightly different way.
Again, we start from the x-periodic equation (7.5), but consider it only within the
medium,

Ug(x) = fo(x) +k(2)/QKa(x—y)q(y) ug (y)dy, xeQ. (7.26)

We recall that with fo = u!, in Q the function u, represents the total field in
the direct scattering problem. Before, we multiplied equation (7.5) with the
contrast to obtain (x-LSE), following the intention to ‘isolate’ the field uy in
Q = (suppgNII)°, which is the actual relevant region contained in C,. Opposed to
this, in (7.26) we consider the fields by declaration in Q only. By not multiplying
with the contrast g, we prevent a loss of regularity in the case of a discontinuous
contrast, comparing uy, with wy = qug. Now, we define the bounded operators
D:I[*(Q) — L*(C;) and R : L*(C;) — L*(Q) by

u 1in €
Du = _ and Ru=u|,
0 in C/\Q
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and introduce the new integral operator K, = RoX o D. This operator is bounded
as a mapping from L?(Q) to H2(Q) and thus compact as a mapping in L*(Q).
Moreover, let E, be a bounded linear extension operator Eq : H2(Q) — H2(C;),
which maintains the o-quasi-periodicity. We do not prove rigorously here that
such an operator exists, but outline a rough scheme for a proof. Think of Q as a
subset of a torus which represents C;, with the vertical parts of the boundary dC;
glued together and the horizontal parts likewise. Identify the functions in ngr(Q)
with suitable counterparts living on this subset of the torus. For the definition of
(and results for) Sobolev spaces on Riemannian manifolds, we refer to [7, Chap-
ter 2]. Under our assumptions on €, for the space of these functions an extension
operator can be constructed which maps into a Sobolev space of functions on
the whole torus, see also Remarks 5.23 in [2] and Appendix A in [53]. To this
operator there corresponds an extension operator from ngr(Q) to the space of
H?-regular functions which are (27,27)-periodic. Combining this with the multi-
plication operator M, (Mqu)(x) = €' **u(x), then yields an operator E,, with the
required properties. Let now wq € H2(C:) denote a solution to the equation

W) = (Eafa)(x) + K Eq (R [ Kl =3)a0)wa ) dy) @, xeGCh

(7.27)
It is easy to show that if the assumptions of Theorem 7.2 are fulfilled, then as
well as (x-LSE) the equations (7.26) and (7.27) are uniquely solvable and, by the
linearity of E, the solution wy, to (7.27) equals Equy where ugy solves (7.26). We
want to point out that only wg|q = ug has a physical meaning in the context of
our scattering problem. The artificial extension provided by E serves to obtain a
continuous function w, which encapsulates the physical field in Q and is acces-
sible to collocation on Cz. Due to the x-periodicity, it is guaranteed that wy has
a continuous extension to dCr. This function can be approximated in 7, y by the
solution to the collocation equation

wan = ONEafo + K OnEaKa(qRWa ) (7.28)

with respect to the grid Gy, where for the ease of notation g is considered as
a function on Q. The focus here lies on a good approximation of wq|, by the
restriction to € of a function in 7, 5. We prove the following convergence result
for the solution wq y to (7.28) in a similar manner as Theorem 7.2.

Theorem 7.3. Assume that g € L”(Q) and f, € H3(Q). Let the homogeneous
problem corresponding to (7.3) with fo, = 0 have only the trivial solution. Then
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equation (7.27) has a unique solution wo € H?(C;), the collocation equation
(7.28) has a unique solution wo n € T, n for sufficiently large N, and

Way —wall, <eN*2|wal,,  0<A<2,

with ¢ > 0 independent of a and N. As before, |-||, denotes the norm of H*(Cy).
In particular, wn| o converges to wy|q = g in HA (Q) with A < 2 for N — .

Proof. We recall that the equations (7.3) and (7.5) are equivalent with respect to
existence and uniqueness of a solution. Restating the equations (7.5) and (7.27)
as

e (x) = fo (%) +k§ (Ka o D) (qRua)(x),  x€GC, (7.29)
wa(x) = (Eqfo)(x) +k(2)Ea((RofKaoD)(qua))(x), x€C;, (7.30)

respectively, a straightforward argumentation using the linearity of £y shows that
also these equations are equivalent with respect to existence and uniqueness of a
solution. In particular, if (7.29) has only the trivial solution for f = 0, then also
(7.30) has only the trivial solution for f,, = 0. Now, we define the operator

Ky =Eqo ((RoKqoD)g)oR=Ego (f@q) oR,

such that (7.30) reads wq = Eq fo + k(z) Kowe in C;. Tt follows directly from the
definitions of the operators that X, is bounded as a mapping from L?(C;) to
H?(C;) and hence is compact as an operator in L?(C;). Compare the argumen-
tation for the operator ¢y in the proof of Theorem 7.2. Again by the Riesz
theory, id —k3 X, € L(L?(Cy)) is boundedly invertible. Moreover, by Theorem
7.1 with g =2 and A = 0, there holds [|Xg — OnvKG | ¢ 12(c;)) — 0 for N — oo.
Hence, for sufficiently large N there exists (id —k3 Oy K¢,) ™! € L(L*(C5)), and its
norm is uniformly bounded in N. The rest of the proof goes along the lines of the
proof of Theorem 7.2, noting that

(id kg On XKG) (Wan — Wa) = OnEa fo — Wa + ki OnKgwa
=OnEqfa —Wa+ k(z) ONEaXKq (qRWa)
=0OnEg (fa +k(%j<a(51RWa>) — Wq

=0ONWg — Wq.- [

We point out that Theorem 7.3 asserts the optimal convergence order for we, y
for all contrasts ¢ € L (Q), but the price we have to pay for this generalization
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is that we lose the main advantage of the collocation method (7.10), namely the
exact and extremely efficient evaluation of the convolution operator X, applied
to functions in 7y y. Only for these functions the Fourier coefficients with respect
to {Qa j}. jE 72, coincide with those obtained by the discrete Fourier transform
(7.13) and the restatement of the operator Xy in (7.14) is exact. In this case,
the Fourier coefficients which belong to j € Z?\Z3, vanish. In (7.28) with Ky =
R o Xy oD, however, the argument of K, is only in L?(C;).

