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Abstract

The present thesis deals with the design of structure-preserving numerical methods in
the field of nonlinear elastodynamics with an extension to multi-field problems. First,
a new approach to the design of energy-momentum (EM) consistent time-stepping
schemes for nonlinear elastodynamics is proposed. The underlying mixed variational
formulation is motivated by the structure of polyconvex stored energy functions and
benefits from the notion of a tensor cross product for second-order tensors. The
structure-preserving discretization in time of the mixed variational formulation yields
an EM consistent semi-discrete formulation. The semi-discrete formulation offers sev-
eral options for the discretization in space. In the special case of a purely displacement-
based method, a new form of the algorithmic stress formula is obtained. Afterwards,
we introduce a new algorithmic stress formula in its eigenvalue representation to
model the transient behavior of hyperelastic bodies of Ogden-type materials. More-
over, we extend the formalism to multi-field problems. Therefore, we provide a new
approach to the design of energy momentum consistent integration schemes in the
field of non-linear thermo-elastodynamics and nonlinear electro-elastodynamics. Fi-
nally, several numerical investigations show the superior performance of the proposed
EM consistent time-stepping schemes in terms of numerical accuracy, stability, valid-

ity, and robustness.

Keywords: Finite element methods; Nonlinear elastodynamics; Nonlinear thermo-
elasto dynamics; Nonlinear electro-elastodynamics; Hu-Washizu functional; Mixed
finite elements; Implicit time-stepping schemes; Structure-preserving discretization;
Tensor cross product; Electroactive polymer.






Kurzfassung

Die vorliegende Dissertation behandelt die Entwicklung strukturerhaltender nume-
rischer Methoden fiir die nichtlineare Elastodynamik und deren Erweiterung auf
Mehrfeld-Probleme. Im ersten Schritt wird eine neue Herangehensweise zur Entwick-
lung von energie- und drehimpulskonsistenten Zeitschrittverfahren fiir die nicht-
lineare Elastodynamik vorgestellt. Die zugrundeliegende gemischte Variationsfor-
mulierung ist hierbei motiviert durch die polykonvexe Form der Formadnderungsen-
ergiefunktion und wird durch die Einfithrung eines Tensorkreuzproduktes fiir Ten-
soren zweiter Stufe begiinstigt. Die strukturerhaltende Diskretisierung in der Zeit der
gemischten Variationsformulierung resultiert in einer energie- und drehimpulskon-
sistenten semidiskreten Formulierung. Diese vorgestellte semidiskrete Formulierung
erlaubt dann verschiedene Moglichkeiten fiir die rdumliche Diskretisierung. Die Ver-
wendung einer rein verschiebungsbasierten Formulierung als Spezialfall resultiert
dann in einer neuen algorithmischen Spannungsformel fiir die nichtlineare Elastody-
namik. Im Anschluss wird eine weitere algorithmische Spannungsformel eingefiihrt.
Diese unterscheidet sich durch die Beschreibung in den Eigenwerten des Verzer-
rungstensors und erlaubt die Simulation transienten Verhaltens von hyperelastischen
Korpern bestehend aus Material vom Ogden-Typ. Dariiber hinaus erfolgt die Er-
weiterung der bestehenden Formulierung auf Mehrfeld-Probleme. Hierfiir wird ein
neuer Ansatz fiir die Entwicklung energie- und drehimpulskonsistenter Zeitschrittver-
fahren der nichtlinearen Thermo-Elastodynamik und Elektro-Elastodynamik vorge-
stellt. Zur Demonstration aller vorgestellten Formulierungen werden numerische
Beispiele herangezogen, um die hervorragenden Eigenschaften der energie- und dreh-
impulskonsistenten Zeitschrittverfahren im Hinblick auf die numerische Genauigkeit,
Stabilitdt, Validitdt und Robustheit aufzuzeigen.
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Kurzfassung

Schliisselworter: Finite Elemente Methode, Nichtlineare Elastodynamik; Nichtlineare

Elektro-Elastodynamik; Nichtlineare Thermo-Elastodynamik; Hu-Washizu Funktional;
Gemischte finite Elemente; Implizite Zeitschrittverfahren; Strukturerhaltende Diskreti-
sierung; Tensorkreuzprodukt; Elektroaktive Polymere.
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1 Introduction

In the last three decades, energy-momentum (EM) consistent integrators have been
developed mainly in the field of structural and solid mechanics for the simulation of
time-dependent non-linear problems. Because the consistent approximation of linear
momentum, angular momentum, and total energy are desirable for those transient
simulations, EM schemes seem to be the method of choice. Moreover, this class
of second-order accurate time-stepping schemes yield an enhanced performance in
terms of robustness and stability. The origin of this method can be found in [72, 55].
Especially during the nineties, EM consistent schemes made a breakthrough due to
the works of [156, 159, 153, 50]. From that point until now, ongoing research on EM
consistent time-integrators for non-linear structural dynamics and non-linear solid
dynamics can be observed; see e.g., [158, 154, 92, 37, 49, 146, 147, 30, 54, 100, 10, 88,
118, 145, 46, 23, 80, 81].

Due to their desirable properties and improved performance, EM consistent schemes
have also been successfully applied in different fields of computational mechanics,
such as in non-linear visco-elastodynamics [57], anisotropic material behavior [59],
finite deformation contact problems [94, 3, 63, 64], flexible multibody dynamics [11,
74, 29, 18, 19, 97, 16, 101, 22], optimal control problems [28, 21, 85, 14], non-linear
elasto-thermodynamics [143, 58, 144, 65, 36, 44, 17] and electro-elastodynamics [83,
82, 133, 45].

In contrast to EM schemes, many important members of second-order implicit time
integrators show numerical dissipation; see e.g., [70, 123, 136, 173, 67, 34]. However,
by reason of the consistent energy approximation, EM schemes seem to be the perfect
starting point when dealing with energy-decaying time-stepping schemes. Recent
developments for energy-decaying time-stepping schemes can be found in [11, 91, 93,
4,5, 146, 96].



1 Introduction

Another elegant class of structure-preserving numerical methods are variational in-
tegrators, which follow an alternative path compared to EM schemes. The discrete
Euler-Lagrange equations are obtained by the direct discretization of the variational
functional. This yields a symplectic time-stepping scheme, and therefore the symme-
tries of the mechanical system are consistently approximated. A drawback of varia-
tional integrators is the lack of consistent energy approximation, although the error
of the energy is bounded. See [109, 172, 98, 99, 102, 103, 20, 124, 148, 86, 171, 9] for

detailed introductions and more recent developments on variational integrators.

We direct readers to the book of [13] for more background on structure-preserving nu-
merical methods in general and on EM schemes (with their energy-dacaying variants)

as well as variational integrators in particular.

For the space discretization of the semi-discrete equations of motion of the underly-
ing mechanical system, the Finite Element Method (FEM) is widely used. A draw-
back of the FEM is that standard finite elements behave poorly under certain circum-
stances. Historically, the development of the FEM was influenced by the search for
a finite element, suitable for all conceivable applications (see e.g., [71, 12, 174] for
an overview of different approaches to improve the behavior of finite elements). A
well-established approach for the formulation of high-performance finite elements is
based on a mixed variational formulation originating from Hu-Washizu-type varia-
tional principles [170]. A large variety of mixed and enhanced finite elements for
finite strain elasticity have been envisaged from these variational functionals (see e.g.,
[157, 152, 160, 48, 1, 84, 169, 149, 26, 23]). In non-linear applications, these elements
often perform very well compared to classical displacement-based elements. Depend-
ing on which mixed finite element is used, one can observe a locking-free response,
high coarse mesh accuracy, and very robust behavior in Newton-type solution pro-
cesses (see numerical examples in the cited references).

Interestingly, previous EM consistent schemes have been mainly developed in the
framework of displacement-based finite elements. As shown in [2], the use of mixed
finite elements do not inherit the consistent approximation of energy and momen-
tum balances in general. Only specific mixed finite elements have been successfully

applied to EM schemes such as in [92, 115, 30], to name but a few.



1.1 Objectives

1.1 Objectives’

In this work we aim to create a mixed variational framework for the design of EM
schemes inspired by the structure of polyconvex stored energy functions. The combi-
nation of both, mixed finite elements and EM consistent time stepping schemes, gives
rise to an improved performance in terms of accuracy, stability, and robustness within
transient simulations. Moreover, with this framework at hand, we also focus on more
involved problems of solid mechanics, such as modeling quasi-incompressible mate-
rial behavior or the simulation of multi-field problems. To be precise, we focus on the
intersections of these topics of computational mechanics, as illustrated in Fig. 1.1.

Mixed finite elements

Figure 1.1: Sketch of the aim of the present work

Design of EM schemes

In the last few years, the important notion of polyconvexity [7] inspired the design
of new classes of mixed finite elements in the field of finite-strain solid mechanics.
These types of finite elements rely on the independent approximation of the defor-
mation map and an additional approximation of further kinematic fields entering
the polyconvexity-inspired strain energy function. Starting from a Hu-Washizu-type
variational functional [170], a large variety of alternative mixed finite element for-
mulations can be envisaged. The novel mixed element formulation introduced by

1 This section is based on the introductions given in [23, 81, 44, 133].
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[26, 27], which builds upon the ideas of [149], particularly shows great advantages in
terms of stability and robustness. Moreover, this formulation has been used in dif-
ferent fields of computational mechanics; for example in electro-mechanics [47, 131],
phase-field models [66], beam and shell formulations [132, 130], and smooth particle
hydrodynamic algorithms for large strain solid mechanics [95], to name but a few. In
addition to the polyconvexity-based framework, the present work relies on the cross
product between second-order tensors as introduced in [38]; see also [39, App. B
4.9.3]. This so-called tensor cross product has been used in the context of large-strain
hyperelasticity in [26, 27] and remarkably simplifies the algebraic manipulation of
the large-strain continuum formulation. In connection to EM schemes based on a
mixed variational functional [77, 15, 78, 79, 23], we present a new cascade of kine-
matic relationships that make possible the EM consistent space-time discretization of
hyperelastic continuum bodies. In particular, the newly proposed mixed variational
formulation facilitates the design of new EM consistent discretizations in time. In ad-
dition to this, the mixed variational framework makes a wide variety of finite element
discretizations in space possible. In the special case of a purely displacement-based
discretization, we obtain a new form of the algorithmic stress formula which is a
typical feature of EM consistent methods [145]. In particular, the new stress formula
assumes a remarkably simple form, when compared to previously proposed alterna-
tive formulations [52, 60, 6].

Quasi-incompressible elasticity in principal stretches

One aim of the present work is to extend the existing formulation [26, 27] to the class
of Ogden-type materials [125, 126] defined in the principal stretches. To this end, we
make use of a spectral decomposition of the strain tensor; see e.g., [162]. Ogden-type
materials are known to yield a good relation between numerical simulations and ex-
periments in finite strain elasticity problems of rubber-like solids [125]. Moreover,
the Mooney-Rivlin material [120] is contained as a special case in the more general
class of Ogden-type material; see e.g., [35]. In the present work we use a multiplica-
tive decomposition of the deformation gradient to decouple the deformation into an
isochoric part and a volumetric part, as proposed by [43]. This kinematic split is
known to be advantageous in computational mechanics when dealing with nearly
incompressible material behavior [157, 155]. Furthermore, we use a three-field Hu-
Washizu variational principle to define our mixed framework motivated by the work
of [157, 155], where next to the deformation map, the hydrostatic pressure and the
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volumetric dilatation enter the mixed variational functional. Concerning the exten-
sion to nonlinear dynamics, we introduce a new algorithmic stress formula based on
[23], now defined in terms of the principal stretches. This leads to a consistent energy

and momentum approximation in time.

Non-linear thermo-elastodynamics

Another objective of this work is the consistent discretization of nonlinear thermo-
elastodynamics. In recent decades thermo-mechanical constitutive models have been
addressed in numerous works (see e.g. [113, 69, 142] and textbooks [68, 53]). Clas-
sically, the hyperelastic Helmholtz free energy density function depends only on the
deformation gradient and the temperature. Furthermore, the weak form is deduced
from its strong form. Depending on the chosen material model, e.g., for a Mooney-
Rivlin model, the consistent linearisation may lead to cumbersome expressions. In
contrast to the classical approach, the present work is inspired by the concept of poly-
convexity [7, 35]. The Helmholtz free energy is a convex function of the deformation
gradient, its co-factor, its determinant, and is concave with respect to the absolute
temperature. It is the main goal of this part of the thesis to apply the concept of EM
consistent integrators to the regime of thermo-elastodynamical problems. The en-
ergy balance equation is commonly stated in entropy form [41, 65, 58, 69, 73] for this
class of problems where the absolute temperature is chosen as the state variable. The
construction of EM consistent integrators within such a framework relies on cum-
bersome discrete gradient operators [65] that feature artificial contributions for the
algorithmic stress formula to restore energy consistency in the discrete setting. An
alternative approach is based on the general equation for non-equilibrium reversible-
irreversible coupling (GENERIC) framework [56, 134, 135]. Previously developed
GENERIC-based formulations of nonlinear thermo-elastodynamics rely on the en-
tropy density as the thermodynamical state variable (see e.g. [143, 144, 89, 90, 36]).
In these works, EM consistent integrators have been successfully implemented. The
main drawback of the entropy form is that the absolute temperature is preferred as
the thermodynamical state variable in terms of material modeling [69, 142, 105, 122]
because it can be measured directly. A Legendre transformation would be necessary
to gain entropy-based thermodynamical potentials, which may involve a Newton pro-
cedure when the expression for the temperature can not be inverted analytically, but
rather would need to be performed at each Gauss point. Furthermore, temperature
Dirichlet boundary conditions cannot be applied directly, leading to the introduction
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of Lagrange multipliers [89, 90], extending the system of equations to be solved. We
therefore rephrase the energy balance into temperature form to be able to use the
absolute temperature as the state variable [36] using the polyconvexity-based frame-
work. In the semi-discrete setting, [36] makes use of the discrete derivative in the
sense of [52] to construct EM integrators resulting in a complex algebraic formulation
and implementation. In contrast, we present an algorithmic stress formula developed
within the polyconvexity-based framework that avoids the use of the discrete deriva-
tive for the presented material model and instead uses an energy-conserving formula
introduced in [55], which results in a remarkably simple form. In addition, we show
that the algorithm presented herein is numerically stable for different types of ini-
tial and boundary conditions and correctly reproduces the physical behavior of the

thermo-mechanical model.

Non-linear electro-elastodynamics

Another objective is to derive an EM consistent scheme tailor-made for non-linear
electro-elastodynamics to model the transient behavior of Electro Active Polymers
(EAPs). EAPs [137, 138, 139, 87] represent an important family of smart materials,
where dielectric elastomers and piezoelectric polymers are some of their most iconic
integrants. Dielectric elastomers are very well known for their outstanding actuation
capabilities and low stiffness properties, which makes them ideal for their use as soft
robots [127]. For instance, electrically induced area expansions of over 380% on di-
electric elastomer thin films placed on the verge of snap-through configurations have
been reported in [104]. Other applications for dielectric elastomers include Braille
displays, deformable lenses, haptic devices and energy generators, to name but a few
[33]. Piezoelectric polymers have similar dielectric properties to dielectric elastomers,
but, in contrast, have much larger stiffness. As a result, piezoelectric polymers can-
not, in principle, exhibit large, electrically induced deformations. Instead, they can be
used as moderately deformable actuators. Other important types of applications for
these materials include tactile sensors, energy harvesters, acoustic transducers, and
inertial sensors [127, 33]. The variational formulation of the governing equations of
these materials is well established. In the most standard formulation, displacements
and the scalar electric potential [165, 166, 167, 76, 163, 42, 148] are modelled as the un-
known fields. In this formulation, the constitutive information is encapsulated in the
Helmholtz energy functional via its invariant-based representation, depending upon

kinematic strain measures and the electric field [32, 31]. However, for more complex
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constitutive models than that of an ideal dielectric elastomer, the saddle point nature
of the Helmholtz functional (convex with respect to the deformation gradient tensor
and concave with respect to the electric field in the small strain/small electric field
regime), makes it impossible to define a priori constitutive models that satisfy the
ellipticity condition [108, 151, 150] in general. This is a necessary condition that en-
sures the well-posedness of the problem. Motivated by the possible loss of ellipticity
of the Helmholtz functional, Gil and Ortigosa [47, 129, 128] advocated for the use
of the internal energy functional for the definition of constitutive models in nonlin-
ear electro-mechanics. In essence, the authors postulated a definition of the internal
energy convex with respect to an extended set of arguments and proved that this

definition satisfies the ellipticity condition unconditionally.

1.2 Organization of the work

The outline of this thesis is as follows:

Chapter 2: This chapter provides a summary of classical continuum mechanics as
a basis for the present work. In Sec. 2.1 we introduce the tensor cross product of
second-order tensors along with further algebraic relationships needed. Kinematic
relations and the governing equations for finite strain elasticity, focusing on hypere-

lastic materials with polyconvex stored energy functions, are outlined in Sec. 2.2.

Chapter 3: A new approach to the design of EM consistent algorithms is proposed
in this chapter. In Sec. 3.1 the newly proposed mixed variational formulation is pre-
sented and subsequently extended to the dynamic regime. The structure-preserving
discretization in time and the semi-discrete balance laws of the mixed variational
formulation are then dealt with in Sec. 3.2. The resulting semi-discrete variational
formulation is further discretized in space in Sec. 3.3. The results of numerical inves-

tigations are then presented in Sec. 3.4.

Chapter 4: In this chapter we propose an EM consistent time stepping scheme where
the stress response is defined in its eigenvalue representation. In Sec. 4.1 the eigen-

value representation of symmetric second-order tensors is outlined. Moreover, the
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spectral decomposition and the multiplicative decomposition of the right Cauchy-
Green strain tensor are introduced. Sec. 4.2 deals with hyperelastic material mod-
els with polyconvex stored energy functions using principal stretches. In Sec. 4.3 a
displacement-based and a mixed variational formulation for elasto-statics are intro-
duced and subsequently extended to the dynamic regime. In Sec. 4.4 we deal with the
structure-preserving discretization in time of the underlying variational formulation
and investigate the semi-discrete balance laws. The semi-discrete variational formu-
lation is then discretized in space in Sec. 4.5 by using mixed finite elements. Finally,

representative numerical examples are presented in Sec. 4.6.

Chapter 5: In this chapter we provide an EM consistent time stepping scheme for
thermo elastodynamics. The equations of classical continuum thermo-elastodynamics
are briefly summarized in Sec. 5.1. The polyconvexity-based formulation of the
Helmholtz free-energy is introduced in Sec. 5.2. In Sec. 5.3 the weak form of the
thermo-mechanically coupled problem at hand is deduced, where the temperature-
based framework is employed. Furthermore, the strong form of the newly proposed
polyconvexity-based framework is compared with the classical formulation. In addi-
tion, balance laws are investigated for the new framework. In Sec. 5.4 an EM consis-
tent time-stepping scheme is newly proposed, where the balance laws for the semi-
discrete system are demonstrated. The semi-discrete system is discretized in space in
Sec. 5.5 by using finite elements. Eventually, representative numerical examples are

outlined in Sec. 5.6.

Chapter 6: A new EM consistent time-stepping scheme for reversible electro-elasto-
dynamics is proposed in this chapter. The governing equations in nonlinear electro-
elastodynamics are presented in Sec. 6.1. The concept of multi-variable convexity and
its importance from a material stability standpoint is presented in Sec. 6.2. Sec. 6.3
starts with a three-field mixed formulation in the context of static electromechanics.
Its extension to electro-elastodynamics is then carried out. After derivation of the
stationary conditions, Sec. 6.4 introduces a new EM time-stepping scheme for electro-
elastodynamics. Sec. 6.5 briefly describes the finite element implementation of the
new time integrator scheme and Section 6.6 presents some numerical examples in

order to validate the conservation properties and robustness of the new scheme.

Chapter 7: Finally, the discussed topics are briefly summarized, conclusions are

drawn, and an outlook on further research will be given in this chapter.
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2 Continuum mechanics

In this chapter we introduce the tensor cross product of second-order tensors along
with further algebraic relationships needed in the sequel. Moreover, a summary
of large strain solid mechanics focusing on hyperelastic materials with polyconvex
stored energy function is given.

2.1 Cofactor and tensor cross product

In this section we introduce the cross product of two second-order tensors and provide
a summary of important algebraic relations needed in the sequel. The present work
deals with continuum bodies occupying three-dimensional Euclidean space. Vectors
are typically denoted by lower case bold-face letters such as a € R3, with components
a; relative to a Cartesian coordinate frame. Second-order tensors are typically denoted
by upper case bold-face letters such as A, with associated Cartesian components A;; =
(A)ij, (1 <i,j < 3). The cofactor cof(A) of a second-order tensor A is given by (see,
for example, [35, Ch. 1])

1
(COfA),']' = E Eimn €jpgq Amp Anq . (2.1)

Here, ¢;jx denotes the permutation symbol and the summation convention applies to

pairs of repeated indices. The determinant det(A) can now be written in the form

det(A) = (COfA),']' A,']' . (22)

Wl

1 This chapter is based on [23].
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The last equation directly gives rise to the well-known relationship
det(A) A™T = cof(A), (2.3)

provided that A is invertible. Moreover, (2.1) directly leads to the familiar relation-
ship

cof(A) (a x b) = (Aa) x (Ab), (24)
where the cross product of two vectors a,b € R? is given by
(a X b)l = &jjk aj bk . (25)

Scalar multiplication of (2.4) by the vector Ac and taking into account (2.3) leads to
the expression
((Aa) x (AD)) - (Ac)

det(A) = b o . (2.6)

Similarly, it is straightforward to show that the following relations hold:

(cofA)T = cof(AT),

2.7)
cof(AB) = cof(A) cof(B) .

Next, the cross product of two second-order tensors A and B is introduced as (see
also [27])

(AK}‘B)i]‘ = &iap €jab Aug B,Sb . (2.8)

An equivalent definition of the tensor cross product is given by (see [38] or [39, Ap-
pendix B 4.9.3])

(A=B) (a x b) = (Aa) x (Bb) — (Ab) x (Ba), Va,becR>. (2.9)

Now it is straightforward to rewrite cof(A) and det(A) introduced in (2.1) and (2.2),

respectively, by using the tensor cross product:
cof(A) = = (A=A),
(2.10)

det(A) = = (AxA) : A.

N =N =

In the last equation the scalar product of two second-order tensors is given by

A:B=tr(ATB) = A;;B;;. (2.11)

10
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Next we summarize some important relations involving the tensor cross product that

will be needed in the sequel:

AxB = BxA,
(A+B)T = AT:BT,
(AsB):C=(A=C):B=(B:C): A,
(AxB)(C=D) = (AC)+«(BD) + (BC)«(AD), (2.12)
A#(B+C) = As«B+ A«C,
AsI = tr(A)I — AT,
I+1=2I,

where I € R3*3 is the unit tensor of second-order. For the sake of completeness, the
above relations are verified in Appendix A.1.

2.2 Kinematics

By B
o (D) 1

H @ o
Naa /7 B -

F nda
dx /‘ _

e
€2

el

Figure 2.1: Sketch of the reference configuration By and the deformed configuration B of a continuum
body

Consider a deformable body with reference configuration By C R3 and sufficiently
smooth boundary 9B as depicted in Fig. 2.1. The deformation map ¢ : By —
R3 maps material points X € By to their placement x = ¢(X) in the deformed
configuration B = @(B;). Assuming that on a portion 93] of the boundary 9B,

11
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the deformations are prescribed by ¢ : aBg) — R3, the configuration space of the
deformable body is defined by

Q= {p:By—R*®| det(F) >0,9=pVX € BJ}. (2.13)
The deformation gradient is a second-order tensor field F : By — R>*3 defined by
F = oxe. (2.14)

The deformation gradient maps infinitesimal vectors dX based at X € By to the
corresponding infinitesimal vectors dx at x = ¢(X) in the deformed configuration

dx = FdX. (2.15)

Let two linearly independent infinitesimal vectors dX () and dX(?) span an infinites-

imal oriented area element located at X € By such that the relation
NdA = dx® x dx®@, (2.16)

holds, where N is a unit normal vector at X € Bj. The corresponding infinitesimal

oriented area element at x = ¢ in the deformed configuration is given by

nda = dx(V x dx®, (2.17)
where 7 is a unit normal vector at x = ¢. Making use of (2.15), (2.17) can be recast in
the form

nda = (FdXW) x (Fdx?)
= % (F=F) (dx x dx@) (2.18)
=cof(F)NdA,

for x = ¢. In the above equation use has been made of (2.9). Relationship (2.18) is
often called Nanson’s formula [126]. Next consider three non-coplanar infinitesimal
vectors dX (1), dx (2), dx® at X € Bp, which form a positively oriented triad (i.e.
(dX™M x dX®).dX®) > 0). Then the infinitesimal volume element formed by these
vectors at X € By is given by

dv = (dx®W x dx@) .dx®. (2.19)
The corresponding infinitesimal volume element in the deformed configuration at
x = ¢(X) is given by
dv = (dx x dx®)) - dx®
= (FdX®W x Fdx®@) . Fdx®
= det(F) (dX® x dx@) .dx®)
= det(F)dV.

(2.20)

12
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In the last equation use has been made of (2.6). The fundamental kinematic relation-

ships outlined above are also illustrated in Fig. 2.1.

2.2.1 Polyconvex large strain elasticity

We focus on hyperelastic material behavior with polyconvex stored energy functions
of the form

¥(F) = ¥(F, cof(F), det(F)), (2.21)

where ¥ : R¥3 x R¥3 x Rt — R is a convex function. Using the notion of a tensor
cross product introduced in Sec. 2.1, cof(F) and det(F) are recast in the form

H = cof(F) = 02

] = det(F) = - (F<F) : F,

where H : By — R3*3 and J : By — R*. In what follows we will use the expression
¥(F) = ¥(F,H,]), (223)

for the polyconvex stored energy function. Using (2.23), the total strain energy of the
elastic body under consideration can be written as

[1in () = / Y(F,H,])dV. (2.24)
By

For simplicity we assume that dead loads are acting on the body with associated
potential energy of the form

15%) = — [B-gav— [ T-pda. (2.25)
By By

Here B : By — R3 are prescribed body forces and T : dB) — R3 are prescribed
stresses on 885 C 90By. As usual, we have the standard relationships 98y = BB(I; U aBg)
and 0B} N 886’) = @. Now the total potential energy of the mechanical system at hand
is given by

A

M(g) = 11" () + 15 (@) - (2.26)

13
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The principle of stationary potential energy (see, for example, [170]) requires the

satisfaction of the stationary condition
DI1[é¢] = % I(p,) =0, (2.27)
where
Q. =@+edp, (2.28)
and d¢ € V denote admissible material variations of ¢ € Q defined by the set
V={6p:By—R>|dp=0for X € 98] }. (2.29)

Now condition (2.27) along with (2.26) and (2.24) give rise to

DT 5] = / 4 g(r, v, g dv
de|._,
By
- / (9s¥(F, H, ]) : DF[op] + 0¥ (F, H, ]) : DH[0g] (2.30)
By
+9;¥Y(F, H,]) DJ[ég]) dV,
where 4
DF[é¢] = P s:01-"5 = dxJg,
DH[sg = L H. = F:DFsg], 231)
def,_,
Dsgl = L| 1. = L (F-F): DF[sg]
LT o 2 ’ ek
Consequently,
DI 5] = / DF[é¢] : (aF‘? + og¥«F +0,¥ H) dv, (2.32)

By

and the stationary condition (2.27) yields the variational equation

DI[ég] = /DP[(sq)} . PdV + DI 5] = 0, (2.33)
By
which corresponds to the principle of virtual work for elastostatics. In the last equa-

tion
P=0¢¥Y+ou¥«F+0,YH, (2.34)

is the first Piola-Kirchhoff stress-tensor.

14
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2.2.2 Frame-indifferent material formulation

The axiom of frame-indifference requires that the stored energy function be invariant

under superposed rigid motions of the form

¢ =Qo+c, (2.35)

for arbitrary ¢ € R® and Q € SO(3), the special orthogonal group. The arguments
{F,H, ]} of the stored energy function (2.23) transform under (2.35) as follows:

F*=QF,
H* = L propt
% (2.36)
=5 (QF)«(QF)
1 1
=,(Q=Q); (F+F).

In the last equation use has been made of relation (2.12)4 (for A = B = Q and
C = D = F). Moreover, since det(Q) = 1 and QT = Q! for Q € SO(3),

3 Q+Q = cof(Q) = det(Q) Q" = Q. 237)
Accordingly, we obtain
H*=QH. (2.38)
Furthermore,
J* = det(F*) = det(Q F) = det(Q) det(F) = det(F) = J. (2.39)

A frame-indifferent stored energy function needs to satisfy the condition ‘%(F#) =

2~

Y(F), or
Y(F*, H*, " = ¥(F,H,]). (2.40)

To fulfill that condition the right Cauchy-Green deformation tensor C : By — R3*3 is
introduced as
C=F'F. (2.41)

Additionally, we introduce

G =cof(C)=H"H = %c%c, (2.42)

15
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where G : By — R3*3 is the co-factor of C. Furthermore, the determinant of C is

introduced as 1
C=det(C)=J*= c(C=0):C, (2.43)

where C : By — R". Both C and G are symmetric second-order tensors. It can be
easily seen that
C* = (F)'F" = (QF)' QF
=F'Q"QF=F'F (2.44)
=C,
and

G# — (F#)T F#%?(P#)T F#

(QF)'QF+(QF)'QF

= %PT Q' QF+F'Q'QF

NI~ N~

(2.45)

=G.
Moreover, for C we obtain
C* = det((F*)T F*) = det((QF)' QF) 246
—det(FTQ"QF) =C. ‘

Consequently, a frame-indifferent stored energy function resulting from the function
¥(F,H,]) is given by

¥(F) =¥(C) = ¥(C,G,C). (2.47)

Example (Mooney-Rivlin material): The compressible Mooney-Rivlin material is
based on a polyconvex stored energy function with

¥(F,H,]) = ¥™eN(F, H) + §meh2()y, (2.48)
where
ymech(F H) =a(F:F—3)+b(H:H-3), (2.49)
and
Fmeeh2(f) =T(J) . (2.50)

Herea > 0,b > 0and I'!: 10,400 [ — R is a suitable convex function. For example,
I''(6) = c6? —dlogé, ¢ > 0,d > 0. The stored energy function (2.48) can be recast in

the form

¥(C,G,C) = ¥™ehl(C, G) + ymeh2 (), (2.51)

16
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where
Tmech,l(c/ G) EY (tr C— 3) +b (tr G — 3) , (2.52)

and
ymeh2(C) =1(C?). (2.53)

We may now rewrite the internal energy functional (2.24) by using the stored energy
function ¥ leading to

[ () = / ¥(C,G,C)dV. (2.54)
By

Repeating the calculation of the stationary condition within the framework of the
principle of stationary potential energy, we obtain

s d .
int _ int
DIT™[o¢] = P s:oH ()
(4] v, G.,c)dv
- / ge|  ¥(CoGeC) (2.55)
By -
- / (0¥ : DC[og] + 0¥ : DGog] + ¥ Dc[dp]) AV,
By
where 4 q
DC[ép] = —| Ce=— F)TF
%)= 3 T e P e (2.56)
= (DF[0@])' F + FT DF[g] .
Moreover,
d d| 1
DGop] = — =—| ZC=C
d e=0 ‘ € s=02 ‘ ‘
(2.57)

. % (DC[ég]C + C~DC[dg])

Note that in the last equation use has been made of relation (2.12);. We further get

d d
DC[(Sq)} = & £:0C€ = & Ezodet(Cg)
= cof(C) : i Ce (2.58)
de e=0
= G : DC[dg] .

17
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Consequently, we obtain

DIT" (5] = / (0c¥ : DC[ég] + 9G¥ : (C+DC|dg]) + ocY G : DCdg]) dV

B,
0 . (2.59)
- /5 S : DC[6g] dV
By
In the last equation the second Piola-Kirchhoff stress tensor
S§=2 (ac‘F +0g¥+C +9cY G) , (2.60)

has been introduced. In this connection, relation (2.12)3 has been used. Note that
expression (2.60) yields a symmetric tensor. In particular, the symmetry of (2.60)
follows from the symmetry of C and G along with property (2.12),. Eventually, the
principle of stationary potential energy yields

DI[6g] = / DF|[ég)] : (FS)dV + DIT[ég] = 0. 2.61)
By

Note that in the last equation the symmetry of the second Piola-Kirchhoff stress tensor
has been taken into account.

18



3 A mixed variational framework for

the design of EM schemes'

In this chapter, a new approach to the design of EM consistent algorithms for non-
linear elastodynamics is proposed. The method is inspired by the structure of poly-
convex energy density functions and benefits from a tensor cross product for second-
order tensors as introduced in Sec. 2.1. The structure-preserving discretization in
time of the mixed variational formulation yields an EM consistent semi-discrete for-
mulation. In addition, we introduce a new form of the algorithmic stress formula
in the special case of a purely displacement-based formulation. Finally, several nu-
merical examples are presented to evaluate the performance of the newly developed
schemes.

3.1 Variational formulation

In this section we present a new mixed variational formulation that lays the foun-
dation for the energy-momentum consistent discretization approach developed in the
sequel. In our approach we introduce the fields C(X), G(X) and C(X) as independent
quantities. See (2.41), (2.42) and (2.43) for their deformation depending counterparts.

1 This chapter is based on [23].
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In particular, consider the cascade of kinematic relationships

c=¢C,

1

1
c_gc.g.

The above relations can be viewed as kinematic constraints that link the strain-type
quantities C € V¢, G € Vg and C € V¢ to the deformation ¢ € Q. In this connec-
tion,

Ve={C:By— S| for Cj; € Ly(Bo) },

Vg ={G:By =S| for G;j € La(By) }, (3.2)

Ve={C:By—R| forC €Ly(By) }.
Here, IL, denotes the space of square integrable functions and S is the vector space
of symmetric second-order tensors. Note that the symmetry condition implies that
dim(S) = 6. Correspondingly, the constraints (3.1) comprise 13 independent algebraic
equations. The newly proposed variational formulation relies on the following 7-field
functional of the Hu-Washizu type:

(g, E,A) = /(‘P(C, G,C)+AC: (C—C)
By

+A9 (% cc—g) (33)
+AC (%c 16 -C)) AV + I3 (p).

For convenience of notation the following abbreviations have been used on the left-

hand side of the last equation:

—
e

c,g,.cy,

=
A = {AS, A9, A}, G4

As can be observed from the variational functional (3.3), the three kinematic con-
straints (3.1) are enforced by means of Lagrange multipliers A¢ € V¢, A9 € Vg, and
AC € V. Imposing the stationary conditions on the functional (3.3) we obtain the
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3.1 Variational formulation

Euler-Lagrange equations

D,I1(g, E, A)[dp] = / AC : DC[69] AV + DIT[sg] = 0,

By
Dell(g, E,A)[5C] = /5c (9c¥ —AC+AT:C+ % ACg)av =o,
By
Dgll(g, &, A)[6G] = /5g : (ag‘If — A9+ %AC c) dv =0,
By
Dell(g, E A) [6C] = /5(3 (3c¥ — A€)dV =0, (35)
By
DI, & A)[JAC] = /5AC L (C—C)dv =0,
By
D,cll(@, & A)[6AY] = /5Ag : (% CxC — g) dv =0,
By
D, cT1(g, &, A)[6AC] = /5/\6’ (% G:C— c) dv =0.
By

The above equations have to hold for any dg € V and arbitrary 6C € V¢, 6G € Vg,
5C € V¢ and 6AC € Vg, 6AY € Vg, SAC € V.. Note that (3.5)5_7 recover the
kinematic constraints (3.1) while (3.5),_4 yield the Lagrange multipliers

A =09.Y,
1 ¢
A9 =ag¥ + sA°C, (3.6)

1
AC:aCTJrA%CJrgACg.

Inserting these relations into (3.5)1, we recover the principle of virtual work in the
form (2.61).