Numerical treatment for piecewise constant contrasts

In the remainder of the subsection, we deal with contrasts which are piecewise
constant on rectangles. Precisely, we assume that the contrast has the form g =
Yr | qiidg, where ¢; € C\{0}, &y C Q are rectangles, and id, denotes the indica-
tor function of @;. For such contrasts, an explicit integration over the singularity
of the kernel K, of the operator K, in (7.28) can be avoided for x € Q\ Ulel dwy
by applying the representation formula (3.20) on each @;. First, we rewrite the
collocation equation (7.28) as

Wa.N = OnEo fo + k(% OnEoKq (quOC,N>

L —
= OnEofo + k5 OnEa ( Z q1 Ko Ry Woc,N)
=1

L —_—
= OnEo fo+16 OnEq ( Y aiR (TNKZ?N - TNS"a,NWa,NN>) . (3D
=1

where R; : L*(C;) — L*(Q) denotes the operator

u in y
Rll/t = .
{O m Q\a)l

—_—

and iKg)N : C; — CN*N is a matrix-valued function defined by
() =
[KE):,)N(X>L =/ Go(x—Y) @q j(y)dy, x€Cr jeZ3, (7.32)
(

for/ =1,...,L. This function and the integral operator X, from (7.11) are related
by

[KS?N(X)]]- = (KaoDoR;)(@q,;)(x) forxeC D Q, j€Zy.
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We want to emphasize that we have to use the set C, rather than C; here, due to the
definition (7.4) of the kernel K, of K. The integral in (7.32) can be interpreted
as a x-dependent generalized Fourier coefficient with respect to the function @ ;
and the rectangle @;. To see this, one should compare (7.32) with the equality

Ral) = | Ka0) 0us0)dy = | Ga(0—) 9u ()

for the Fourier coefficients of Ky, which are used in the discrete form (7.14) of
the previously discussed collocation method (7.10). To compute the generalized
Fourier coefficients in (7.31) for x € Q, we do not apply the convolution theorem
to Kq, cp. the relation (7.12). This would involve the Fourier coefficients with re-
spectto {Qq.j}, j € 7.2, of a discontinuous function which vanishes in C;\ @y, and
these coefficients have a poor decay in | j|. Instead, we rely on the representation
formula (3.20), which yields

[Kiheo)] = o (-~ 00 i 0]+

9 2
* /a(u (G"‘ (=) 5, 0ai0) = 5 Galr =) <Pa,j<y>> ds(y)) (7.33)

for x € C7\d w;. For a technical reason, we require now, without big loss of gener-
ality, that the periodic contrast g can be written as the periodic extension of some
q= Zlel q1idg,, g1 € C\{0}, where @; C R? are rectangles and none of the bound-
aries d @; contains grid points, i.e. @y NGy =0 forall / = 1,...,L. We note that
here @; do not need to be subsets of Q = Q' NTII. In addition, we assume that the
xp-coordinates of the corners of each @; are not multiples of hy2 =2cy/N. Then
the grid Gy is contained in C;\ UzL:1 dwy, and for every grid point x € Gy each of
the boundaries d @; contains at most two points y with x, = y,. We illustrate these
technical details in Figure 7.1. In this case, we can derive a formal expression for
the second term on the right-hand side of (7.31) by means of formula (3.20) and
the series representation (7.1) of the Green’s function G,. We do not state this
expression here, but only remark that it can be computed to a sufficient accuracy
by truncation of the series for G, at some big index modulus |z|, possibly depend-
ing on the grid constant iy = 2¢/N. At this point, we should also comment on
the numerical realization of the extension operator Eq : H2(Q) — HZ2(C;) (which
1s not unique). Our current MATLAB implementation for a discretized extension
operator follows the scheme
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Figure 7.1: (left) inadmissible segmentation (with L = 6), (right) admissible segmentation (with
L = 4) for the same medium; the shading color indicates the value of the contrast

INPUT: «-quasi-periodic dataset on QN Gy
(1) Remove the a-quasi-periodicity from the data.

(ii) Enlarge the grid Gy to Gy = {j € Z*: N < ji <¥ k=1,2} O hy (ie.
insert a column on the left and a row at the bottom of Gy) and frame the data
by artificial data points on Fy = §N\(§ﬂ Gn). Impose (27, 27)-periodicity
by choosing the data on the first and the last column of the grid §N to be
equal and likewise the data on the first and the last row of §N.

(i11) Use the MATLAB command ‘griddata’ with the option ‘linear’ for the
discrete linear interpolation of the non-uniformly distributed data on (QN

Gn) U Fy. This yields an extension of the data onto the grid Gy.

(iv) Keep the part on the original grid Gy and incorporate again the o-quasi-
periodicity into the data.