Remark 3.1. The reduction of the mixed formulation (3.5) to the original (‘displacement-
based’) form (2.61) can also be achieved by eliminating the Lagrange multipliers via the fol-
lowing consistency conditions emanating from the constraints (3.1):

3C = DC[d¢],
5G = C=5C, (3.7)

(SC:%(C:(SQ—FQ:(SC),
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3 A mixed variational framework for the design of EM schemes

Remark 3.2. The alternative mixed 7-field variational formulation in [26, Sec. 4.2] is based
on the kinematic constraints

F=F,
H = %F%&F, (3.8)
J = det(F),

along with the stored energy in the form ¥ (F,H, J). Yet another mixed 5-field formulation
has been proposed in [149] based on the kinematic constraints

G = cof(F'F),

J = det(F), 39

and the stored energy in the form ¥(C,G, J?). It can be observed from (3.8) as well as (3.9)
that the new strain-type variables are directly linked to the deformation ¢ € Q. This is in
sharp contrast to the cascade form of the constraints (3.1) used in the present work.

3.1.1 Extension to elastodynamics

Next, we deal with the extension of the mixed formulation introduced above to the
dynamic regime. Let Z = [0, T] where Z C Ry is the time interval of interest. The
motion of the continuum body is described by ¢ : By x Z — R3, where x = ¢ :=
@(X,t) characterizes the position of the material point X € By at time t € [0, T]. The
material velocity field at time ¢ is denoted by V : By x Z — R® and defined by

V=g, (3.10)

where the superposed dot denotes time differentiation. Upon introduction of the
reference mass density field pg : By — R, the mixed formulation governing the
motion of the continuum body is given by

/(SV-(('p—V)pOdV:O,

By

/((5(p-p0V+AC: DC[ég]) dV + DIT[5g] =0,
By

(3.11)
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3.1 Variational formulation

which has to be satisfied for arbitrary @,V € V, together with

/50: (acqf—ACjLA%CJr%ACg) dv =0,

By

/5g’ (a ‘I’—Ag—i—lACC)dV:O

196+ (9 3 , (3.12)
By

/50 (9c¥ — AC)dV =0,

By

for arbitrary 6C € V¢, 6G € Vg, 6C € V¢, and

/zSAC:(CfC)deo,

By

/(5Ag : (%cw ~g)dv =0, (3.13)
By

[ oaC (%Q:C—C)dVZO,

By

for arbitrary A€ € V¢, JAY € Vg, and 6AC € V. The above variational equations
have to be supplemented by prescribed initial values ¢, € Q and V € V at time ¢t = 0.
Consistent initial values for the mixed strain fields, {Cy, Go, Co}, can be calculated by

employing the kinematic constraints (3.1).

Remark 3.3. The kinematic constraints (3.1) are enforced by the variational equations (3.13).

Differentiation of (3.13) with respect to time yields the consistency conditions

/5/\“: (€—¢)dv =0,

By

[éa9: (ce-g)av —o,
By

/(sAC(%c:ng%g:C—c')dv:o.
By

(3.14)

The above equations have to hold for arbitrary A€ € Ve, 6AY9 € Vg, SAC € Ve, and can
be viewed as constraints on the velocity level corresponding to the original constraints (3.13)
on the position level.
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3 A mixed variational framework for the design of EM schemes

Remark 3.4. In the continuous setting the variational equation (3.11), implies ¢ = V while
the consistency conditions in (3.14) imply

C=DV'F+F'DV,
g=csC, (3.15)
. 1 . .
C=§(C:Q+Q:C).
As mentioned in Remark 3.2, an alternative mixed formulation relies on the introduction of the
variables {F, H, J} through the kinematic constraints (3.8). Differentiating (3.8) with respect
to time yields the associated consistency conditions (or constraints on the velocity level)
F=Dv,
H= F%%DV, (3.16)
J= (F «F) : DV.

These equations can be recast in the so-called conservation form, see [40] and [26] for more
details.

Remark 3.5. The mixed variational formulation developed above can be linked to an extended
version of Hamilton's principle. In particular, consider the extended 8-field action functional
given by

T
S(q),V,E,A):/ /go——V VpodV —Tl(g,E,A)dV)dt.  (3.17)
0 By

The condition for stationarity of the above functional yields Euler-Lagrange equations that
correspond to the variational equations (3.11)—(3.13) (see also [15] for similar considerations
in the framework of a standard Hu-Washizu type functional).

3.1.2 Balance laws
The dynamics of the hyperelastic body under consideration falls into the class of
Hamiltonian systems with symmetry (see, for example, [108]). In the present work we

focus on the corresponding balance laws for linear momentum, angular momentum

and energy.
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3.1 Variational formulation

3.1.2.1 Balance of linear momentum

For verification of the balance of total linear momentum we assume that d¢ = ¢ and
8V = 0 are admissible variations, where { € R? is arbitrary but constant. From (3.11)
we get

(S =0, (3.18)

where the total linear momentum is defined by

L= / poVdv, (3.19)
By

and the total external mechanical load is given by

Foxt — / BdV + / TdA, (3.20)
By 886’
containing bulk and boundary contributions. Therefore, for vanishing external me-

chanical loads the total linear momentum is a constant of motion of the continuous
system.

3.1.2.2 Balance of angular momentum

To verify the balance law for angular momentum we assume that d¢p = X ¢ and
0V = [ x ¢ are admissible variations, where { € R® is constant. The specific choice
of d¢ leads to the relationship DF[{ x @] = { F, where { is a skew-symmetric tensor
such that {a = { x a for any a € R3. From (3.11) we get

[@x@)-vpoav =o,

By

/(gX(p.p0V+AC;Dc[gx(p})dVJrDHexf[ngo] —0,
By

(3.21)

where { @ - @ po = 0 has been taken into account. In addition, the admissible choice of

the variation in conjunction with (2.56) leads to

(sym(F'{"F) + skw(F'{'F)), (3.22)

N[ —

DC[{ x @] =
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3 A mixed variational framework for the design of EM schemes

where 1
sym (F'{'F) = 5 (F*({"+{)F) =0,

1 (3.23)

skw (FT{TF) = 5 (FF({"-0)F).

Accordingly, the inner bracket term in (3.21), vanishes due to the symmetry of A€

and the double contraction with the skew symmetric tensor. Next we introduce the

total angular momentum with respect to the origin of the inertial frame

Iz/rprpodV, (3.24)
By

and the total torque about a corresponding axis { - M®* = —DI1&¢[g x ] exerted by
the external (dead) loads on the elastic body, relative to the origin of the inertial frame
given as

g-Mextzg.(/godeVJr/godev). (3.25)

By o8By
Eventually, summation of (3.21); and (3.21), leads to the balance of angular momen-
tum as
7 (% j— Mexf) —0. (3.26)

Equation (3.26) shows that components of the angular momentum, J¢ = -] are
conserved along solutions of equations of motions when the external torque about
the corresponding axes, { - M®"! vanishes.

3.1.2.3 Balance of energy

We start from the mixed variational equations (3.11)-(3.13) and choose admissible vari-
ations of the form dp = ¢ € V, 6V = V € V along with {6C,6G,5C} = {C,G,C} €
Ve x Vg x Ve and {6A€,6A9,6AC} = {AC, A9, AC} € Vi x Vg x V. Accordingly,
(3.11); yields

. S _d/1y .
/go~Vp0dV_/V~Vp0dV_a(E/V~Vp0dV)_T, (3.27)
By By By
where the kinetic energy of the continuum body is defined by

T:%/V~Vp0dV. (3.28)
By
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3.2 Discretization in time

We further consider the time derivative of the total strain energy (2.24) leading to

d int __ d
S = dtB/‘I’(C,Q,C)dV
0

:/(BC‘F:C+8g‘P:g+BC‘FC)dV

Bo (3.29)
_B/(AC;C_AQ;(c«:_g)—AC(%c:g+%g:c_c'))dv

0
—/AC cdv

By

Here, use has been made of (3.12) and the consistency conditions (3.14). Substitut-
ing (3.27) and (3.29) into (3.11), leads to the balance of energy along solutions of

equations of motions in the form

%(T +I1nt) = pext, (3.30)

On the right-hand side of the last equation,
pext — /¢.de+ / ¢ TdA = —112%¢), (3.31)
By By

corresponds to the power of the external loads. In the case of dead loads the balance
law (3.30) corresponds to the conservation of the total energy defined by

E=T+II, (3.32)

where IT = TT" + [T is the total potential energy previously defined in (2.26).

3.2 Discretization in time

In this section we deal with the structure-preserving discretization in time of the

mixed variational formulation presented in the previous section.

We define a partition of the time integration interval Z by introducing n-equidistant
subintervals of the form Z, = [t,, t,41] with 0 = t) < #; < ... < tn, = T which
correspond to a time-step size At = |Z,|. The discrete approximations at times ¢, and
t,+1 of the continuous variable (o) will be denoted by (e), and (e),1, respectively.
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3 A mixed variational framework for the design of EM schemes

3.2.1 Structure-preserving integration scheme

Assume that the state variables {¢,, V,} € Q x V along with consistent strain vari-
ables {C,, G,,Cy} are given. Note that this implies that the strain variables {C,, G,
Cn} satisfy the constraints (3.13) at time f,. Now the semi-discrete version of the
variational equations (3.11), (3.12) and (3.13) is introduced as

1
/(SV-A—t((pnﬂ—(pn)podV:/(5V~Vn+%podV,

v Bo (3.33)
/540- 77 00 (Ve = Vi) dV /An+1 DCog]|,,, dV = DI (o]l , 3,
BO BO
for arbitrary é¢, 6V € V, together with
1
/5(: De¥ — Ay + A%, 15C, 1 + 5 AL G, 1) AV =0,
By
1
/59 Dg¥ — AnJrl + = 3 AC+1 C ) dv =0, (3.34)
By
/5(3 DY — AC,,)dV =0,
By
for arbitrary 6C € V¢, 6G € Vg, and 6C € V¢, along with
/5A n+1 - CV,+1) dV - 0,
/51\9 Crni13Cpp1 — gn+l) dv =0, (3.35)
/ OAC ( Gui1:Cug1 — Cn+1) dv =0,
By
for arbitrary SAC € V¢, 0AY € Vg, and SAC € Ve. In (3.33) and (3.34),
1
(')H% =5 ((®)n+ (®)nt1), (3.36)

denotes the average value of () in the time interval [t,, t,41]. Moreover, the time-

discrete version of (2.56) is given by

DC[é¢)|, 1 = (DF[ég])" Foo1+ FL% DF[ég] . (3.37)

1
2
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3.2 Discretization in time

Furthermore, in (3.34), { D¢ ¥, Dg¥, D¢ ¥} denote time-discrete versions of the partial
derivatives {dc¥, dg¥, d¢¥}. In particular, we assume that { D¢'¥, Dg¥, D¢¥} are
partitioned discrete derivatives in the sense of [51] for the stored energy function
¥{C,G,C}. Accordingly, the following relationship is assumed to be satisfied by

definition of the discrete derivatives for the stored energy function:

DCT : (Cn—H - Cn) + DQ\F : (gn+1 - gn) + DC‘Y (Cn+1 - Cn)

(3.38)
= 1II(Cnﬁ»lr gn+1/ CnJrl) - lIr(cn/ G, Cn) .

Note that the relationship in (3.38) is known as the so-called directionality property
which is a sufficient condition for algorithmic energy conservation (see [145]). See the

examples below for particular expressions of the discrete derivatives.

Example (Mooney-Rivlin material cont’d): To illustrate the calculation of the dis-
crete derivatives { D¢'¥, Dg¥, D¢¥} for the stored energy function we again consider
the example of the compressible Mooney-Rivlin material (cf. example in Sec. 2.2.2).
With regard to (2.51) the stored energy function is given by

¥(C,G,C) = a(trC —3) + b (G —3) + F(C), (3.39)
where f(C) = I''(C'/?). The discrete derivatives assume the simple form

DCI};:acT:{ZI,

(3.40)
Dg¥ =dg¥ =b1,
along with the Greenspan formula [55]
Dey = [Crn) =f(Cn) (341)

cn+1 - cn

In the limit C, 1 — Cy, the above formula should be replaced with f'(C, ! ). It can
be easily verified that property (3.38) is satisfied by the above formula.

Example (Transversely isotropic material): The calculation of the discrete deriva-
tives { D¢¥, Dg¥, Dc¥} is further illustrated with a more involved stored energy
function characterizing transversely isotropic material. The specific stored energy
function has been taken from [149]. Accordingly, the stored energy function relies on

an additive decomposition into an isotropic and anisotropic part:

‘Y(C/ g/ C) = Tiso(cz g/ C) + Taniso(cl gl C) . (342)

29



3 A mixed variational framework for the design of EM schemes

The isotropic part can be viewed as a modification of the Mooney-Rivlin model (3.39)

and is given by
Yiso(C,G,C) = ; (trC)? + g (trG)? —dIn(VC) + ¢, (C2+C2 —2), (3.43)

where a > 0,b > 0,d > 0, e; > 0 and e; > 2. The anisotropic part of the stored
energy reads

80 +1 80 +1, 80 H—
Y aniso(C,G,C) = tr(C M))s¢ —=—(t M))&9 2 C78, (3.44

where go > 0, g¢ > 0, gg > 0 and g¢ > 1. The local fiber direction in the undeformed
configuration is characterized by a unit vector ag € IR? that enters the structural tensor
defined by

M=ay®ayg.

The discrete derivatives { D¢'¥, Dg'¥, D¢¥} are now introduced as

DeY = [ltl‘(cn+ ) I+ Gwl(gn, lni1) M,
Dg¥ = btr(gn+%) I+ GWZ('YH/’Yn—}—l) M, (3.45)

DCT = GW3(C;1,C"+1) 7

Nl—

where the Greenspan formula (3.41) is now written in the form

W(y) = W)

= (3.46)

Gw(x,y) =

with a prescribed function W : R — R. In the limit y — x, the above formula should
be replaced with W’ (%) The functions Wi (), Wa(y) and W3(C) used in (3.45) are
given by

- go c+1 _
wi(g) = et {-wiem),

Wa(y) = ggg% 89T,y =tr(GM), (3.47)

Ws(C) = —dIn(v/C) + ey (C2+C2 —2) + f?? cse,

It can be verified by a straightforward calculation that property (3.38) is satisfied by
the discrete derivatives in (3.45).

Next, we show that there exists a time-discrete counterpart of the constraints on veloc-
ity level (3.14). In analogy to the continuous case, the discrete constraints on velocity
level play an important role in the discrete balance laws as will be shown below.
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3.2 Discretization in time

Proposition. Let {C,, G, C,} be consistent strain variables. Then the semi-discrete

formulation at hand satisfies

/ SAC : (DClp, .1~ 9,)l,4) — (Coi1 — Cu)) AV =0,
By
[6A9:(C,145(Cat1 = €o) = (Gusa — Gi)) dV =0,
By
o /1 1
/ SAC (5C 11 (Guir = Ga) + 56,1+ (Cuv1 = Ca) = (Cusa = C) ) dV = 0.
By

(3.48)

Proof. Consistent strain variables {C,, G, C,} satisfy the constraints (3.13) at time
t;. Similarly, (3.35) enforce the constraints (3.13) at time f,,1. Accordingly, the fol-
lowing relations hold:

/51\0 $ (Cust — Cn— (Cpa1 — C)) AV =0,

By

/Mg : (&:nﬂ%cn+1 e — (G- g,l)) dv =o,

4 2 2 (3.49)

1 1

/5AC (5 gn+1 : Cn+1 - g gn : Cn - (Cn+1 - CH)) dVv =0.
B

0

A straightforward calculation shows that the above equations are equivalent to (3.48).
O

3.2.2 Semi-discrete balance laws

Next we show that the semi-discrete formulation at hand inherits the balance laws
from the underlying continuous formulation for any time-step size.

3.2.2.1 Balance of linear momentum

We follow the procedure in Sec. 3.1.2.1 for the verification of the balance of total linear

momentum. Assume that dp = { and 6V = 0 are admissible variations, where { € R®
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3 A mixed variational framework for the design of EM schemes

is arbitrary but constant. Then (3.33) yields

1
0+ (57 (Lt = La) = F*) =0, (3.50)
The discrete total linear momentum at time-level n and n + 1 is defined by
L,= / VopodV and Ly, = / Vo1 podV. (351)
BO BO

Therefore, for vanishing external mechanical loads the total discrete linear momentum

is a constant of motion of the semi-discrete system.

3.2.2.2 Balance of angular momentum

To verify discrete balance of angular momentum we assume that ép = { x @, +1 and
0V =T x (¢,,1 — ¢,) are admissible variations. As before, { € R3 is constant. Then
the time-discrete variational formulation (3.33) yields

0= /g X ((Pn+1 _(pn) : Vn+% 00 dv,
By

‘/C X @yt (Virr = V) podV = —/AC :DCE x @, ]I,y AV~ DILE[E x @, 4]
B() BO

(3.52)
Similarly to the continuous setting, the first term on the right-hand side of (3.52),
yields
/AC :DCT % gl AV = /AC H(FL, GO, dv =0, (353)
B() BO

since ( is skew-symmetric. For the time-discrete angular momentum at time-nodes t,

and t, 1 we have

Jo= [@,% VapodV and Ju = [@,0 % VarpodV. (354
BO BO

The total torque with respect to the {-axis exerted by external loads on the considered
body in the time discrete setting is defined by

g.Mext‘n+% — —DHEXt[g % (Pn+%] — g (/(Pn+% x BdV + / (anr% X TdA) . (355)

By BE
Then subtracting (3.52); from (3.52); along with (3.53), (3.54) and (3.55) we obtain
1 X
0 (5 Unet = T) =M™, 1) =0, (3.56)

which corresponds to the balance of angular momentum with respect to the {-axis.
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3.2 Discretization in time

3.2.2.3 Balance of energy

To this end we proceed along the lines of Sec. 3.1.2.3 and choose admissible variations
of the following form: dp = ¢, | —¢@, €V, V=V, 1 -V, €V, =C,;1—-Cy €
Ve, 0G = Gui1— Gn € Vg, 6C = Cyp1 — Cu € Ve, SAC = AS, € Ve, 6A9 =
AY  €Vg, 6AC = A, € V. Accordingly, (3.33); yields

1
/‘(Vn+1 _ Vn) . E (¢n+1 _ q,n) 00 dV = /(Vn+1 — Vn) . Vn+% Po dv
By B
1
- EB/<V1’I+1 Vi1 = Vu- Vi) podV (3.57)
0
=Thy1 =T
= AT,

where expression (3.28) for the kinetic energy has been used. Furthermore, by defini-

tion of the partitioned discrete derivative, property (3.38) leads to
- g

- (IF(Cth/ gnJrl/CnJrl) 71}’(611/ gnrcn))dv

By
_ /(DC‘P : (Cot1 — Cn) + Dg¥ : (Gui1 — Gu) + De¥ (Cot1 — Cp)) AV

5o
= /(ASH 1 (Cr1—Cn) — Agﬂ : (Cn+%%*(cn+1 —Cn) = (Gns1— g"))

By

1 1
~ A (3C1 (Grn = Gu) + 36,01 (Cuit —Ca) = (Cua = C)) ) AV

— [AS1: DClp, 1~ )1,y 4V

By
_ AHint

(3.58)
In the above equations use has been made of (3.34) and (3.48). Inserting from (3.57)
and (3.58) into (3.33); yields the discrete balance of energy in the form

AT + ATT™ = WXL, (3.59)

n

where W' | stands for the work done by the external loads in the time interval. In
the case of dead loads, WXt | = —(I1%(g, ;) — [1%(g,)). Thus, for conservative
systems the present scheme is capable of preserving the total energy in the sense that

E, = E,+1, independent of the time-step size.
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3 A mixed variational framework for the design of EM schemes

3.3 Discretization in space

The time-discrete variational formulation consisting of (3.33), (3.34) and (3.35) pro-
vides the framework for a variety of discretizations in space. We focus on finite
elements and present two alternative schemes: (i) the pure displacement formula-
tion based on the interpolation of the deformation field ¢(X) € Q and the velocity
field V(X) € V, and (ii) the fully mixed approach relying on the independent inter-
polation of the deformation field ¢(X) € Q, the velocity field V(X) € V, the strain
fields {C(X),G(X),C(X)} € V¢ x Vg x V¢ along with the Lagrange multiplier fields
{AC(X),A9(X),AC(X)} € V¢ x Vg x V.

3.3.1 Displacement formulation

The displacement formulation makes use of standard isoparametric elements (see,
for example, [71]) based on finite-dimensional approximations (ph e O ¢ Qand
VP € VI C V of the form

Npode Mpode

(X)) =) N'(X)@,(t) and VM(X)= ) N(X)Vi(t).  (3.60)
a=1 a=1

Here N : By — R denote the nodal shape functions and ¢,(t), Va(t) € R? are
the respective nodal values at time . Moreover, 7,45, denotes the total number of
nodes in the finite element mesh. The standard (Bubnov) Galerkin approach relies
on analogous approximations for ¢ € V and V € V denoted by dg" € V" and
SV € VI Note that the displacement formulation relies on a pointwise enforcement
of the constitutive relations (3.34) and the kinematic constraints (3.35). In particular,
(3.35) gives
Cpi1=Cys1=Fp 1 Fni1,

1
Gni1=Gpp1 = 2 Crnt1%Cuya, (3.61)

1
Cn+1 = Cn+1 = g Gut1:Cugr.

Similarly, a straightforward calculation starting from (3.34) yields
AS | = Dc¥ + Dg¥+Cag + Dc¥ Gayg, (3.62)
where the algorithmic version of C is evaluated as

~ e, (3.63)
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3.3 Discretization in space

and for the algorithmic version of G we use

1 1
galg = g(cn+%>§<cn+% +gn+%) where gH% = 3 (Gn+Gni1). (3.64)

Now the semi-discrete variational formulation of the displacement formulation ema-
nating from (3.33) can be written in the form

/(SV (Pn+l (Pn)PO dV = /5V Vn+1 podV,
By

1
/5qo~ A (Vi1 = Vi) podV = —/salg : DC[3g]],.,; dV — DI (S, .1,
By Bo

(3.65)

forany é¢ € V and 6V € V. In the last equation S, = 2 AS 1 denotes the algorithmic
stress formula which is a characteristic feature of energy-momentum methods (see
[145]). With regard to (3.62), the algorithmic stress formula assumes the specific
form

Saig =2 Dc¥ +2 Dg¥#Cag +2 De¥ Gag - (3.66)
Eventually, the fully discrete displacement formulation is obtained in a standard way

by inserting the finite element interpolations outlined above into (3.65), see Appendix
B.1 for further details.

The newly developed algorithmic stress formula (3.66) can be viewed as time-discrete
version of the 2nd Piola-Kirchhoff stress tensor (2.60). It represents a viable alternative
to previously developed projection-based formulas (cf. [145]) leading to second order

accurate energy-momentum schemes (cf. [51]).

Remark 3.6. Although the displacement-based discretization in space does not necessitate the
mixed variational framework developed herein, the algorithmic stress formula (3.66) is a direct
result of the discretization in time of the underlying mixed variational formulation. This is to
be contrasted with the mid-point type discretization in time of the standard displacement-based
variational formulation. The standard mid-point type discretization relies on (3.65) with Sgg

being replaced by
Sn+% :28CT(CW+%,GH%,C )+28G‘I’( 1 GH%,C %)%%C +1 3.67)
+ZacT( % GH%,CH%)GH%,

which coincides with the mid-point evaluation of the 2nd Piola-Kirchhoff stress tensor (2.60).
In this connection it is important to realize that in general, Calg #* Cn+%, galg #* gn+% #*
G

0l and CH% # Cn+%. For example,
1 - T 1
City =5 (Cn+Cpuyr1) = 5 (FyFp+F} 1 Fyp1) = 5 (Ch+Cpi1), (3.68)
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3 A mixed variational framework for the design of EM schemes

whereas

C ..=F (3.69)

T
n+3 n+3i F n+ge
We further note that the symmetry of Sy, can be easily verified by taking into account relation
(2.12),. Moreover, it can be verified by a straightforward calculation that the algorithmic

stress formula (3.66) satisfies the directionality property

N N 1
1If(anrl) - T(CH) = Salg : E (CH+1 - Cn) : (3~7O)

Example (Mooney-Rivlin material cont’d): To illustrate the application of the newly
devised algorithmic stress formula (3.66) we again consider the example of the com-
pressible Mooney-Rivlin material with stored energy function (3.39). Employing the
discrete derivatives (3.40) and (3.41), formula (3.66) yields

= 2aI+2be>Ca1g+2Mgalg. (3.71)

S
Cn+1 - Cn

alg

This is to be contrasted with the alternative projection based formula (see [52, 145])

2¥(Cpir) — 2¥(C) — S (Co1 — Cor)
(Cit1—Cu): (Cry1—Cn)

where the stored energy function (3.39) is recast in the form

Ssg = S +

(Criy1—Cn), (3.72)

¥(C) = ¥(C,cof(C),det(C))
(3.73)

—atrC+ g ((trC)? — tr(C?)) + f(detC),

and
Sy = 2D‘?(CH+%)
=al+b((trC, ))I-C, 1)+ f'(detC, 1) det(C,, 1) (C, 1)

1
2

(3.74)

It can be observed that the newly developed formula (3.71) enjoys a particularly sim-
ple structure when compared to the alternative formula (3.72). This observation ap-
plies particularly to the corresponding tangent moduli needed for the iterative solu-
tion process. We refer to Appendix B.1 for further details.

Example (St. Venant-Kirchhoff material): It is well known that the stored energy
function of a St. Venant-Kirchhoff material is not polyconvex [141]. However, the

method developed herein can still be applied. For that purpose we write the stored
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3.3 Discretization in space

energy function of a St. Venant-Kirchhoff material in the form (see, for example,
[35])

9A+6u

¥(C,6,C) = g

A2 o A2 679

A
I e+ trg+
where A and y are the two Lamé parameters. Associated with (3.75) we introduce the

discrete derivatives 342 440
R R et

DC‘P = — 1,
4 4 (3.76)

A
De¥ =21,
g 4

Now the algorithmic stress formula (3.66) yields

1 1 A
Satg = =5 (BA+20) I+ 5 (A+2p) Catg + 5 I<Cag. (3.77)
Taking into account the relationship I+C = (tr C) I — C" we obtain

1 1
Salg = 2‘115 (CalgiI) +A§ (trCalg—3)I (378)
:2y€n+%+/\tr£n+%1.

In the last equation the Green-Lagrangean strain tensor £ = 1(C — I) has been intro-
duced. Using the fourth-order elasticity tensor, C, the algorithmic stress tensor can
be recast in the form S,;; = C : €,)g. This formula has originally been proposed by
[153].

3.3.2 Mixed formulation

In analogy to the displacement formulation, the continuous finite element interpo-
lation (3.60) for the displacement field and the velocity field are also used in the
mixed formulation. In addition to that the semi-discrete variational framework at
hand makes possible the independent interpolation of the strain fields {C,G,C} €
Ve x Vg x Ve and the Lagrange multiplier fields {A¢, A9, AC} € V¢ x Vg x Ve.
Of course, the choice of approximation formulas is restricted by appropriate stability
(or inf-sup) conditions (see, for example, [24]). This issue, however, is beyond the
scope of the present work.

From the variety of conceivable interpolations we focus on one specific example. In
particular, the mixed formulation is based on polynomial interpolations of second-

(e)

order tensors A and scalars A over a typical element B;” C By. To this end we
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3 A mixed variational framework for the design of EM schemes

introduce finite-dimensional subspaces V} C V¢ and V}é C Vg defined by

Wh:{AeWA|Ah

Nen
b T
o = LM Ay Ay = A] } (3.79)
0 =1

where A stands for the second-order tensors C, G, A€ or AY. Similarly we introduce
a finite-dimensional subspace V& C V defined by

vh:{AevA|Ah

Men
5o = b;le Ay, Ay €R } (3.80)
where A stands for the scalars C or AC. Accordingly, the present sample application
relies on uniform elementwise approximations for the strains and the Lagrange mul-
tipliers making use of the shape functions M?, with b = 1, ..., 1en. Here, nen, denotes
the number of element nodes arising from the use of Lagrangian shape functions (see
the next section for more details). The thus defined finite element interpolations can
be inserted into the semi-discrete variational equations (3.33), (3.34) and (3.35), lead-
ing to a system of nonlinear algebraic equations. Since no inter-element continuity is
required for the mixed approximations, the additional unknowns of the mixed formu-
lation can be eliminated on element level by applying the classical static condensation
procedure. Accordingly, after finite element assembly, the number of unknowns to be
solved for on the global level is the same for both the displacement formulation and
the mixed formulation at hand. More details about the implementation of the mixed
formulation can be found in Appendix B.2.

3.4 Numerical Investigations

In the numerical investigations we employ both the pure displacement formulation
(Sec. 3.3.1) and the mixed formulation (Sec. 3.3.2). Concerning the interpolation of
the displacements we make use of 20-node serendipity shape functions (cf. the nodal
shape functions N? in (3.60) and the illustration in Fig. 3.1). In addition to that,
the mixed formulation relies on tri-linear Lagrangian shape functions (cf. the shape
functions M in (3.79), (3.80), and Fig. 3.1).
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3.4 Numerical Investigations

¢ ¢

Figure 3.1: Illustration of the nodal points used for the interpolation of the displacements (left) and
the additional fields of the mixed formulation (right).

We make use of the compressible Mooney-Rivlin material considered above. Cor-
respondingly, the stored energy function is given by (3.39), where the volumetric
contribution is given by

f(€) = =dIn (VC) + 5 (V€ -1)". (3.81)
The material parameters are given by 2 > 0, b > 0, ¢ > 0 and d = 2(a+2b). For
an example with the more sophisticated stored energy characterizing transversely
isotropic material (3.42), see [23].

3.4.1 Patch test

The objective of this example is:

O1.I Assess the correctness of the mixed formulation and show the capability of

reproducing homogeneous states of stress.

To assess the correctness of the two alternative element formulations at hand and
their computer implementation, we first consider the three-dimensional patch test
from [106]. Consider a cube Q) € (0,1)[m] x (0,1)[m] x (0,1)[m], depicted in Fig. 3.2,
subjected to the following Dirichlet boundary conditions: the face at x; = 0 is fixed in
x1-direction, the face at x, = 0 is fixed in x,-direction, and the face at x3 = 0 is fixed in
x3-direction. Furthermore, the face at x3 = 1 (see the upper green surface in Fig. 3.2)
is displacement-driven to compress the unit-length cube to a hexahedron with halved
height. The material parameters, given in Tab. 3.1, corresponds to a Young’s modulus
of E = 10°Pa and a Poisson’s ratio of v = 0.3 in the case of linear elasticity. Both a
regular mesh with 425 Nodes/ 1275 unknowns and an initially distorted mesh with
48 Nodes/ 144 unknowns (Fig. 3.2) are considered. Both element formulations under
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3 A mixed variational framework for the design of EM schemes

consideration pass the patch test and are capable of reproducing the correct value of
homogeneous states of stress (see Figs. 3.3 and 3.4).

VAVAVAVAVAN

/“VAVAVAVAV’V

Figure 3.2: Boundary conditions (left), initial regular mesh (center) and initial distorted mesh (right).

Table 3.1: Material and simulation parameters for patch tests.

mechanical parameters a 15/13-10° Pa | geometry of the cube
b 10/13-10° Pa L
¢ 25/3-10° Pa 1 [m]
Newton tolerance 3 1-107¢ -
size of load increment  Au 0.02 m 1
7.475-10° 7.475-10°

| @]

Figure 3.3: Von Mises stress distribution of the regular mesh (left) and distorted mesh (right) of the

7.475-10° 7.475-10°

displacement based formulation.
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7.475-10° 7.475-10°

7.475-10° 7.475-10°

Figure 3.4: Von Mises stress distribution of the regular mesh (left) and distorted mesh (right) of the
mixed formulation.

3.4.2 Cooks membrane

The objectives of this example are:

02.I Verification of the locking free response of the mixed formulation.
O2.II Verification of the improved robustness of the mixed formulation.

Next we consider a three-dimensional version of Cooks membrane (Fig. 3.5) as bench-
mark problem for large deformation solid mechanics. The membrane is clamped on
the left side and loaded by a shear force on the right side. The plane strain condition
is enforced by imposing zero displacement boundary conditions in ej-direction. The
resultant force vector T is oriented in e3-direction and has magnitude P = 100 - 10° Pa.
The parameters of the Mooney-Rivlin material correspond to a Young’s modulus of
E = 2850 - 10° Pa and a Poisson’s ratio of v = 0.4954 in the linear theory. Further data
is summarized in Tab. 3.2. The initial mesh and the final von Mises stress distribution
of the deformed configuration are depicted in Fig. 3.5. The calculated displacement
u of the upper right node (point A in Fig. 3.5) is plotted versus the number of

elements per side in Fig. 3.6.

It can be observed that the newly developed mixed element performs extremely good
when compared to the pure displacement formulation. The improvement in perfor-
mance of the mixed formulation is also visible in the incremental-iterative solution
procedure. In particular, as can be seen from Tab. 3.3, the total number of Newton
iterations needed to reach the final result is up to four times greater for the displace-
ment element than for the mixed element. This is partially due to the fact that the
mixed element typically needs less Newton iterations to reach the prescribed toler-
ance than the displacement element. This is exemplarily illustrated with Fig. 3.7
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3 A mixed variational framework for the design of EM schemes

for one representative load step (these results have been obtained with the {4,4,4}
mesh). In addition to that, the mixed element often allows for larger load increments
than the displacement element. The corresponding results of the investigations on the
incremental-iterative solution procedure are summarized in Tab. 3.3. The superior ro-
bustness of the mixed element normally overcompensates the additional numerical

effort on element level due to the static condensation procedure.

A “A _
T
H 600 - 10°
0
e3
L=
€1

Figure 3.5: Boundary conditions of Cook’s membrane (left), initial mesh (center) and von Mises stress
distribution of the final configuration (right).

Table 3.2: Material and simulation parameters for Cook’s membrane.

mechanical parameters a  126-10° Pa | geometry of membrane
b 252-10° Pa
c 81512-10° Pa

Newton tolerance e 1-100¢ -
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11 5

w10) 8 = 0
; e
0

s 9 1 s —5
z g
D —

gl —— di§p 0l —e—disp
—e—mixed - —e—mixed
0 5 10 15 20 25 2 4 6
Elements per side Iterations

Figure 3.6: Convergence with mesh refinement. Figure 3.7: Comparison of the Newton iterations

in a typical load step.

Table 3.3: Investigation on the robustness of the two element formulations under consideration.

1 in {eq, ey, e3}-direction | {4,2,2} | {4,4,4} | {4,8,8} | {4,16,16} | {4,24,24}
Num. of nodes 141 425 1449 5321 11625
Num. of global unknowns 423 1275 4347 15963 34875
Necessary load increments
disp/mixed 1/1 1/1 3/1 4/1 4/1
Total Newton iterations
disp/mixed 8/6 12/6 11/6 22/6 26/6

3.4.3 L-shaped block

The objectives of this example are:

03.I Verification of the algorithmic conservation properties.
O3.II Investigation of the numerical stability.

This transient example deals with the classical benchmark problem of a tumbling L-
shaped block introduced in [153]. Instead of St. Venant-Kirchhof material employed in
[153], we again make use of the Mooney-Rivlin material. The corresponding material
parameters are summarized in Tab. 3.5. These parameters correspond to E = 12825Pa
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3 A mixed variational framework for the design of EM schemes

for Young’s modulus and v = 0.2857 for Poisson’s ratio in the linear theory. Further
data used in the simulation can also be found in Tab. 3.5. The initial geometry and
the finite element mesh of the L-shaped block are illustrated in Fig. 3.8 and Tab. 3.5.

There are no Dirichlet boundary conditions and after an initial loading phase the
block is tumbling through space exhibiting large deformations (Fig. 3.9). The dis-
cretized L-shaped block has 768 nodes leading to a total of 2304 global unknowns.
Time-dependent pressure loads are acting on the L-shaped block, as illustrated in
Fig. 3.8. In this connection, the nodal dead loads are given by

256/9 t for t<25s
N .
Pi(t) = —Py(t) = f(t) | 512/9 o With f(t)=45—t for 25<t<5s.
768/9 0 for t > 5s

(3.82)
Note that after the loading phase, the discrete system under consideration can be
classified as autonomous Hamiltonian system with symmetry. Correspondingly, for
t > 5s, the total linear momentum, angular momentum and energy are conserved

quantities.

LLé&

Figure 3.8: Sketch of the L-shaped block in the initial configuration (left), the discretized

model (center) and von Mises stress distribution at t = 3.6 s (right).