OUTPUT: a-quasi-periodic dataset on C:N Gy = 9y, including the given data on
Qn Sy

We point out that we have not validated this sort of ad hoc approach in terms of
boundedness of the discretized operator and convergence for N — oo to a valid
operator Ey. Regardless of this evident shortcoming, we observe a clear and ap-
propriate numerical effect.

Instead of with (7.31), we will work with its discrete Fourier representation

XNZTN@:TN@7 A\NZ :INZ_k(z)gN27 @]:?a,N(E(Xf(X)Na
(7.34)
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- 2 2
where Jy2 € CV7N

CN*N — CN*N and K3y : CN*N — H2(Cr) maps v € CV*V to the function

is the matrix representation of the operator Fy n (K5, N)N :

L —
x+— Egy ( Z qu(TNng?N(-) : TNV>> (x), x € C;. (7.35)
I=1
In a similar fashion as for the collocation equation (7.10) for wy = qug, one
can construct a two-grid iteration scheme for the collocation equation (7.31) for
wq = Equg. This can be done equivalently for its Fourier representation (7.34).
Doing so, we derive the scheme

—

wg)N = [Iv+ Py Ty’ KA}]Z T Fom(Kay >M] '

[RB(Fan (i)~ Py Fam (Ko, Jwi + gan] 736)

with j = 1,2,..., starting from w(O?’)N = Wam = PN’MTAZIA\A} Tvugam- We fin-
ish this subsection with the remark that the article [68] discusses an alternative
Lippmann-Schwinger solver of cubature type, which can handle general piece-
wise C? contrasts and for which a neat convergence result can be proven, based

on the theory developed in [67].

7.1.5 Simulation scheme
The complete scheme for the approximate computation of the scattered field uy,

in C; (more precisely, on the grid C;N Gy = Gy) for a given incident field fy = ut,
in Q now reads as follows.

For a continuous contrast g:

(i) Compute the Fourier coefficients wg y(j) for j € Z3, of the approximation
to wog = qug by either

(a) solving the system (7.16) by some direct solver or
(b) applying the two-grid iteration scheme (7.25) with a coarsening factor
D = N/M, stopped after a fixed number J of iterations.

(i1) Compute the Fourier coefficients of the approximate %-periodic scattered
field by

—

S, (7)) = k¢ Ka(j)Wan(j)  for jeZy
with Ko () from (7.19).
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(ii1) Compute the scattered field u}, on the grid Gy = ijv ® hy approximately by
uy(jOhy) = uy n(jOhN) = (Foyuby)(j)  forjeZy.  (7.37)

For a piecewise constant contrast g = Zlel q11d,:

(1) Compute the matrix-valued function

o L —
Lon=Y aXyy  onY, (7.38)
=1

with JCSQN as defined in (7.32). For this, use the series representation (7.1)
of the Green’s fugct\ion G, truncated at the indices with a fixed modulus
S. This function L4 y is closely related to the discretization of the operator
Ky on G, see (7.35).

(il) Compute the Fourier coefficients wq (/) for j € Z12v of the approximation
to Wo — Eaua by either

(a) solving the system (7.34) by some direct solver or

(b) applying the two-grid iteration scheme (7.36) with a coarsening factor
D = N /M, stopped after a fixed number J of iterations.

(ii1) Compute the scattered field u}, on the grid Gy approximately by

why(jOhy) ~ uhy Ny (jO hy) = kg Tnwan - TnLan(j©hy)  for j € Zy.
(7.39)

We make some final remarks about (7.38). The computation of the matrix-valued

—_—

function L v is a very expensive task in our current implementation. However,

the generalized Fourier coefficients ng)N do not depend on the values ¢; of the
contrast, [ = 1,...,L, and the computatfon might be dramatically accelerated by
using a more advanced representation of the Green’s function G, to evaluate the
right-hand side of (7.33), cf., e.g., [47]. Since the biggest part of the boundary of
any of the rectangles which make up Q normally is well apart from the singularity

of the integrand in (7.33), one might also benefit from a simple numerical integra-
()

tion. Moreover, one could compute Xy, for a big number L of small rectangles
in advance and by that make the time—éonsuming part of the computation fairly
independent of the geometry of a given medium. This is meant in the sense that
for a medium whose components are unions of any of the small rectangles, the
corresponding generalized Fourier coefficients are sums of precalculated ones.
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7.1.6 Numerical examples

To get a first idea of the scattered fields, we present some numerical results now.
All computations in this and the next section are carried out with a C/MATLAB-
package (written by the author) on a PC with an AMD Athlon 64 3800+ @24
GHz and 2 GB RAM, using openSUSE 10.3 and MATLAB R2009a. The com-
putation times for the approximate scattered fields are indicated in the subti-
tles of the plots below. We will point out in particular the dependence of the
plots on the discretization constant N in regard of Theorems 7.2 and 7.3. Also,
we will illustrate the difference of the plots for a fixed discontinuous contrast
which are produced by the two-grid iteration schemes for (7.16) and (7.34), re-
spectively. We recall that the grid Gy = le\, ® hy has the convex hull Hy =
=7+ hy 1, 7] X [—c2+ hy 2, c2]. For the definitions of sets we will still use the
familiar notation for the non-discrete setting, but all plots show the area of Hy
only. For simplicity, we let 7 = 2r here, see the simplified expression (7.20) for
the coefficients Ky(j), j € 72, in this case. Moreover, to avoid the approximation
of the artificial acoustic near field operator M by the physical near field oper-
ator M, discussed in Section 5.1, we use directly the artificial incidence which
M refers to. This incidence is given as the superposition of fields generated by
complex conjugate point sources on I, cf. (3.25). Clearly, this choice enters the
direct problem in the form of f,. We make some remarks which supplement the
explanation at the beginning of Subsection 7.1.4. To obtain a reasonable approx-
imate solution to (x-LSE) on p. 108 by the collocation method (7.14) for a fixed
constant N, the Fourier coefficients of the interpolation projection of the unknown
function wg = qug on T, y should approximate sufficiently well the Fourier co-
efficients of the orthogonal projection of wq on T, y. Obviously, the type of the
contrast ¢ is the crucial factor for this. Although the actual smoothness of g is
not observable on the grid Gy, big jumps of ¢ on adjacent grid points worsen the
described approximation of the Fourier coefficients. This should be regarded in
assessing the computations in this section.