As expected both the displacement formulation and the mixed formulation are ca-
pable of correctly reproducing the conservation laws of the underlying continuum
theory. This is true for arbitrary time steps, including time step changes. Figs. 3.10
and 3.12 corroborate conservation of energy for both formulations under considera-
tion. The incremental change of the total energy is below the Newton tolerance and
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3.4 Numerical Investigations

shown for both formulations in Figs. 3.11 and 3.13. It is well-known that standard
time-stepping schemes such that the mid-point rule show a tendency to numerical
instabilities in nonlinear applications. The numerical instability is typically accompa-
nied by a blow-up of the total energy. The unstable behavior of the mid-point rule
can also be observed in this example (see Figs. 3.10 and 3.12). In contrast to that,
the present EM schemes are numerically stable. Eventually, conservation of the to-
tal angular momentum for both formulations at hand is illustrated in Figs. 3.14 and
3.15.

Similar to the equilibrium problem considered in Section 3.4.2, we investigate the
robustness of the two alternative EM schemes at hand. Again the mixed formulation
leads to an enhancement of the robustness when compared to the pure displacement
formulation. Typically, the mixed formulation (i) needs less Newton iterations per
time step, and (ii) allows for greater time steps than the displacement formulation.
For example, the displacement formulation allows for a maximum time step size of
At = 1.2s to attain convergence of the iterative solution procedure. In contrast, the
time step size of the mixed formulation can be increased up to At = 2.4s, while the
average number of Newton iterations per time step is below that of the displacement
formulation. Consequently, the total number of iterations required within the time
interval of interest is almost three times lower for the mixed formulation than for
the displacement formulation (see Tab. 3.4). Moreover, for smaller time steps the
mixed formulation saves about one iteration per time step when compared to the

displacement formulation (see Tab. 3.4).

Table 3.4: Investigation on the robustness of the two element formulations under consideration when

using the respective EM scheme.

Time-step size At 0.8s 1.2s 2.4s
Number of time-steps 126 84 42
Total Newton iterations
disp/mixed 737/644 598/500 | no convergence/266
Average iterations per time-step
disp/mixed 5.85/5.11 | 7.12 / 5.95 | no convergence/ 6.33
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3 A mixed variational framework for the design of EM schemes

Table 3.5: Simulation parameters for the L-shaped block.

mechanical parameters a 83125 Pa geometry of the L-shaped block
b 16625 Pa
c 0 Pa 3
reference density 00 100  kgm™3
Newton tolerance e 1-107° — » 7 [m]
time step size At 08,12 s : 3
simulation duration T 1008 s

31-10°

Figure 3.9: Snapshots of configurations at ¢ € {0,1.2,2.4,3.6,4.8,6.0,7.2,8.4,9.6,10.8,12.0,13.2}s. The
results have been obtained with the mixed elements, EM Scheme and At = 1.2s.
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En+1 U]

1.5

0.5

-10*

—disp, EM, At=0.8
—disp, EM, At=1.2 ||
—disp, MP, At=0.8

—disp, MP, At=1.2
| | |

|
20 40 60 80 100

t [s]

Figure 3.10: Displacement formulation: Total

En+1 U]

1.5

0.5

energy versus time.

10

LAWY
— mixed, EM, At=0.8
— mixed, EM, At=1.2 |/
— mixed, MP, At=0.8
— mixed, MP, At=1.2
| | | | |l

20 40 60 80 100
t[s]

Figure 3.12: Mixed formulation: Total energy

versus time.

1074
T
L -

{ﬁ‘r —vV v \ v
—disp, EM, At=0.8
—disp, EM, At=1.2

| | | | |
0 20 40 60 80 100
t [s]

Figure 3.11: Displacement formulation:

Incremental change of total energy.

107>
— mixed, EM, At=0.8
— mixed, EM, At=1.2
0 20 40 60 80 100
t [s]

Figure 3.13: Mixed formulation: Incremental

change of total energy.
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H]n+1 _]n” [Nm]
(ew]
-
2

H]nJrl _In|| [Nm]
o

N | T -
—disp, EM, At=0.8 — mixed, EM, At=0.8
—disp, EM, At=1.2 — mixed, EM, At=1.2

_2 L 1 1 1 I _2 1 1 1 1 I

0 20 40 60 80 100 0 20 40 60 80 100
t [s] t [s]
Figure 3.14: Disp. formulation: Incremental Figure 3.15: Mixed formulation: Incremental
change of angular momentum. change of angular momentum.

48



4  EM schemes for quasi-
incompressible elasticity in
principal stretches

In this chapter, we introduce a new algorithmic stress formula in its eigenvalue rep-
resentation to model the transient behavior of hyperelastic bodies of Ogden type
materials. Moreover, several numerical examples show the superior performance of

the proposed formulation in terms of numerical robustness and stability.

4.1 Multiplicative and spectral decomposition

In this section a brief outline of the eigenvalue representation of second order tensors
is given. Afterwards, a multiplicative decomposition as well as a spectral decomposi-

tion of second order tensors will be presented.

4.1.1 Eigenvalue representation

Assuming symmetry of A € R3*3,ie. A = AT, the eigenvalue problem is given by

ANA = AANA, (4.1)

1 This chapter is based on [81].
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where /\Z-A, i = 1,2,3 denotes the eigenvalues and NIA corresponding orthonormal
eigenvectors of A. Note that in (4.1) no summation is applied. Accordingly, any
symmetric tensor may be presented with the use of spectral decomposition, such
that X
A=Y M NANE (4.2)
i=1

The eigenvalues A#! are solutions of the characteristic polynomial

det(A) = (MM — P (A2 + A - =0, (4.3)

1

where I}, I3 and I#! are the principal invariants of A defined by

' =0(A) =tr(A) = A A0 404,
' = L(A) = tr(cof(A)) = AP AL + A AL A0, (4.4)
B = I3(A) = det(A) = AL AL

Once the eigenvalues A have been calculated, the eigenvectors N/ can be computed
via (4.1). In the following distinct eigenvalues (/\{‘ # /\f # /\é“ * /\‘14) are assumed.
In the case of two or three equal eigenvalues, a perturbation technique will be ap-
plied (see [155, 111, 112] and [119] in case of structure-preserving schemes) to avoid
singularities during the numerical analysis. See Appendix C.3 for more information

concerning the numerical implementation of the perturbation technique.

Remark 4.1. Alternatively, spectral decomposition (4.2) can be written by using the closed-
form expression of the eigenvector basis leading to the explicit expression

B _,A Ay—1 A—1
" 3 (AA)2 A — (tr(A) — A )I[—)i—Adet(A) AHTA , 45)
i=1 i
where
DA =2 (A2 —tr(A) AL 4 det(A) (AR) L. (4.6)

In contrast to (4.2), the closed form representation (4.5) does not need to compute the eigenvec-
tors. For more background on the spectral decomposition we refer to [121, 164]. The numerical
treatment of the closed-form expression (4.5) is discussed in [155, 111, 112]. See [114] for a de-
tailed comparison of alternative approaches based either on (4.2) or the closed-form expression
(4.5).
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4.1.2 Spectral decomposition

As a consequence of the polar decomposition of the deformation gradient tensor (see
e.g. [68]) we obtain
F=RU, (4.7)

where the rotation tensor R € SO(3) and the right stretch tensor U : By — R3*3 have
been introduced. Consequently, the right Cauchy-Green tensor is free of rigid-body
rotations, e.g.

C=(RU) (RU) = U>. (4.8)

Moreover, the eigenvalues of U are the principal stretches AY, whereas the eigenval-
ues of C corresponds to the squares of the principal stretches. That is, AC = (AH)2.
The spectral decomposition of C is given by

3
(ANE@NE =Y ACNE@NE, (4.9)
i=1

Mw

C =

1

Il
_

where we again assume distinct eigenvalues for C (e.g. AL # AS # AS).

4.1.3 Multiplicative decomposition

Depending on the material law it might be useful to decouple the deformation into
an isochoric and a volumetric part, see [43, 157]. For finite deformation problems, the
multiplicative split of the deformation gradient into isochoric part F and volumetric

part F yields
F=FF. (4.10)
Employing (2.20), gives
dv = det(F)dV = det(F) det(F)dV, (4.11)
where
det(F) =1 and det(F) = det(F), (4.12)

respectively. Thus, (2.20), (4.10) and (4.12) leads to
F=det(F)'?1, (4.13)
for the volumetric part and

F=det(F)"'/3F, (4.14)
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for the isochoric part. Similarly, by construction of the right Cauchy-Green strain
tensor (2.41), the multiplicative split of F leads to

c=CCcC, (4.15)

where
C=det(C)?*I and C=det(C)"3C, (4.16)
denote the volumetric and isochoric parts, respectively. In accordance to (4.12) we

obtain
do? = det(C) dV? = det(C) det(C)dV?, (4.17)

with

det(C) =1 and det(C) = det(C). (4.18)

Furthermore, the principal invariants given in (4.4) can be applied to C leading to
I€ = tr(C) = det(F) 23 If,
I€ = tr(cof(C)) = det(F) 31, (4.19)
I€ = det(C) = 1.
In view of the multiplicative decomposition (4.10), we obtain for the isochoric stretches
A = det(F)"Y3AY and AC = det(F) >3 AF, (4.20)
along with the condition of isochoric deformation
AT = ACASAS = 1. (4.21)
The modified eigenvalues AY and A€ in (4.20) refer to the corresponding isochoric

stretch tensor U = det(F)~!/3U and the corresponding isochoric strain tensor C as
introduced in (4.16). The spectral decomposition of the isochoric part C yields

3
C=Y AFNf®NF, (4.22)
i=1

assuming distinct eigenvalues A¢ # AS # AS.

4.2 Constitutive equations for

large strain elasticity

In this chapter we focus on hyper-elastic material behavior with a decoupled stored
energy density function which fulfills the axiom of frame-indifference and is given
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by
¥(C) = ¥(C,cof(C),det(F)) = Yiso(C, cof(C)) + Yyor(det(F)), (4.23)

In particular, we introduce the stored energy function as

¥(C, cof(C), det(F)) = ¥iso(C, G) + ¥vol(])

c - (4.24)
= \F1so(c) + 150(G) +¥l(J)
where G : By — R3*3 denotes the cofactor of the isochoric part of C. That is,
G = cof(C) = %C&&C. (4.25)

Note that the stored energy function given in (4.24) is inspired by the concept of poly-
convexity, see [7, 35]. To proof polyconvexity, the stored energy function must be
defined in terms of F, cof(F) and det(F). Due to the multiplicative split, polyconvex-
ity is only guaranteed under certain circumstances (see [62] for more information).
Accordingly, the stored energy function in (4.24) is not polyconvex in general. The
specific form (4.24) of the stored energy function turns out to be advantageous for
the design of numerical methods, see [27] or Chapter 3.1. Next, the stress response
tensor is derived from the decoupled stored energy function (4.24) by employing the
tensor cross product operator introduced in Sec. 2.1. The directional derivative of the

decoupled stored energy function ¥(C, G, J) given in (4.24), yields
DY [5¢] = dc¥is, : DC[og] + 06 ¥is, : DGlog] + 0¥ D0g] . (4.26)

180

With the use of the directional derivatives of the kinematic quantities (2.56), (2.57) and
the directional derivative of | given by

1
DJlép] = 5]~ G : DC[sg], (4.27)
a new stress formula for the decoupled stress tensor is introduced as
S = Siso + Svol s (4.28)

where the purely isochoric contribution Sj, is given by

Siso = 2 (3cYS, +9c¥S,+C), (4.29)
and for the purely volumetric part we obtain
Svol = 9/¥val ] ' G. (4.30)

In the equations above, use has been made of the relation in (2.59).
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4.2.1 Hyperelastic model using principal stretches

For the given frame-indifferent stored energy function, we may express ¥ as a func-

tion of the principal stretches of C and G in the decoupled form as
T(C) = T(C/ G, ]) = 1IIiso(}_\ch }LIG) + ‘onl(D Tgo()‘c) + Tfs;o()LG) + ‘Fvol(]) ,(4.31)

for i = 1,2,3 where the following relationships between the eigenvalues and eigen-

vectors of C and G, respectively are given by
A ZAEAE, AG=ACAS, A =ACAS,

(4.32)
N¢ = N¢, N$ = N§, N§ = N§,

see Appendix C.1 for details.

Next, we express the second Piola-Kirchhoff stress tensor given in (4.28) in terms of
the eigenvalues of the kinematic quantities. For the sake of clearness, we further split
the isochoric part Siso into the part connected to C and G, respectively, as

SC, =20cYS (AF)  and  SS =

10 10

=209cYS (Af)=C. (4.33)

10

In the following we need some important relationships to derive the stress tensor. The

derivative of the eigenvalues AS or AS with respect to C or G yields

oA _ NCNE IAE
ac °r 36

see [155] or Appendix C.2.

=NP®NE, (4.34)

Using the principal stretches for the isochoric stress response of S$, we obtain

180

AYE() AL & o e e
1so =2 ; 8/\C )LC aC E(Slso) Ni ®Ni ’ (435)

with the following relation

OAC  3(det(C)"1/3 L)

1

c C
a)\j a/\].

1
3

= det(C)"1/3 (51-]-— Ac (xf)—l). (4.36)

Thus, the principal stresses of S yield

180

iso (361 KC) . @3
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4.2 Constitutive equations for large strain elasticity

In the last equation summation over j applies. For the evaluation of the second iso-

G

choric stress response S;7

the relation corresponding to (4.36) is provided as

OAC  9(det(G)1/3A0) 13 156 56y-1
aA;G - NG = = det(@)7 (5 3 M) ) s
Then we obtain
5 IFE, (AG) IAL 0T y
G _ ] _ G G G
Siso = 2 i=1 1850/_\1(;1 8)\;(; Wy§c B i=1 (Biso)s (N7 @ NT)=C 4

where the principal stresses are given by

I¥G 9Af¢ ¥S  10¥S. -
Gy _ iso ] _ -1/3 iso _ iso (3G\—-137G
(SS,), =2 ¢ 36 2 det(G) <aZiG 3 916 (AG)TAF). @40)

To summarize, the second Piola-Kirchhoff stress tensor can be written in the form

3
S=) (S5)iNi @ Nf +(S¢

iso/i iso

)i (NF@NF)»C+ Syqr.- (4.41)

4.2.2 Ogden-type material model

We are now in the position to deal with Ogden-type material models (see, for exam-
ple, [107, 126, 35]) whose stored energy function assumes the specific form

FAL AL ) = ¥5(AF) + ¥ (AF) + Fral(]), (4.42)
where
¥io(Af) = f a (D)2 + (AF)™/2 4 (A§)™/2 = 3), (4.43)
and "
¥ (AF) = % by (AF)2+ (A5)/2 + (A§)/* - 3). (4.44)
n=1

A possible choice for the convex volumetric term ¥, (J) is given by
Fral(]) = cd ™ (dIn(]) + ] = 1), (4.45)

see, for example [125]. In (4.45), ¢ represents the bulk modulus and d an additional
material coefficient. Moreover, the stored energy functions yields a stress- and energy-
free response for )_tl-c,)_tic =1fori=1,2,3 and | = 1. Various alternative volumetric
strain energy functions and their investigations in terms of convexity and physical

behavior are given in [62].
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4 EM schemes for quasi-incompressible elasticity in principal stretches

Example (Mooney-Rivlin material): For the particular case of N = 1, M = 1 and
Y1 = 2, 61 = 2 the stored energy function (4.42) leads to the Mooney-Rivlin material

whose stored energy can be written as

YMRAS, AL, ) = Yo (AF) + Y5, (AF) + Feal()), (4.46)
where
YE(AD) = a1 (AS) + (AS) + (AS)) = m I, (4.47)
and

¥E(AF) = b1 (AF) + (AF) + (AF)) = b1 (AT AS) + (AT AS) + (A[ AF)) = bu I5 .
(4.48)
Note that in the above equation use has been made of (4.32).

4.3 Variational formulation

In this section we present two possible variational frameworks suitable for large strain
elasticity. While the first one is a displacement based formulation, we also introduce
a Hu-Washizu type mixed formulation. Afterwards we extend both formulations to
the dynamic regime. Eventually, we outline the balance laws for angular momentum

and energy pertaining to the hyperelastic body under consideration.

4.3.1 Displacement based variational formulation

We start our developments from the total potential energy of the elastic body under
consideration. In this chapter the decoupled representation of the internal potential
energy yields

11 /‘I’ (AS, A6, ) dV = /‘I’lso CAS) + ¥, () dV. (4.49)

Variation of the total potential energy with respect to the deformation along with the
principle of stationary potential energy (see, e.g. [170]) and the directional derivatives
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4.3 Variational formulation

of the kinematic relations provided in (2.56), (2.57) and (4.27), yields the variational

equation

DI1[6g] — / DY¥[d¢p] dV + DIT[6g]
- / IC¥ S, : DC[og] + ¥, : DG[og] + ¥, DJ[0p] AV + DIT [bg)

1
- / (S5 + S, + Suat) : 5DClég] dV + DIT3 3] =0,

(4.50)
where the external potential is given in (2.25). The equations above have to hold for

admissible variations d¢p € V.

4.3.2 Mixed formulation for quasi-incompressibility

Next, we introduce a Hu-Washizu type three field functional in the spirit of [157, 155].
Thus we define the functional

N, p,T / iso(1,A0) + ¥ua(T) +p (]~ 1) AV +115(g),  (45D)

where the additional unknowns are the hydrostatic pressure p € V; and the volu-
metric dilatation T € V.. In this connection, we introduce the sets

Ve={1:By— R|fortelLyBy)},

(4.52)
V,={p:By— R|forpecly(By)}.

Note that p plays the role of a Lagrange multiplier to enforce the additional constraint
T = |. The external potential energy is the same as in the pure displacement formula-
tion and has already been introduced in (2.25). We now impose the stationary condi-
tions on the functional with respect to all field variables, to obtain the Euler-Lagrange

equations as

1
Do) = [ (95, +36¥E,C+ 5 p] ™ G) s DClog] dV + DI o] = 0

By

1sp) = [ep () —7)av =0, (4.53)
By

I[ot] = /51— (0c¥yol —p)dV =0.
By
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4 EM schemes for quasi-incompressible elasticity in principal stretches

The above equations have to hold for arbitrary é¢ € V, 6T € V; and ép € V. Note
that (4.53); contains the two stress-type second-order tensors defined previously in
(4.33). Moreover, (4.53), recovers the constraint | — 7 = 0 related to the volumetric
dilatation and (4.53)3 yields a constitutive compatibility condition.

4.3.3 Extension to elastodynamics

Next we extend the proposed formulation to the elasto-dynamic regime. The ex-
tension of variational formulation (4.53) to the dynamic regime follows the lines of
Sec. 3.1.1 and is given by

/5V- (¢ —V)podV =0,
By
. 1
/ (6p-po V + (3c¥iso + 06 ¥iso C + SpI! G) : DC[dg]) AV + DI [ég] = 0,
By
/ép(]—T)dV:O,
By
/ 5T (8: ¥y — p)dV = 0.

By
(4.54)

Note that the variational equations (4.54)3-(4.54), retain their form. The above equa-
tions have to hold for arbitrary {0V, d¢,dp,0T} € V x V x V, x V; and are supple-
mented by prescribed initial values ¢, € V and Vg € V at time t = 0. Consistent
initial values for the mixed fields, {po, 7o} can be calculated with the use of (4.54)3
and (4.54)4.

Remark 4.2. Time differentiation of | yields

j= %I”G . C, (4.55)

where the properties of the tensor cross product have been taken into account. Time differenti-
ation of C, G have been introduced in (3.15)1 and (3.15).

4.3.4 Balance laws

In this section we consider the balance laws for linear momentum, angular momen-

tum and energy. We start from the variational equations of the mixed formulation.

58



4.3 Variational formulation

4.3.4.1 Balance of linear momentum

For verification of the balance of total linear momentum the admissible variations in
(4.54) are §V = 0 and d¢p = { where { € R? is arbitrary but constant. This yields

(S <o, (456)

where the total linear momentum and the total external mechanical loads have been
introduced in (3.19) and (3.20), respectively. Therefore for vanishing external me-
chanical loads the total linear momentum is a constant of motion of the continuous

system.

4.3.4.2 Balance of angular momentum

Following the procedure of Sec. 3.1.2.2, we choose admissible variations dp =  x ¢
and 8V = { x ¢ with constant and arbitrary { € R® and DF[dg] = { F. From (4.54);
and (4.54); we get

[@ @) vpoav —o,

By

_ 1
/ (g x@-poV+ (acwgo +0G¥ 8 C+ 5 p) ! G) : DC[g x (p]) av (4.57)
By

+DITZ x ] = 0.
Since the inner bracket term in (4.57), is symmetric, we obtain
7 (iijexf) —0 (4.58)
dt ’ ’

compare (3.21)-(3.26). Therefore, the components of the angular momentum, JE=C-J
are conserved along solutions of equations of motions when the external torque about

the corresponding axes, { - M®, vanishes.

4.3.4.3 Balance of energy

Next we focus on the balance law for total energy. Again, we start from the variational
equations (4.54) and choose admissible variations é¢ = ¢ € V, 6V = V € V along
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4 EM schemes for quasi-incompressible elasticity in principal stretches

with ép = p € V and 6t = 7 € V. With the definition of the kinetic energy of the
continuum body (3.28) we get from (4.54);

/(p VpodV = /V VpOde /V Vpodv) =T (4.59)
By
With (4.54),, (4.55) and the admissible variations, (4.54); and (4.54)4, we obtain
1 . )
/¢ VdeV + / aC1~I[1so + aG\Pwo%%C + E P ]71 G) :CdV + Hf,;(t((p)
By By

—/(p VpodV+/8C‘I’lso C+06¥EC: C+p) 7 G CAV +TT5(p)

0 0
- /q) V podV + /ac\lflso L C+0GYS, G+ 0 ¥ye ¢ J AV + T g).
By By

(4.60)
By definition of kinetic energy (3.28), internal energy (4.49), total potential energy
(2.26) and external power (3.31) we get the desired result as

%E = %(T +ITM) = T4 I = pot, (4.61)

Since dead loads have been assumed from the outset, balance law (4.61) corresponds
to the conservation of the total energy along solutions of equations of motions defined
by

E=T+II. (4.62)

4.4 Discretization in time

In this section we focus on the design of a structure-preserving time-stepping scheme
for the underlying formulations. In particular, we introduce the algorithm for the
mixed formulation. The time discretization of the displacement formulation follows

from that of the mixed formulation in a straightforward way.

The aim of this section is to define an implicit one-step time integrator that deter-
mines {V,11,@, 1, Pni1, Tur1} € V X Q@ X V), x V on time node ¢, 1 from the given
approximations {V,,@,, pn, Tu} € V x Q x V,, x V¢ on time node t,. This implies,

that the constraint in (4.54)3 is fulfilled at time-node t,. The time-discrete version of
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4.4 Discretization in time

the variational equations (4.54) is proposed as

1
/(SV . B((Pn_t,.l —4’n)P0 dv = /(SV ’ VVH—% Lo dV’

BO Bo
1

/5(1" A (Vi1 — Vu) podV =

By

1 _
- /(DC‘PiCso + DG‘Pgo%Calg + E Pn+1 ]alé Galg) : DC[5¢] ln.t,_% dv — DH%t [é(P} |n+% ’

By
/‘SP (Jng1 — Tuy1)dV =0,
By
/57 (DTTVOI - pn+1) dv =0,
Bo

(4.63)
for arbitrary {V,d¢p} € {V,V} and arbitrary dp € V,, 6t € V.. The constraints
in (4.63)3 and (4.63)s are evaluated in their endpoint configurations, see [15] or
Sec. 3.1. In the mid-point type (MP) integration scheme, the time discrete versions
of the kinematic quantities can be replaced by C,, = C(g, il ), Gag = G(o,, . 1 ) and
Jaig = J (g, +1 ). Then the time discrete versions of the partial derivatives assume the
form

Dc¥iso = dc¥io (A (Cle, 1)),

iso iso\"Yi
DG‘Pgo = aG\I]go()_tzG(G((anr%))) ’ (4.64)
Dr¥yo1 = 97 ¥vol (Tn+% ) ’

where details about the numerical implementation of the time-discrete eigenvalues
are provided in Appendix C.3.

4.4.1 Structure-preserving integration scheme

Next, a structure-preserving integration scheme is introduced, which satisfies the bal-
ance laws outlined in Sec. 4.3.4. Herein we use the semi-discrete variational equations
(4.63) as a basis. The algorithmic expressions of C and G for a structure preserving
integration scheme have already been introduced in 3.3.1. The algorithmic version of

J is defined as
(Jn + Jus1) - (4.65)

N[ —

Ialg =
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4 EM schemes for quasi-incompressible elasticity in principal stretches

Note that in general the MP type approximations C(e,, 1 ), G(o, . 1 ) and J (@, , 1 ) do
not coincide with the algorithmic expressions in (3.63), (3.64) and (4.65), see e.g. (3.68)
and (3.69). Next we focus on the approximation of the stress-type quantities in (4.63)s.
9GYE ,0: %0} in (4.53) are replaced by

In particular, the partial derivatives {dc¥< o

iso’

time-discrete derivatives in the sense of [52] denoted by {DC‘YISO, DG‘PISO, D:¥yo1}- In
the present case the discrete derivatives in question are given by
(FEo (A )nr1) — Y5 ((Af)n)) AC
DC‘Plso - aC\PSO(AC(C +%)) + = e AC - A1(sjo
aclfgo( (Cn+%)) : AC AC
AC : AC !
G ((3G G
G (3G (Y5 ((AF)nt1) = ¥2,(Af)n)) AG
DGYISO aG‘.Flso()L (Gth%)) + = l AG : Alz;)
IG5, (AF (G, 1)) : AG G
AG : AG g
DY, = Yool (Tus1) — ‘Yvol(Tn) .
Tnrl — Tn
(4.66)

where AC = C;41 — Cy, AG = Gyy1 — Gy and AT = T,,41 — Ty, respectively. Sim-
ilarly to the kinematic quantities, we obtain (A#), = A%(A(g,)) and (Ad), 1 =
A2 (A(p,,,)) where A stands for C and G, respectively. Details concerning the nu-
merical implementation of the time-discrete eigenvalues are provided in Appendix
C.3. Note that due to the scalar field variable T, (4.66)3 collapses to the Greenspan
formula introduced in (3.41), see [55]. In case of the limits ||C,11 — Cyl| — O,
||Gyt1 — Gul] — 0 and |71 — 7|, — 0 the discrete gradients in (4.66) have to be
replaced by the MP type approximation as given in (4.64). Using the discrete deriva-
tives in (4.66), it can be easily verified that the directionality property

Dc¥iso : (Cust = Cn) + D6 ¥io  (Gurt — Gn) +De¥yol (Tas1 — T)
= ¥ (A1) + ¥ (A )ni1) — (P ((A)n) + ¥z (AF)n))
+ ¥yol (Tu+1) — Fvol(Tn)
=Y((AD)n+1, A7)t Tasr) = YA )n, A ), 1) s

holds. The first term of the integrand on the right hand side of (4.63); coincides
with the second Piola-Kirchhoff stress in the time-discrete setting, c.f. (4.28). In this

(4.67)

chapter, the algorithmic stress tensor, denoted as S, can be expressed by the use of
(3.63) and (3.64) as

Salg =2 (DC\Y150 + DGTISO%? Culg + Pn+1 ]alg 3 alg) ’ (4.68)
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4.4 Discretization in time

and shares the same time-discrete version of the kinematic quantities as the second

Piola-Kirchhoff stress resulting from the mixed formulation (3.66).

4.4.2 Semi-discrete balance laws

In this section, we show that the semi-discrete mixed formulation inherits the bal-
ance laws of the continuous formulation (see Sec. 4.3.4) independent of the time-step

size.

4.4.2.1 Discrete balance of linear momentum

Following the procedure in Sec. 4.3.4.1 for the verification of the balance of total linear
momentum we assume that ¢ = { and 6V = 0 are admissible variations, where
{ € R3 is arbitrary but constant. Then (4.63), yields

1
0 (55 (L1 — L) = F) =0. (4.69)

Therefore for vanishing external mechanical loads the total discrete linear momentum

is a constant of motion of the semi-discrete system.

4.4.2.2 Discrete balance of angular momentum

With regard to the developments from Sec. 4.3.4.2, we choose as admissible variations

dp =T xg@, 1 and OV = 7 % (9,1 — @,), where { again is a constant vector. Then
2

the time-discrete variational formulation (4.63) yields

/g X ((Pn+1 _¢n) : Vn+% POdV =0,
By

: 1
/g X Qi1 (Vir — Vi) podV = —/salg s DC[T x g0n+%]|n+% dv (4.70)
BO BO

- Dnz(t[g X ¢7’l+%] °
Similarly to A€ in (3.52), the algortihmic stress tensor S, in (4.70), is symmetric and

therefore, we obtain .

0 (o Unia—=T0) =M™,.1) =0, @.71)
see (3.53)-(3.56). The equation above corresponds to the balance of angular momen-
tum with respect to the {-axis.
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4.4.2.3 Discrete balance of energy

To proof the balance of energy, we follow the procedure from Sec. 4.3.4.3 by choosing

admissible variations of the form: 6V =V, .1 -V, € Vanddp =9, | —@, € V. As

shown in (3.57), we obtain for (4.63); the following result:
1
/(Vn+1 = Vi) Af (@1 —@,)00dV =Ty 11— Ty
By

Accordingly, taking into account the relationships
DC[¢n+1 _q’n]|n+% =Cpy1—Cn,
C”lé’%DC[qonJrl 7¢n]|n+% = Guy1— Gn,
Gulg : DC[{OH_H _¢n]|n+% = ]13-5-1 - I;%r
(4.63), yields

Tuii =Ty = = [ (De¥a s (Covi = C) + DG ¥y : (Guia — Gu)
By

+ a1 (Jng1 — ]n)) dv — DHfg‘t[(an - ¢,

Furthermore, choosing dp = p,11 € V), in (4.63)3 leads to

/Pn+1 (]n+1 - Tn+1) dv =0,
By

and, analogously,
[puUn=m)av =o.
Bo

The last two equations give rise to

[Pt Ui =1V = [pusa (fr1 =5 dV = [De¥ar (rsr =) AV
By By By

Note that the last equation results from the choice 6T = 7,11 — T, in (4.63)4.

(4.74) can be written as

Tyt = To = = [ (De¥S, :(Cusa = o) + D ¥, : (Guia — G
By

+Dc¥ o1 (Tra1 =) ) AV = (115 ,.4) — 1140, -
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4.5 Discretization in space

Directionality property (4.67) implies

Tup1 = To = — (1@, 41, Tur1) = T, 7)) — (T4 (@, 1) — 115 (e,)) - (4.79)

In analogy to (4.49) and (2.26) we define, respectively,

M, 7) = [¥OEAE, 0V = [ (Fio(AEAF) + (D) 4V, (480)
By By
and
(g, 7) = T (g, 7) + T () - (481)

Accordingly, (4.79) can be recast in the form
Tut1+ 141 = T + 11y, (482)

such that the present integrator is capable to preserve the total energy of a conserva-
tive system, independent of the time-step size.

4.5 Discretization in space

For the discretization in space we apply, similar to Sec. 3.3, the standard isoparamet-
ric finite element approach based on finite-dimensional approximations {¢", vhy €
{QM x VP} € Q x V. Moreover, the additional field variables T" and p" are based on
approximations V, V), of the form

Hen
b
vh — {AEWA|Ah‘Bée) :I;M,;“A } (4.83)

where A stands for T or p. Here, nen denotes the number of element nodes aris-
ing from the interpolation of the additional fields. The present sample application
relies on uniform element-wise approximations for the volumetric dilatation T and
the hydrostatic pressure field p making use of the shape functions M{' : By — R,
with b = 1, ..., #1en. The standard (Bubnov-) Galerkin approach relies on analogous
approximations for the corresponding variations. Since no inter-element continuity
is required for the mixed approximations (related to the shape functions Mj}), the
additional unknowns can be eliminated on element level, see [27, 23]. Note that the
proposed discretization in space does not affect the structure-preserving scheme and

inherits the fundamental balance laws.
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4.6 Numerical Investigations

In this section we verify the improved numerical performance due to both the mixed
finite element formulation and the structure-preserving integration scheme. In the
following, displacement based finite elements are denoted as Q1 with linear continu-
ous interpolation space for the displacement field and the mixed finite elements are
denoted as Q1P0 with linear continuous interpolation space for the displacement field

and a constant discontinuous interpolation space for the mixed fields, see Fig. 4.1.

¢ ¢

Figure 4.1: llustration of the nodal points for the Q1 finite element (left) and the Q1P0 finite element
(right). The bullets represent the nodal points of the continuous displacement field and the
square represents the nodal points of the discontinuous mixed fields.

Moreover, the mid-point scheme outlined in Sec. 4.4 is denoted as MP, whereas the
energy-momentum consistent time-stepping scheme, outlined in Sec. 4.4.1, is de-
noted as EM. Finally, we would like to emphasize that the patch-test, investigated
in Sec. 3.4.1, is fulfilled for the elements presented in this chapter, see [81].

4.6.1 Static convergence analysis

The objectives of this example are:

O1.1 Verification of the order of accuracy with respect to mesh refinement.
OL.II Verification of quadratic convergence of Newton-Rhapson solution process.

This example is constructed following [129, 140] where we assume a prescribed de-

formation field ¢P™ given as

@P"¢ = X + U sin(X) e; + Uy sin(Y) e + Uz (sin(Z) + cos(Z)) e3 . (4.84)
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4.6 Numerical Investigations

Therein U; = {0.1 0.2 0.3} and e; are the basis vectors in the spatial configuration.
Accordingly, the prescribed deformation gradient FP'™ can analytically be computed
by employing (2.14), such that

FP™ = (14 Uj cos(X)) e; @ Ey + (1 — Uy sin(Y)) e ® Ep

(4.85)
+ (14 U; (cos(Z) —sin(Z))) e3 ® E3,

where E; are the basis vectors in the material configuration. Afterwards, the pre-
scribed right Cauchy-Green strain tensor, CP'¢, its co-factor GP™ and the determinant

of the prescribed deformation gradient JP™ can be calculated as
CP™ = (FPre)TppPre,  GPre = %Cpr%cpre, JPT¢ = det(FP™). (4.86)
The prescribed pressure pP™ and volumetric dilatation 7P™ are given by
TP = JP and  pPTC = 0¥, (TP°), (4.87)
which result in a prescribed second Piola-Kichhoff stress tensor given as

SP® = 29c¥S, (AC(CP™)) + 295 ¥S, (AC (GP™))= CP™ 4 pPre (JPre)~1 GP™® . (4.88)

1s0 150

Eventually, the first Piola-Kirchhoff stress tensor and the respective prescribed volume

load are given by
pPre — ppregpre o4 BP — _DiV<PPre) . (4.89)

Now we investigate the approximated solution of the displacements and their ana-
lytical counterparts for the given volume load BF'® and determine the rate of conver-
gence. As a domain of interest, we consider a cube with Q) € (0,1)[m] x (0,1)[m] x
(0,1)[m] as depicted in Fig. 4.2. Dirichlet boundaries which coincide with the pre-
scribed deformation given in (4.84) are applied on all surfaces (x; = 0Ax; =1, i =
1,2,3) of the cube. In this example we make use of an Ogden type material model
as introduced in Sec. 4.2.2. The geometry and the material as well as the simulation
parameters are given in Tab. 4.1. These material parameters correspond to the Lamé
parameters Ag = 1.05-10° Pa and pg = 1.18 - 10® Pa in the linear theory. See Fig. 4.2
for the von Mises stress distribution of the given deformation field. In Fig. 4.3, the L,

norm of the error is displayed over different mesh sizes.

As expected, the convergence observed is (nearly) 1, + 1, where n, is the order of the
finite element approximation space. Since we focus on low-order finite elements and

the rate of convergence seems to be optimal, we focus on this type of approximation in
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the following. Finally, in Fig. 4.4, the quadratic convergence of the Newton-Rhapson

type of solution process can be observed (in here, we plot the iterations for the first

load-step of the finest mesh). Accordingly, the consistent linearization of the non-

linear problem is verified.

e3
kez
el

400

Figure 4.2: Boundary conditions (left) and von Mises stress distribution of the final configuration

(right).