Example 1

To start, we consider the simple example of a homogeneous medium given by

I inQ
__(_Ng N No 1 Ng , 1 =
Q= (-3 F)ho1x (=5 12,8 +73)hoy, q{o in Qext’
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Figure 7.2: (left) discontinuous contrast ¢, (right) smoothed contrast g

with Ng = 64 and hg = 2¢/Ng. The rectangle Q extends over the whole width
of the unit cell and represents the characteristic part of a trivially 27-periodic
medium, which is just the strip of height (Nqo/4 + 1)hg>. We choose 7 = 1 =
c=(m, 1), a =[0.5,0], and ky = 3. If not stated otherwise, we let the number
N < Ng of grid points in each dimension be N = 64. Finally, we choose I'; | =
{x €I1: xo = m} for a single-sided incidence and I'y =T’ , UT's _ with I'; + =
{x € I1: x, = my} for a double-sided incidence with my = +20 hq o = £0.625.
The setting for a single-sided incidence is shown in Figure 7.2 (left). In order to
make Theorem 7.2 applicable, we consider also the smoothed contrast given as
the convolution of g with the function

per) = { & P TR) o <e
0 x| > €

Here, c(¢€) is chosen such that the integral over ¢, equals one. The parameter
€ controls the support of ¢ and thus the decay of the convolution g = g * .
Hence, it has direct impact on the approximation quality of the interpolation coef-
ficients, computed by the discrete Fourier transform (7.13). In the choice of €, we
also have to take care that suppge NI is contained in C, = {x € I1: |xy| < 1/2},
cp. (7.2). For € =0.2, g¢ 1s shown in Figure 7.2 (right), with the straight thin lines
indicating its support. We remark that the smoothing affects only the x,-direction
since g continues periodically and has no discontinuity in the x;-direction. For
the plots in Figures 7.3, 7.4, and 7.5 we have chosen a point source incidence
foa = G_q(y,-) originating in y = (0,20h64,) on I'; ;. Figure 7.3 (left) shows
the real part of the approximate scattered field ”3,64 for the discontinuous con-
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Figure 7.3: (left) real part of u; (, for g, computed using the iteration scheme (7.36) (1.5 h
precomp. + 2 s), (right) modulus of g¢ 64(j) for j € Z2,

trast g, computed by means of the two-grid iteration scheme (7.36) with § = 50,
D =2, and J =1, i.e. stopped after a single iteration. For this example, the

precomputation of the function Ly y from (7.38) with § = 50 takes 1.5 h using
our current implementation, whereas the subsequent computation of the scattered

—_—

field needs 2 s. So, the computation of L y is the single concern and, up to now,
an extreme bottleneck. The starting vector W/a,?2 shows an error of only 2.23 %,
which is reduced by the iteration to 0.04 %. The error in the resulting scattered
field also amounts to 0.04 %. These data refer to a computation using the exact
solution m of the system (7.34) and the 2-norm of the vectors obtained by
concatenation of the columns. Crucial for the size of the error in the initial guess
is the distribution of the Fourier coefficients g¢ 64 (and the resulting information
loss in g¢ 32). For the contrast g, the coefficients gq 64 from (7.34) are shown in
Figure 7.3 (right). With M = 32, the information loss in gq » amounts to only
1.10 %. Opposed to this, if we apply the scheme (7.25) with D =2 and J =1 to
the discontinuous contrast g, the error in the initial guess is 124.54 %, hence the
guess is useless. Here, the information about go , = (qfa) ¢4 18 spread over many
Fourier coefficients, see Figure 7.4 (right), and the coarsening done to compute
g/a;;\z causes an information loss of 20.10 %. The single iteration by (7.25) ampli-

fies the error in wg’)64 to 154.82 %, giving the useless result shown in Figure 7.4
(left), compared to Figure 7.3 (left). This demonstrates the fact that convergence
of the two-grid iteration can be established only for sufficiently good initial esti-
mates, inspect the related results in Sections 3.5 and 3.7 in [68]. However, using

the exact solution m of the system (7.16) for the discontinuous contrast, we



7.1. DIRECT PROBLEM: A FAST SOLVER FOR THE o.-LSE 127

4 32 T T T 0.05

0.04
18 1

. 003
= o (N ]

. _ 0.02
- -6 E

0o

31 L L . 0

-3 -2 -1 0 1 2 3 —31 -16 0 186 32
X
1

Figure 7.4: (left) real part of uy, ., for g, computed using the iteration scheme (7.25) (3 ), (right)
modulus of gq 61 (j) for j € Z2,

obtain a scattered field which differs from the almost exact field, computed by
means of the exact solution of the system (7.34), only by 4.77 %. Now, we apply
the iteration scheme (7.25) with the same parameters as above to the smoothed
contrast gog . Here, the situation improves a lot, with the relative error in g/az
only 0.22 %. The starting vector w3, is affected by an error of 0.22 %, and
the first iterate is virtually exact with an error below 0.001 %. The same holds
true for the resulting scattered field uy, ¢,, whose real part is plotted in Figure 7.5

(left). These data refer to a computation using the exact solution w/aﬁ of the sys-
tem (7.16). Our final plots illustrate the evolution of the discrepancy between the
Fourier coefficients of the orthogonal projection and the interpolation projection
of g on T i in dependence of N. The second plot in Figure 7.6 shows the evolu-
tion of the error in wq v and in the approximate scattered field ”fx, ~ With respect
to a reference solution. We consider only powers of two for the value of N and do
not take NV bigger than 64 here for the following reasons. The evaluation of uy, y

according to (7.39) involves the function @, and the preceding computation of
(an approximation to) v@\N via the system (7.34) or the two-grid iteration (7.36)
requires the closely related discretization of the operator X, on the grid Gy.
This becomes simply too expensive for ]/V\Z 128. To get an idea of the numerical

cost, we note that the computation of L4y on Gy comprises N?.N?. L evalua-
tions of the right-hand side of (7.33), for each of which essentially a (truncated)
series needs to be computed. This amounts to about 1.3 billion series compu-

tations for this example for N = 128. The representation of L4 128 on Gy as a

matrix in CV>V would occupy about 4 GB of memory for double precision. On
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Figure 7.5: (left) real part of u;, ., for g, computed using the iteration scheme (7.25) (3 s),
(right) modulus of g4 64(/) for j € ZZ,

the other hand, it seems in fact unnecessary to consider a broad range of spec-
tral components, that is a big N, fs@ce wo = Equg 1S a continuous function on
C; and the operator Kj, = Ey 0 (.‘Ka q) o R from the initial collocation equation
(7.31) 1s a smoothing operator. Hence, we restrict to N = 64. Nevertheless, for
the contrast gg, we can afford to test the result for N = 128 of the iteration (7.25)
since it does not involve an expensive precomputation like the iteration (7.36). It
makes sense in general to consider bigger values of N in (7.16) and (7.25) than in
(7.34) and (7.36), since wqg = g¢ U has bigger jumps on adjacent grid points than
wq = Equq. However, the change from wq g4 to wq 128, both evaluated on the grid
G128, is minimal for gg, assuming that the first iterate is almost equal to W/a,178-
Figure 7.7 (left) illustrates the projection errors for g¢ = qo.2 fo, and Figure 7.7
(right) shows the error in the approximations wq v With respect to wq 128. While
the coefficients W/a,178 are obtained by the two-grid iteration (7.25), the matrices
wqy for the other values of N are exact solutions of the respective system (7.16).
Again, also the error in uy, 5 given by (7.37) with respect to ufx7128 1s plotted in
Figure 7.7 (right). We want to point out that the error decays for wq x in Figure
7.7 (right) and Figure 7.6 (right) are governed by the error estimates from The-
orems 7.2 and 7.3 for A = 0, respectively, and provide good numerical evidence
for these.
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Figure 7.7: (left) error in the interpolation projection and the orthogonal projection on T} y of
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Figure 7.8: (left) discontinuous contrast ¢, (right) smoothed contrast gg ;

Example 2

To show a more expressive application of our direct solvers, we now consider an
example for an inhomogeneous medium with a more interesting geometry than the
medium from the first example. Let it consist of the five rectangular components

Q= (~%.% 4 Dhgx (%1% Dhgo, gi=1,
Q= (2" 4 B[ +1. 50 g =15
Q3 = [%‘H—%,% —Lhgy x (= 5,52+ Dhao, q3 =1,
R B e
05 = (o 198 oo (- 5671 g, as= 14

where the contrast is given by q|Ql =gq;forl=1,...,5 and g = 0 outside Q =

U15:1 Q. Note that in Q3 and Q5 energy is absorbed. Again, we choose N = Ng =
64,c=(m, 1), 0 =1[0.5,0], ko =3, and I'; + as before, with m.. = 40.625. For the
application of the solver based on the collocation system (7.16), we smooth g by
means of @, to meet the regularity assumptions of Theorem 7.2. To ensure that
suppge NI lies in C, = {x € I1: |xp| < 1/2}, we choose € = 0.1 this time. Figure
7.8 illustrates both settings, showing the modulus of the contrasts g and gg.1. We
compute the scattered field for the discontinuous contrast by the iteration scheme

—_—

(7.36) with D =2 and J = 1. In the computation of 3(2?64 forl=1,...,5in (7.38),
we choose S = 50 for coefficients corresponding to j € Z2, with || .. > 5, but
S = 1500 for || j||., < 5. Otherwise, distinctive artifacts occur for this contrast.

However, for these values of S and the given medium geometry, the precompu-
tation of Ly » in (7.38) needs the prohibitive processing time of 10.6 h! Hence,
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Figure 7.9: (left) real part of u}, o, for g, computed using the iteration scheme (7.36) (10.6 h
precomp. + 2 s), (right) modulus of g¢ 64(j) for j € Z2,