Table 4.1: Material and simulation parameters for static convergence test.

mechanical parameters a, {6.3, 0.012, —0.1 } - 10> Pa
by {63, 0.012, —0.1 }-10> Pa

T (13,5 2} ;

S (13,5 -2} -
c 2.10° Pa

d -2 -

Newton tolerance € 1-1077 -
size of increment AU 0.1 ™m

geometry of the cube

1

1 [m]

4.6.2 Compressed block

The objectives of this example are:
O2.I Verification of the algorithmic energy approximation.

O2.II Verification of numerical stability and validity.
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Figure 4.3: Convergence with mesh refinement. Figure 4.4: Newton iterations in a load-step.

The first transient example deals with a nearly incompressible block as shown in
Fig. 4.5. The block is fully clamped on its bottom face (at x3 = 0) and symmetry
conditions are taken into account on the surface at x; = 1 (zero displacements in e;-
direction) and x, = 0 (zero displacements in e;-direction). A time-dependent surface
load with magnitude P is acting on a quarter of the top of the block in negative e3-
direction as illustrated in Fig. 4.5. In this connection, the nodal dead load is given

by

sin (57— t) t <ty
ml
P(t) = f(t)p, with f(t) = cos(z(tdftm,> (t=ty)) b =t <ty, (4.90)
0 t >ty

where at t,,,; = 1s the load reaches its maximum and at ¢,; = 2s the load interval ends.
In the compressible case we set p = (—1-10%) Pa, whereas for the incompressible case
we set p = (—3-10%) Pa. The Ogden’s type material model is given in Sec. 4.2.2 and
the corresponding material and simulation parameters are provided in Tab. 4.2. In
the linear theory, these material parameters correspond to the Lamé parameters o =
1.18 - 10® Pa and Ay = 1.05 - 10° Pa for the incompressible case and Ap = 1.13 - 10% Pa
in the compressible case, respectively.
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4 EM schemes for quasi-incompressible elasticity in principal stretches
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Figure 4.5: Boundary conditions of the compressed block (left), initial mesh (center) and von Mises
stress distribution of the incompressible block at 0.5s (right).

First, we verify the validity of the proposed formulation. In Figs. 4.6 and 4.7 the posi-
tion in e3 direction of node A is plotted over time. Herein we use the EM scheme along
with a time-step size of At = 0.05s and a coarse discretization (crs) with 4 x 4 x 4 fi-
nite elements, a medium discretization (mdm) with 6 x 6 x 6 finite elements and a
fine discretization (fn) with 8 x 8 x 8 finite elements. As it can be observed in Fig. 4.6,
for the compressible case both formulations are in a good agreement. In contrast, the
incompressible case is investigated in Fig. 4.7, where the locking phenomena of the
Q1 formulation can be observed in this transient example. While the Q1P0 formu-
lation shows a good spatial convergence behavior, the Q1 formulation shows strong
locking effects, which lead to invalid simulation results. Interestingly, due to locking,
the period length of the Q1 formulation is much smaller which can cause serious
problems e.g. in fatigue studies. Next we verify the algorithmic conservation of the
total energy for the presented EM scheme. In here, we use the Q1P0 formulation
along with the nearly incompressible material behavior. In Fig. 4.8 we observe that
the standard MP time-stepping scheme overestimates the total energy and after that,
numerical instabilities lead to a termination of the simulation. In contrast, the pre-
sented EM scheme is numerically stable for the whole simulation time, see Fig. 4.8.
Moreover, the EM scheme is capable to reproduce the balance of energy in the time-
discrete setting independent of the time-step size, where the difference of the total
energy of a time-step is under the user defined Newton tolerance, see Fig. 4.9. Note
that we obtain the same improved stability and robustness of the EM scheme for the
compressible case, too. Fig. 4.10 shows the deformation for some time points of the

compressed block with its von Mises stress distribution.
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4.6 Numerical Investigations

Table 4.2: Material and simulation parameters for the compressed block.

mech. parameters a, {9.45, 0.012, —0.1 } - 10> Pa geometry
by {945, 0.012, —0.1}-10> Pa of the block
Ym {13,5, -2} -
O (13,5, -2} - L
10279105
c 2-10°/2-10 Pa 1 [m]
) -
reference density  p 1000 kgm ™3 1
Newton tolerance & 1-107° -
time-step size At 0.2/0.1/0.025 s
simulation time T 20 s
1.4 \ \ 1.2
—Q1, crs
—Q1, mdm
L2r gii’gn crs \ ‘ y &? \X‘
Sl T\ g
c QlPO, fn c \
RS 15 [ 9 \ |
= = \ —Ql, crs
e & o8l —Ql, mdm ||
oy Q1 fn
0.8 \ Y, //\/ —Q1P0, crs
Id | — Q1P0, mdm
/ Y Q1PO, fn
\/
'6 L L L L 06 ] L L L L
0 2 4 6 8 10 2 4 6 8 10
t[s] t [s]

Figure 4.6: Convergence with mesh refinement Figure 4.7: Convergence with mesh refinement
for the compressible case. Calculated for the nearly incompressible case.
with EM scheme and time-step size Calculated with EM scheme and
At = 0.025s. time-step size At = 0.025s.
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Figure 4.8: Total energy evolution of the Q1P0 Figure 4.9: Incremental change of total energy of
formulation for the nearly the Q1P0 formulation for the nearly
incompressible case. incompressible case.
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Figure 4.10: Snapshots of configurations with von Mises stress distribution at
t=4{0, 0.125, 0.250.375, 0.5, 0.625, 0.75, 0.875 }s. The results for nearly
incompressibility are obtained with the EM scheme and At = 0.025s.
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4.6 Numerical Investigations

4.6.3 Twisting column

The objectives of this example are:

O3.I Verification of the algorithmic conservation properties.
O3.I1 Verification of numerical stability and validity.
O3.III Verification of order of accuracy.

The last example deals with a twisting column depicted in Fig. 4.11, which is a mod-

ification of the example presented in [25, 61].
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Figure 4.11: Boundary conditions of the column (left), initial mesh (center-left), initial nodal velocity

distribution (center-right) and von Mises stress distribution at 0.12s (right).

In here, we would like to show that the EM scheme correctly approximates the energy
as well as the angular momentum of the mechanical system at hand even for very
complex deformations and extremely large strains. Again, we make use of quasi
incompressible Ogden material as presented in Sec. 4.2.2, where the material and
simulation parameters are summarized in Tab. 4.3. In the linear theory, these material
parameters correspond to the Lamé parameters g = 2.63 - 10® Pa and py = 1.18-
10° Pa. As indicated in Fig. 4.11, the initial velocity field is prescribed by

Vo—wox X, with wy=1[0,0, O sin(ZX00) 0], (491)

with Q; = 505! and ), = 10s~1. Note that the initial angular velocity wg depends
on the X3 coordinate, see Fig. 4.11 for an illustration of the nodal velocity vectors

and their magnitudes in . In addition, neither Dirichlet nor Neumann boundary
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4 EM schemes for quasi-incompressible elasticity in principal stretches

conditions are employed in this example and therefore, the system can be classified
as autonomous Hamiltonian system with symmetry implying conservation of total
linear momentum, angular momentum and energy. The objective of this example is

to show that these quantities are indeed conserved by the present EM scheme.

Fig. 4.12 shows that the EM scheme is numerically stable for the whole simulation
time and capable to reproduce the conservation of energy correctly, independent of
the time-step size, see Fig. 4.13 . Moreover, we can observe that standard schemes
like the mid-point rule typically exhibit numerical instabilities in non-linear applica-
tions, which leads to a termination of the simulation after about {0.07,0.09,1.525}s
for At = {0.01 0.0075, 0.005}s. Eventually, the total angular momentum is correctly
conserved independent of the time-step size for the presented EM scheme, which can
be observed from Figs. 4.14 and 4.15. Furthermore, we investigate the numerical ac-
curacy of the present EM time integrator, which should be of second order likewise
the mid-point integrator. To investigate this, we define the L, norm of the error in the
positions as

—@lL
llellL, = llp — /1, 2, (4.92)
e[,
where
1/2
lelle, = | [@-g)av| . (4.93)
By
Table 4.3: Material and simulation parameters for the column.
mech. parameters a, {6.3, 0.012, —0.1 }-10° Pa geometry
by {63,0.012, —0.1}-10° Pa of the column
Y (13,5, -2} - O
Om {13,5, -2} -
107
c 5-10 Pa 6 [m]
d -2 -
reference density  p 1000 kgm >
Newton tolerance ¢ 1-107° - <> <>,
time-step size At 0.01/0.0075/0.005 s 1 1
simulation time T 10 s

In (4.92), ¢, defines the reference solution of the positions, calculated with the smallest
time-step size (At = 0.00001s). We investigate the time interval 0s < t < 0.01s along
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4.6 Numerical Investigations

with a spatial discretization of {1 x 1 x 4} finite elements. As expected, all integrators

show second order of accuracy in the positions, see Fig. 4.16. Fig. 4.17 contains a series

of snapshots illustrating the twist of the column during the simulation.

En+1 [I]

10°
5 :
—EM, At = 0.01
45 —EM, At = 0.0075 ||
—EM, At = 0.005
4 —MP, At =001 ||
MP, At = 0.0075
35 MP, At = 0.005
3. 8
2.5 :
5 10 15
t [s]

Figure 4.12: Total energy evolution of the Q1P0
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formulation for the nearly
incompressible case.

10%
—EM, At = 0.01
— EM, At = 0.0075
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Figure 4.14: Total J evolution of the Q1P0

formulation for the nearly
incompressible case.
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Figure 4.13: Incremental change of total energy

||Jn+1 - Jn” [Nm]

of the Q1P0 formulation for the
nearly incompressible case.
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Figure 4.15: Incremental change of | of the

Q1P0 formulation for the nearly
incompressible case.
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Figure 4.16: Column: Error in the displacements.

100

Figure 4.17: Snapshots of configurations with von Mises stress distribution at t = {0, 0.03, 0.06,
0.09, 0.12, 0.15, 0.18, 0.21, 0.24, 0.27, 0.3, 0.33 }s. The results have been obtained for a
nearly incompressible material model with EM scheme and At = 0.0075s.
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5 EM scheme for nonlinear
thermo-elastodynamics

In this chapter we provide a new approach to the design of EM consistent integration
schemes in the field of non-linear thermo-elastodynamics. A temperature based weak
form is employed which facilitates the design of a structure-preserving time-stepping
scheme for coupled thermo-elastic problems. This approach is motivated by the gen-
eral equation for non-equilibrium reversible-irreversible coupling (GENERIC) frame-
work for open systems. In contrast to complex projection based discrete derivatives,
a new form of an algorithmic stress formula is proposed. The spatial discretization
relies on finite element interpolations for the displacements and the temperature. The
superior performance of the proposed formulation is shown by means of representa-

tive numerical examples.

5.1 Finite strain thermo-elastodynamics

The body By, introduced in Sec. 2.2, is now considered as a thermoelastic body with
the absolute temperature 6 : By x Z — R™ which is assumed to be a smooth func-
tion

6=0(X,t). (5.1)

The material gradient of the temperature field y : By x Z — R3 is given by

y = x0. (5.2)

1 This chapter is based on [44].
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5 EM schemes for nonlinear thermo-elastodynamics

Next to the pure mechanical boundaries, the thermal Neumann boundaries and
Dirichlet boundaries are BB(? C 9By and 0Bf C 9B, respectively. Moreover, the re-
spective boundaries may not overlap each other, i.e. 88&2 UaBg = 0By, BB(()Q noBs =
@. Furthermore p : By x T — RR3 denotes the material density of linear momentum
given by

p=pV. (5.3)

Introducing the state vector z = {¢, p, 8} of the thermodynamical system, the solution
space is now defined by the infinite dimensional set

S={z:ByxT -+ R*xR*xR" | det(F) >0, 9 = VX € 9B and 0 = §VX € aBf}.
(5.4)

In order to describe finite strain thermo-elastodynamics a Helmholtz free energy den-
sity function ¥ : R®*3 x Rt — R is introduced

¥(F,0)=¥(C,0), (5.5)

which is assumed to be twice continuously differentiable with respect to its argu-
ments. Furthermore in (5.5) a frame-indifferent material formulation ¥ : R3*3 x
R* — R is introduced which is invariant under superposed rigid motions, see
Sec. 2.2.2.

Based on the Helmholtz free energy, the second Piola-Kirchhoff stress tensor
S =20c¥(C,0), (5.6)

and the entropy density
n=—0%(C,0), (.7)

are introduced. The heat transfer is governed by Duhamel’s law of heat conduction

Q=-K(C,0)7, (5.8)

where K : R33 x R — RR3>*3 denotes the material thermal conductivity tensor
which is assumed to be semi-positive definite and Q : By x Z — R? is the Piola heat
flux vector. Note that the constitutive equations (5.6)-(5.8) are thermodynamically
consistent in the sense that they satisfy the Clausisus-Duhem inequality. The global
balance of linear momentum is given by

/ﬁdV:/BdV—l—/PNdA, (5.9)
By By 9Bl

78



5.1 Finite strain thermo-elastodynamics

where the volume force density B, the first Piola-Kirchhoff stress tensor P and the
unit outward normal N have been introduced in Sec. 2.2. The global energy balance
is given by
/QﬁdV:/RdV— /Q-NdA. (5.10)
By By aBg
Therein R : By x Z — R denotes the heat source density. For a detailed derivation
of (5.9) and (5.10) the reader is referred to e.g. [53, 68]. Using standard arguments
from continuum mechanics, the strong form governing the evolution of the coupled

system at hand can be stated as

p=p"p,
= Div(FS) + B, G.11)
61 = —Div(Q) + R,

in By V't € Z, where the energy balance (5.11)3 is formulated in entropy form. The for-
mulation (5.11) is referred to as the standard formulation in the sequel. In the above,
(5.11); corresponds to the local balance of linear momentum and (5.11)3 denotes the
local energy balance. For the coupled thermo-elastodynamic problem comprised of
the partial-differential equations (PDE) in (5.11) suitable initial and boundary condi-
tions are necessary. In particular prescribed deformations @ : 9B x T — R3, tem-
peratures 0 : 9B x Z — R, Piola tractions T : 9B} x T — R® and Piola heat fluxes
Q:9B§ x T — R need to be provided, such that

o=@ on 8860 ,

PN=T on dBY,
_ (5.12)

=20 on 9B,

Q-N=-Q onaBég,

for all t € Z. Furthermore prescribed volume force B and heat source densities R
need to be provided. Likewise, suitable initial conditions for configuration, velocity
and temperature fields need to be provided with

P(X,0) = ¢,
V(X,0) =V, (5.13)
6(X,0) =6y,

in By. Eventually, the initial boundary value problem (IBVP) is comprised of PDEs
(56.11), boundary conditions (5.12) and initial conditions (5.13). For the ensuing appli-
cation of the finite element method a time independent tangent space is introduced
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5 EM schemes for nonlinear thermo-elastodynamics

as
W = {w, = (wy, wp, we) : By = R* x R* x R} . (5.14)

The spaces of virtual or admissible test functions for the deformation and linear mo-
mentum W, C W, where o € {¢,p}, as well as the temperature W, C W are given
by

We = {we : we(X) € H'(By) | we(X) =00ndBYJ},

(5.15)
We = {we : we(X) € HY(By) | we(X) =0 on dBS},

where H! denotes the Sobolev functional space of square integrable functions and
derivatives. Next, the strong forms in (5.11) are multiplied by test functions w, € W
and integrated afterwards over the domain By. Finally, the weak forms of the balance
of linear momentum and of the energy are obtained by using standard techniques
like partial integration, the divergence theorem of Gauss, etc. leading to

Bo Bo

[wp-pdV =~ [(FS):oxwpdV + [wp-BaV+ [ wp-Td4, 616
By By By aB(’)’ '
/w6917dV:/Q-waedV—&—/wgl_{dV—i— /ng_dA,

B By By 252

which have to hold for arbitrary w, € W. Further details about this formulation can
be found in [69].

5.2 Constitutive equations for large strain
thermo-elasticity

A thermal hyperelastic material model with a polyconvexity-based Helmholtz free
energy density function can be formulated as

¥(F,0)=¥(F,H,J,90), (5.17)

where ¥ : R¥3 x R¥3 x R x Rt — R is polyconvex in F, H and | and concave
in 6. In contrast to the Helmholtz free energy density function given in (5.5), the

kinematic fields H and ] are explicit arguments of the function. Again, we focus on a
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5.2 Constitutive equations for large strain thermo-elasticity

frame-indifferent Helmholtz free energy density function resulting from (5.17) given
as
Y(F,0)=¥(C,0) =¥(C,G,C,0). (5.18)

The second Piola-Kirchhoff stress tensor described in the tensor cross product notion
has already been introduced in (2.60) and is given by

S=2(oc¥Y+09c¥*C+0ocYG). (5.19)
For the entropy density resulting from (5.18) we obtain
7(C,0) = —0,¥(C,G,C,0). (5.20)

We make the common assumption that the entropy is a function of both, the temper-
ature 0 and the volumetric part of the deformation C. To describe the behavior of the
thermo-elastic material we specify the Piola-Kirchhoff heat flux tensor, given in (5.8).
The thermal conductivity tensor K is defined as

K(G,C,0) =k C G, (5.21)

for a thermally isotropic behavior where kg = C'/2k > 0 is the coefficient of thermal
conductivity in the reference configuration. In contrast to the classical formulation

(5.8), the Piola-Kirchhoff heat flux tensor is now given by
Q(G,C,0) = —koC ' Gy. (5.22)

Note that in (5.21) and (5.22) use has been made of (2.3), the second equality in (2.12),
of (2.42) and of (2.43).