there 1s a big need for improvements for this part of the code, like those mentioned
at the end of Subsection 7.1.5, in order not to spoil the performance of this solver.
The real part of the resulting field is plotted in Figure 7.9 (left), the modulus of the
coefficients g¢ 64 in Figure 7.9 (right). For this case, the information loss in g¢ 32
1s 2.91 %, and the starting vector W/a,?2 1s corrupted by a small error of 3.05 %.
This error is diminished by the single iteration to 0.02 %, yielding a relative error
in the approximate scattered field of as little as 0.01 %. Analog to the arrangement
for the previous example, these data refer to a computation using the exact solu-
tion w/aﬁ of the system (7.34) and the 2-norm of the vectors obtained by concate-
nation of the columns. Opposed to this, if we apply the iteration method (7.25) to
the discontinuous contrast g, g/(XE carries an error of 25.70 % and m an error
of 41.14 % with respect to the exact solution of (7.16). This initial guess seems to
lie inside the convergence zone of the iteration (7.25), anyhow, the first iterate de-
viates from the solution of (7.16) by 14.33 %. The associated scattered field has an
error of 12.25 %. Compared to the exact scattered field computed from the solu-
tion of the system (7.34), it even has an error of 17.06 %. The results of the appli-
cation of (7.25) to the smoothed contrast gg.; are shown in Figure 7.11. Here, the
loss of information in g4 37 is 7.52 % and the initial error is 8.06 %. The iteration
reduces the latter to 0.43 %, producing an error in the approximate scattered field
of 0.23 %. These figures refer to a computation using the solution m of the sys-
tem (7.16). The last couple of plots illustrate the discrepancy between the Fourier
coefficients for go = qo.1 fo and the error decays for wq y and u, 5, where the data
are computed in the same way as in Example 1. As before, we let the incident field
fa be generated by a complex conjugate point source at y = (0,20/642) on I 1.
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Figure 7.10: (left) real part of uj, ¢, for g, computed using the iteration scheme (7.25) (3 s), (right)
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Figure 7.11: (left) real part of uj, ¢, for go.1, computed using the iteration scheme (7.25) (3 s),
(right) modulus of g 61 () for j € ZZ,
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7.2 Inverse problem: Reconstruction of the medium shape

In this final section, we combine the simulation scheme from Subsection 7.1.5
with the results from Sections 6.3 and 6.4 to set up a complete scheme for the re-
construction of the medium shape from simulated acoustic scattering data in 2D.
We intend to validate numerically the variant of the Factorization Method which
we established in Chapters 3 and 6 as a reconstruction method for periodic, (pos-
sibly) inhomogeneous scattering media. After we have formulated the scheme in
the next subsection, we do exemplary computations for the media introduced in
Subsection 7.1.6 and examine the impact of the parameters on the reconstructions.

7.2.1 Reconstruction scheme (for simulated data)

In real-world experiments, the scattered field is measured on some I'y C QX
see p. 36 for details on the form of I'y. In the numerical simulation, we assume
I, C C; and I's ;v = 1's N Gy to be the non-empty discrete counterpart. These
conditions are not essential, but simplify the computations to some extent. The
overall reconstruction scheme is as follows:

(i) For every point y € I'; 5, compute the scattered field on the grid Gy by the
procedure described in Subsection 7.1.5 for the incident field generated by a
complex conjugate point source at y.

(11) For each y € I'y y, extract from the dataset obtained in (i) the values on I'y i
and arrange them in a column vector as the discretization of the response
field uj, o(+,y) from (3.24) on Ty, traversing the grid Gy from the left to the
right and top down. Assemble these column vectors in a matrix U, , in the
same order.

(i11) Approximate the integration in (3.24) by the trapezoidal rule. Multiply the
sample values in U, ,, with the corresponding weights. The resulting matrix
is the numerical near field operator My : I's y — I'y y, our approximation to
the artificial acoustic near field operator M : L>(I's) — L*(T).

(iv) Compute the Hermitian matrices ImMy and My ; = |Re(e'’My)| + ImMy
under the conditions (6.7) and (6.8), respectively.

(v) Compute the eigensystem { (6, ) },,c Of the square root of the respective
matrix from step (iv) and evaluate the Picard series with the discretized probe
function (Yo, = Ga(z,+))|g, for all z € Gy, cp. (6.11). Truncate the Picard



7.2. INVERSE PROBLEM: RECONSTRUCTION OF THE SHAPE 135

series either at a fixed index T or the index T5 which belongs to the last
eigenvalue o, not falling below a certain threshold o. Plot the reciprocals of
the values of the truncated series on Gy and colorize the convex hull Hy =
=7+ hn 1, 7| X [—c2+ hy 2, 2] suitably. The resulting figure gives a rough
illustration of the shape of the medium in Hy, according to the criterion from
Theorem 6.6 and Theorem 6.10, respectively.

Here, steps (1)—(ii1) provide simulated scattering data in the form of the numerical
near field operator. Due to the artificial incident field used, this operator can not
be composed directly from measurements in practice, but has to be approximated
by means of the (approximate) physical near field operator M according to the
convergence relation (5.8). In the computation of the incident fields in step (i) and
of the probe functions in step (v), the Green’s function G, is evaluated based on
its Ewald’s representation. For the derivation and analysis of this representation,
we refer to [26, 36] (for the 3D case) and also the forthcoming paper [6] (for
the 2D and 3D cases). A survey-like discussion of various techniques to derive a
convenient expression for the Green’s function (for the 2D case), including new
results for Ewald’s method, can be found in [51]. We choose this approach here
mainly for the purpose of a good accuracy in the neighborhood of a singularity
of G, but also for efficiency. Since the ‘probing grid’ for the points z and the
‘computation grid’” Gy > x are chosen the same in our scheme, we take a very
small value for x — z to imitate the singularity of Yy ;(x) at x = z. Finally, we note
that in order to identify the medium € one might restrict in step (v) to evaluating
the truncated Picard series on the subset C,N Gy of the grid, due to the condition
QNII CC,, cf. (7.2). We compute the series on the whole grid Gy only to maintain
the plotting area Hy, used in the previous section.

7.2.2 Numerical examples

Let us check the above scheme with the scattering media from Subsection 7.1.6.
We are going to examine the sensitivity of the reconstructions to the phase shift o,
the wave number ko, the eigenvalue threshold o, the measurement height |m.|,
and to noise in the numerical near field operator My. All reconstruction plots
below are normalized to fit into the value range [0, 1].

Example 1

We start and apply the scheme for the reconstruction of the discontinuous contrast
from Example 1. We use the iterative solver (7.36) with D =2 and J =1 in the



136 CHAPTER 7. NUMERICAL SOLVERS

n &

Figure 7.14: single-sided incidence: (left) eigenvalues o, of M]i,/ ﬁz, (right) reconstruction of the
support of g for Tje.4 =31 (18 s)

simulation of the direct problem and the threshold ¢ = 10~% in step (v). Since
the contrast is real-valued, we take t = O in step (iv), the condition (6.8) being
satisfied with ¢o = 1. For a first numerical experiment, we choose the single-
sided incidence from I'; = {x € IT: xp = 0.625}; we will comment on this in a
moment. Figure 7.14 (left) shows, on a logarithmic scale, the eigenvalues of the

numerical operator M ]{,/ ﬁz for this case, where the dashed line indicates the trunca-
tion level 0. The corresponding reconstruction of the contrast is plotted in Figure
7.14 (right). The straight lines mark the boundary of the medium and allow to as-
sess the reconstruction quality. If instead we use the double-sided incidence from
I's =T, Ul _, we obtain the result shown in Figure 7.15. These reconstruc-
tions illustrate the fact that our Factorization Method yields valid results only for
a double-sided incidence in general. The reason is that the correspondence argu-
ment used in the proof of Theorem 6.1 fails for a single-sided incidence if there is
no connecting path between R, and R_ in Q%' = IT\Q. It is therefore suggested
by theory that the bottom part of the shape of €2 is not identified in Figure 7.14
(right). From now on, we work with a double-sided incidence only. The applica-
tion of the scheme to the smoothed contrast g 7, using the iterative solver (7.25)
in step (i) and the threshold ¢ = 10~% in step (v), produces the plots in Figure
7.16. Here, the reconstruction deteriorates near by the boundary of the medium,
compare the reconstruction in Figure 7.15 (right). The reason for this numerical
effect is that, in the proof of the range criterion, the norm of the preimage g from
(6.3) for z € Q rises when z approaches dQ N1II since the contrast gg» decays to
zero there. We continue and check the dependence of the reconstruction on o and
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Figure 7.15: double-sided incidence: (left) eigenvalues o, of M]i,/ ﬁz, (right) reconstruction of the
support of g for Tje.4 = 62 (35 s)

ko for gp2. In each test, we change a single parameter and let the others be fixed
to the values chosen above. As indicated by the plot for a = [0.05,0] in Figure
7.17 (left), the phase shift seems not to have a big impact, which is in accordance
with an observation made in [4] (for smaller changes in o than here). A change
of the wave number to ky = 1, however, strongly affects the reconstruction, see
Figure 7.17 (right). The associated wavelength 27t /kg = 27 is too big to make
the medium clearly visible. Similar results for scattering from bounded media are
obtained in [49], Section I-6.
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Figure 7.16: double-sided incidence: (left) eigenvalues o, of M]{/ ﬁz , (right) reconstruction of the

support of gg.2 for Tie.q =70 (35 s)
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Figure 7.17: double-sided incidence: (left) reconstruction of the support of gg» for oo = [0.05,0]
(30 s), (right) reconstruction of the support of gg» for kg =1 (35 s)
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Figure 7.18: double-sided incidence: (left) eigenvalues o, of M]{/ ﬁz , (right) reconstruction of the
support of g for Tie.q4 = 65 (35 s)

Example 2

We move on to the inhomogeneous medium from Example 2. As before, we ap-
ply the iterative solver (7.36) with D =2 and J = 1 in the simulation of the direct
problem and the threshold ¢ = 10~% in step (v) of the reconstruction scheme.
In step (iv), we let r = %n. We want to point out that this choice is generic in
that it lets the condition (6.8) be fulfilled with ¢co = 1/ v/2 whenever Reg > 0 and
Img > 0 hold almost everywhere. The result for these parameters is shown in

Figure 7.18 (right), corresponding to the 71..4 = 65 biggest eigenvalues of MZ{/ ﬁz
indicated on the left. The generic value of ¢ does not yield the best visual result for
this example, nonetheless the reconstruction is of high quality, with the straight
lines marking the contour of the medium. In particular, it resolves nicely the bump
on the upper left and the two narrow slots on the bottom right of the medium. The
artifacts which appear at the top and the bottom of the plot (and apparently are
reflections at I'y . and I'; _, respectively) do not compromise the reconstruction
since we know that the medium lies inbetween I'y - and I'; _. Now, we perturb
the numerical near field operator My by 5 % noise with respect to the Frobenius
norm, to imitate the typical error source of noisy measurements. The noise ma-
trix which we take generates a relative discrepancy between the projections of the

exact and the noisy version of M, 1/2 onto the subspaces corresponding to the 65
biggest eigenvalues, respectlvely, of 18.50 %. Figure 7.19 shows the resulting
plots. Since the reconstruction is still quite decent, we suppose that primary in-

formation is carried by less than 65 eigenpairs of the exact operator M /2 Nt and that
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Figure 7.19: double-sided incidence: (left) eigenvalues o, of noisy M]{/ 2, (right) reconstruction
of the support of g for T = 65 (35 s)

the corresponding subset of noisy eigenpairs retains this information sufficiently
well. Numerical tests confirm this guess. For our next experiment, we recall that
the scattered field u}, satisfies a Rayleigh expansion of the form

ul, (x) = Z u; ¢ (%X Epex2) in R, (7.40)
€2

where Z=7Zx {0}, ; = a+z, B, =1/ki—|>#0,R. ={x €Il: x, 2 m.},
and uf are the Rayleigh coefficients. It becomes important now to note that the
coefficients 3, are real only for finitely many indices z € Z, whereas for all indices
z with sufficiently big modulus f, are purely imaginary with positive imaginary
part. Hence, the field u}, decomposes in R UR_ into finitely many propagating
modes, the summands in (7.40) which belong to B, € R™, and infinitely many
evanescent modes, which belong to B, € iR™ and decay exponentially into R
and R_, respectively. A few wavelengths away from the medium, the information
contained in the Rayleigh coefficients of the evanescent modes is hardly observ-
able anymore. Moreover, the higher-frequency components are more likely to be
covered by noise. Hence, in the test application of our reconstruction scheme it is
pertinent to examine the impact of this information. We change the measurement
height now a bit from m = +20hg 5 to m+ = +£30hg > (so that still I'y C C;, see
the comment on p. 134). Using apart from that the same parameters as above, we
obtain the plots in Figure 7.20. Obviously, the change affected the reconstruction.
We expect the effect to become stronger for bigger |m.|. For comparison, we
finally consider the smoothed contrast gg ;. We apply the iterative solver (7.25)
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Figure 7.20: double-sided incidence, m+ = £30hgq »: (left) eigenvalues o, of Mi,/ ﬁz’ (right) re-
construction of the support of g for Tj..4 = 40 (35 s) /

with the same configuration as the solver (7.36) before, choosing m4 = +20hg >
first. In Figure 7.21 (right), the straight lines circumscribe the extended support
of go.1. (We were a little bit sloppy at the corners.) Again, we notice the decline
in the reconstruction quality at the boundary of the medium. It is, however, more
constricted than in Figure 7.16 (right), due to the smaller value of €. Now, let
us check what happens when we change m... The reconstruction in Figure 7.22
(right) shows a severe deterioration, much stronger than that for the discontinu-
ous contrast. The situation does not improve for a lower truncation level ¢. In
a following simulation, we removed some of the evanescent modes of the scat-
tered field and found that, for the given set of parameters, the evanescent modes
generated by the smoothed contrast carry more information about the shape of
the medium than those for the discontinuous contrast. This explains the observed
effect. We mention that [4] deals with the scattering of a plane wave from homo-
geneous periodic media by a boundary integral equation method and illustrates
the important role of the evanescent modes in this case.



142 CHAPTER 7. NUMERICAL SOLVERS

10 T T T 1F

08h g 09

06k E 08

04t r W 1 07
nof E 08
Ao - 1 19

20 40 50 80 100 120 -3 -2 -1 o 1 2 3

Figure 7.21: double-sided incidence, m+ = £20hgq »: (left) eigenvalues o, of Mi,/ 2, (right) re-
construction of the support of gg | for Tie.4 = 66 (35 s) /
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Figure 7.22: double-sided incidence, m+ = £30hgq »: (left) eigenvalues o, of Mi,/ 2, (right) re-
construction of the support of gg | for Tje.4 =40 (35 s) /
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7.3 Conclusion

To draw a conclusion, we think that with regard to the ill-posedness of our in-
verse problem (see Section 6.5) and some small error sources in our computation
schemes (see Subsections 7.1.5 and 7.2.1) the reconstruction plots give a good
idea of the location and the shape of the scattering medium. The plots might thus
be interpreted as numerical evidence for the results from Chapters 3 and 6 which
have been used here. The implementation of the Factorization Method is quite
simple, and we have shown that it is an efficient and well-founded technique for
the shape reconstruction for periodic inhomogeneous media. It can also be used
to enhance a full reconstruction method by a quick computation of an initial guess
for the contrast. We believe that convincing numerical results can be obtained as
well in the electromagnetic case, based on the foundation provided in Chapters
4-6. However, we do not want to conceal that the implementation of the approx-
imation of the physical near field operator (see Chapter 5) requires some addi-
tional work. For our direct problem, we developed two variants of a solver for the
periodic (acoustic) Lippmann-Schwinger equation. We considered this problem
and applied the solvers in order to set up and compute the numerical near field
operator. Apart from an expensive precomputation for the second variant, both
methods exhibit a very good performance. We hope that, after incorporating the
ideas for improvement outlined in Subsection 7.1.5, they can serve as competitive
stand-alone solvers for the simulation of time-harmonic scattering from periodic
media.
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This book addresses the identification of the shape of
penetrable media with periodic material parameters by
means of scattered time-harmonic waves. This problem
arises e.g. in modern diffractive optics.

The book provides the proof that this problem can be
strictly solved for acoustic as well as for electromagnetic
radiation by the so-called Factorization Method. The
underlying abstract results yield an easy-to-evaluate bi-
nary criterion which indicates whether a given point lies
inside or outside the medium.

Complementing our analysis, we simulate acoustic scat-
tering in 2D numerically and reconstruct a couple of
media from the computed data via the Factorization
Method. For the simulation, we discuss and apply an ef-
ficient solver for the periodic Lippmann-Schwinger
equation.
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