Example (Mooney-Rivlin material): The polyconvexity-based Helmholtz free en-
ergy density of a compressible Mooney-Rivlin thermo-elastic material model defined

in a frame-indifferent formulation is given by
¥Y(C, G,C,0) =¥meN(C,G) + ¥meh2(C) 4 PP (g) + FouPle(C,0).  (5.23)

Here, the purely mechanical parts ¥™¢"1(C, G) and ¥™¢"2(C) have been introduced
in (2.52) and (2.53), respectively. The convex function I'! now reads

I'(6) = $ (6 —1)> — dy log(s), with the material constants ¢1,d; > 0. The thermal
response of the material due the thermal part of ¥ is given by

Premp (g) = « (9 — 6 — 6 log (6%)) , (5.24)
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5 EM schemes for nonlinear thermo-elastodynamics

where the parameter ¥ > 0 is the specific heat capacity and 6 : By — R™" the reference
temperature. The coupled term of the Helmholtz free energy density is described by

the scalar-valued function
yeouple(C,0) = —3 (6 — 6y) T?(C), (5.25)

with a suitable convex function T? : R* — R. For example, T?(5) = c; (6 — 1) — ‘fs—z,
where ¢,d; > 0. Note that the parameter § > 0 characterizes the strength of the
thermo-mechanical coupling. See Sec. 5.6 for a specific choice of the Helmholtz free

energy density function.

5.3 Temperature-based governing equations

In this section we derive an alternative formulation of the thermo-elastodynamical
problem by rephrasing the strong form of the energy balance in entropy form (5.11)3
into temperature form. In addition we make use of the polyconvexity-based form of
the constitutive equations (5.19), (5.20) and (5.21). We then show that the temperature-
based formulation satisfies the fundamental balance laws and therefore provides a

new basis for the construction of EM integrators.

5.3.1 Temperature-based strong form

To gain the strong form of the thermo-elastodynamical problem in temperature form

we express the rate of the entropy density (5.20) using the chain rule

being only a function of the temperature and the volumetric part of the deformation.
This corresponds to the assumption that only volumetric deformation drives changes
in the absolute temperature. Substituting (5.26) into (5.11);3 and further using the

classical definition of the absolute temperature (see [117])
0 = dgu (3g) 1, (5.27)

where u denotes the specific inner energy, the above leads to the energy balance

expressed in temperature-form

0 = —(3gn) *ocy G : € — (dpu) ' Div(Q) + (dgu) 'R. (5.28)
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5.3 Temperature-based governing equations

Note that in (5.26) and (5.28) use have been made of the relationships provided by
Remark 3.3.

Further expressing the second Piola-Kirchhoff stress tensor (5.19) in terms of the inner
energy and the entropy density using ¥(C, G,C,0) = i(C,G,C,5(C,0)) —0y(C,0)
and u(C,G,C,0) =14(C,G,C,n(C,0)) yields
S§=2 (BC‘I’ +0g¥sC +9cY G) =2 (acu + dgusC + (dcu — 69cn) G) . (5.29)
Using (5.27) and (5.28) makes possible to recast the governing equations (5.11) in the
temperature form
P=py' P,
p = —Div(FS) + B, (5.30)
0 = —(3gn) 1ocy G : € — (dpu) 'Div(Q) + (dpu) 'R,
in By for all t € Z with suitable initial conditions (5.13).
Remark 5.1. Comparing (5.30) to (5.11) the formulation distinguishes three different key
elements

1) the definition of the absolute temperature is used (see (5.27)),

2) the second Piola-Kirchhoff stress tensor is based on the internal energy and entropy
density rather than the Helmholtz free energy (see (5.29)),

3) the balance of energy is rewritten in temperature-form (compare (5.30)3 with the stan-
dard form (5.11)3),

which enable the design of structure preserving numerical methods as will be introduced,
subsequently.

5.3.2 Temperature-based weak form

Introducing a time independent tangent space
W = {w, = (wy, wp, wp) : By = R® x R® x R}, (5.31)

and the spaces of virtual or admissible test functions for the deformation and linear
momentum W, C W, where o € {¢,p}, as well as for the temperature Wy C W are
given by

W, = {w. : we(X) € H'(By) | we(X) =00n B},

(5.32)
We = {wyg : wg(X) € HY(By) | wg(X) = 0on aBg},
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5 EM schemes for nonlinear thermo-elastodynamics

we obtain the temperature-based weak form by considering standard techniques like

partial integration, the divergence theorem of Gauss etc.

By By
[wp-pdv == [s: (@xwiF)dv+ [w, Bdv+ [ w, Tda,
B By Bo Bk
_ _ (5.33)
/Wgedv =— /Wg (8917>71 ocy G : C + dx(wy (agu)il) -QdV
Bo By
+ /w9 () RAV + / we (9u) 1 QdA,
By aBg

which have to hold for arbitrary w, € W. Further the weak form in (5.33) is supple-

mented with suitable initial conditions

By By
/Wp'PdVZ /Wp'Pode (5.34)
By By

/Wg@dVZ/WQQOdV.

By By

5.3.3 Balance laws

Next we will show that the temperature-based formulation derived in the last section
is just a reformulation of the classical formulation. The temperature-based formula-
tion expresses the same physics in a slightly different way which provides a more ele-
gant structure for the construction of EM consistent integrators. For a detailed inves-
tigation of the conservation properties a homogeneous Neumann problem is consid-
ered. In particular no Dirichlet boundaries are employed such that 98] = 98§ = @.
We verify the classical balance laws pertaining to the coupled problem at hand. The
main goal of the present work is the design of numerical methods which preserve
these balance laws under discretization.
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5.3 Temperature-based governing equations

5.3.3.1 Balance of linear momentum

For verification of the balance of total linear momentum the test functions in (5.33)
are replaced by wy, = 0 € Wy, wp = { € W, where { € R? is arbitrary but constant
and wy = 0 € W, . This yields

¢ (SL-r) =0, (5.35)

where the total linear momentum and the total external mechanical loads have been
introduced in (3.19) and (3.20), respectively. Therefore, for vanishing external me-
chanical loads the total linear momentum is a constant of motion of the continuous

system.

5.3.3.2 Balance of angular momentum

To verify the balance of angular momentum we choose the following admissible test
functions wy, = { X gpo € Wy, wp = { X @ € Wy and wg = 0 € W, in (5.33), where
{ € R? is arbitrary, but constant. This choice of wp leads to the relation dxwp = lF
where 7 is a skew-symmetric tensor such that { a = { x a for any a € R®. Following

the lines of Sec. 3.1.2.2 we end up at the desired result

7. (% - Mext) _o, (5.36)

where the total angular momentum and the total torque about a corresponding axis
have been introduced in (3.24) and (3.25), respectively. Accordingly, for vanishing
external mechanical loads the total angular momentum is a constant of motion of the

continuous system.

5.3.3.3 Balance of energy

Total energy E = T + U is comprised of kinetic energy T = |, By 1oo'p - pdV and
inner energy U = |, 5, #dV. Furthermore Q! denotes the external thermal power
containing bulk and boundary contributions given by

Qoxt — /RdV+ / QdA. (5.37)

Bo aBg
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5 EM schemes for nonlinear thermo-elastodynamics

We choose the following admissible test functions wy, = p € Wy, wp = ¢ € W, and
Wy = dput € W, in (5.33) for the verification of the balance of total energy to obtain

By By
[@-pav = [2(dcu+dgusC+ (cu — 6cn) G) s (FTF)dv
Bo Bo
+/~.de+/ > TdA,
¢ ? (5.38)
By oBY
/agu 0dv = — / o1t (9gy) L9y G : €AV + dx(dgu (dgu) 1) - QdAV
By By
+/89u (dgu) "' RAV + / dgut (9gu) 1 QdA.
By aBg

Inserting (5.38); into (5.38), using the time derivative of the total kinetic energy
Lood 1oy 1,
T=a_/§po P'PdV:/Po p-pdV, (5.39)
Bo BO

adding (5.38)3 and further using symmetry conditions we obtain the balance of total
energy
E=T+U = P>t 4+ Q=t, (5.40)

where we can identify the time derivative of the total internal energy

U:/acu:C+acu:G+acu C+ogufdv,
By

(5.41)

using the identities dgu«C : C = dgu : G, G : C = C. For vanishing external me-
chanical and thermal loads the total energy is a constant of motion of the continuous

system.

5.4 Discretization in time

Next we seek a sequence of states {g,, p,, 0.}, in S approximating {¢,, p,, 0n} ~
{@(tn), p(tn),0(tx)}. To this end we aim at an one-step scheme which determines
{@,41/ Ppi1s Oni1} at time-level n + 1 from given approximations {g,, p,,, 6, } at time-
level n.
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5.4 Discretization in time

5.4.1 Structure-preserving integration scheme

We propose the following semi-discrete version of the variational formulation (5.33).
In this connection we make use of the notion of a discrete gradient derivative in the

sense of [50]. Accordingly, consider the time-discrete version of (5.33) given by

1 _
/w(P'E((P;H—l_(Pn)dV:/wq"polpn—&-%dv’

BO BO
1
/wp. E(pn+1_pn) dv:_/salg : (axwan+%)dV (542)
BU BO
+/wP'Bn+%dV+ / wP'TrH»%dA’
By oBYy
1 _1 1
/weﬁ (Opg1 —6,)dV = — /we (Dg1) acﬁ(zn+%) G(zH%) PAf (Cyy1— Cu)dV
BO B()
+ [ ax(wa (D)) - Q(z,,1) dV
By
+/W6 (Dou) Rn+1 dv + / wg (Dgtt) 1Qn+%dA,
Bo B
(5.43)
where
61 = Dot (Dgry) (5.44)

is the algorithmic temperature, G, is the algorithmic cofactor of C as introduced in
(3.64), and

Salg =2 (DCM + DG”**Calg + Dcu Galg - Galg aci’](zwr%) G(ZnJr%)) , (5.45)

is the algorithmic second Piola-Kirchhoff stress tensor. In (5.43) the time-discrete
version G(z,, ] ) yields

1
G(z,,1) = 5C(@,1)*Clep, 1) (5.46)

We collect the arguments of the density functions in the following quadtuple

7w ={C,G,C,0} = {nl, 2, 7, n4} . (5.47)
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5 EM schemes for nonlinear thermo-elastodynamics

Using the notation u(7r) = u(C, G, C,0) we introduce partitioned discrete gradients
D au = Dcu, D2u = Dgu, D, su = Dcu and D, au = Dyu in the sense of [50] by

_ 1 - - .
D iu= 5 (Dittys1n + Dty n1), 1€Y ={1,23,4},
Dy w=Duulm )l o VieYij<ikeYik>i,  (548)
Dy u= D”,-u(n;,n;+l)|n£,ﬂ£“, VieY:j<ikeY:k>i,
where the discrete operators [_)n,'u(nth,7r£,)|7r{1+l’7r5 and Dniu(nz,ni’+1)|n{1 nt,, A€
7tn
defined as
D .yl —9.. i .
Dritlf ot = O i)
i . — (i 3 (i , i
PR L L
[[A7]]
Dyl —9.. i .
Pritlaf ity = Ot i)
i . — w7 0y (i , i
”(ﬂn-s-l)‘n;”nﬁﬁ u(n”)|n{,,n’§,+1 <an1”(nn+%)|ﬂfmn§“/A7T> ;
+ X A7t
(5.49)

Hereby (.,.) denotes the inner product and D, iu the discrete gradient of u with re-
spect to 7r'. From the directionality property of a discrete gradient [50] follows the
relationship

D (mhyq — 7h) + Dput s (72,4 — 72) + Dpu(ms — 713) + Duu(mh,y — 7t)

=Dcu: (Chy1— Cp) +Dgt: (Guy1 — Gu) +Dcu(Cyi1 — Cp) + Dota (6,41 — 0n)

= u(cn+l/ Gut1,Cuy1, 9n+1) - u(cnr G, Cy, 9n) = Up41 — Un.
(5.50)

Further the quantity p," Puil is a discrete gradient of the kinetic energy density

since

_ 1 1
Dpk (P11 = Pu) = 500" Pus1 Pust = 500 Pu-Pu=kns1 —ku. (551)

Example (Mooney-Rivlin material cont’d): Applying the Mooney-Rivlin material
model introduced in Sec. 5.2 leads to the constant expressions of the discrete gradi-

ents
Dcu=al,
Dgu="0lI, (5.52)
Dou =x.
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5.4 Discretization in time

Furthermore the discrete gradient Dcu reduces to a partitioned form of the well-

known Greenspan formula [55], such that

Deu = 1 u(Cps1,6n) — u(Cn, 0n) 4 1 u(Coy1, Onv1) — u(Cu, 00 11)

2 CH+1 - C}’l 2 Cn+1 - CH

. (5.53)

It is important to remark that the classical description of the density functions via
only C and 0 would need tensor- and scalar-structured discrete gradient operators
which greatly complicates the description.

5.4.2 Semi-discrete balance laws

Next we show that the semi-discrete formulation proposed in Sec. 5.4.1 satisfies spe-
cific balance laws in analogy to the continuous setting. As before in Sec. 5.3.3, we
focus on the homogeneous Neumann problem.

5.4.2.1 Balance of linear momentum

Following the procedure in Sec. 5.3.3.1 for the verification of the balance of total
linear momentum, the variations in (5.42) and (5.43) are replaced by w, = 0 € W,
and wp = { € W, where [ € R? is arbitrary but constant and wy = 0 € W, which
yields

0 (g (Lot — L) — F) =0, (5.54)
Therefore, for vanishing external mechanical loads the total discrete linear momentum

is a constant of motion of the semi-discrete system.

5.4.2.2 Balance of angular momentum

Following the procedure in Sec. 5.3.3.2 we choose the following admissible test func-
tions wy = { x %(gowrl —@,)00 € Wy, wp = T X Purl € Wy and wy = 0 € W,
where € R? is constant, in (5.42) and (5.43) to verify the balance of angular momen-
tum. In the same way as in Sec. 3.1.2.2 we obtain the desired result

1
0 (55 Unin—T) = M35n) =0, (5.55)
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5 EM schemes for nonlinear thermo-elastodynamics

where

1 1
/gx Kt(¢n+l_¢n)'pn+%dv+/(§x¢”+%>.E(pwrl_pn)dv
By

By
-1 1
0 [ i my e LY s
Bo
1 1
:5'/E(<pn+1Xpn+r¢nXpn)dV:@/EU”“*I”)dV’
B Bo

has been used. For vanishing external mechanical loads the total discrete angular
momentum is a constant of motion of the semi-discrete system.

5.4.2.3 Balance of energy

Following the procedure in Sec. 5.3.3.3 we choose the following admissible test func-
tions wy = 4;(Pp1 — P) € Wo, Wp = 2(@,41 — ¢,) € W) and wy = Dgu € Wj in
(5.42) and (5.43). We obtain

1 1 1 B
O:/E(anrl_pn)'E((PnJrl_(Pn)dV_/E(anrl_pn)‘polpn+%dv,
1 1 1 T
0= / E ((Pn+1 _(Pn) : E (Pn+1 - Pn)dV+/Salg : E (aX(¢n+1 —(pn) Fn+%) dv
B() BO
1 —
B / At (¢”+1 (P”) Bn+1 dv — / At ((Pn+1 (Pn) n+1 dA,
Bo aBE
1 1
0= [ Dot (Bus1 = 8,)dV + [ Ougdcn(z,1) G(z,p) ¢, (Cuit = C)dV
BO BO
~ [Ryyav— [ 0,44,

By aBe
(5.57)
Subtracting (5.57); from (5.57),, adding the last equation yields the discrete balance
of total energy

77 (Ent1 — En) — 1~ Quas1 = 0. (5.58)
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5.5 Discretization in space

In this connection use has been made of the identity sym (2 Ox (@, — q)n)T F, . ] ) =

C,+1 — C, to obtain

/ Dcu : (Cpi1 — Cn) + Dgit : (Guy1 + Gn) + Dt (Cyi1 — Cy) + Dout (0,11 — 0,) AV
By

= / U1 — UpdV = U1 — Uy .
By
(5.59)

Furthermore, we find

_ 1 _ 1 _
/(Pn+1 ) 'P01Pn+% dv :/Epolpn+l'pn+l - Epolp”~pndV =Ty1—Tn-
Bo BO
(5.60)

In balance equation (5.58), the discrete versions of the total mechanical power (3.31)

and the total thermal power Q,, ,11 are given by

N 1 _ 1 _
Pne,ntJrlz/E(q)?H»l_(Pn)'BdV—i_ / E(q’nJrl_(Pn)'TdA/

By o8l
(5.61)
an+1 - /R +% dv + / Qn+%dA/
Bo B

with bulk and boundary contributions have been used. Therefore for vanishing ex-
ternal mechanical and thermal power the total energy is conserved in the discrete

setting.

5.5 Discretization in space

For the discretization in space we apply standard isoparametric finite elements (see,
for example, Hughes [71]) based on finite-dimensional approximations
M = {gh, pP, 0"} € SM C S of the form

Mpode Mpode

o"(X) = Zl Na(X) @, (1), p"(X) = ) Na(X) p,(t) and
a= a=1

Mpode

Gh(x) = ; No(X) 6a(t) .

(5.62)

Here N, : By — R denote the nodal shape functions with associated nodal quantities
@,(t),p,(t) € R®and 6,(t) € RT the respective nodal values at time t. Moreover, 71,,o4,
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5 EM schemes for nonlinear thermo-elastodynamics

denotes the total number of nodes in the finite element mesh. The standard (Bubnov)
Galerkin approach relies on analogous approximations for w, € W), wp € W, and
wp € Wy denoted by w}q} € Wh, wg € W;‘ and wy € W;‘. It can easily be proven
that the spatial discretization process does not affect the balance laws in Sec. 5.4.2.1,
5.4.2.2 and 5.4.2.3. Accordingly, the proposed discretization in space and time leads to
a scheme that inherits the fundamental balance laws from the continuous formulation.
It is important to mention that the energy balance consistency for the fully discretized
system is restricted to constant (temperature-independent) values of the specific heat
capacity « as considered in the material model in Sec. 5.2. If a non-constant function
for the specific heat capacity is considered a L,-projection similar to the procedure

proposed in [90, 144] is neccessary for energy consistency.

5.6 Numerical Investigations

In this section, we show the improved behavior of the energy-momentum consistent
algorithm by some classical thermo-elastodynamic benchmark problems. For sub-
sequent examples a compressible Mooney-Rivlin material model is employed given
by

¥(C,G,C,0) =¥mP(C,G) + ¥™M2(C) + FMP(0) + ¥OUP(C,0),  (5.63)
where the mechanical, the thermal and the coupling contribution of ¥ are chosen as

ymeehl(C,G) = a (tr(C) —3) +b (tr(G) — 3),

Tmech,Z(C) _ % (C1/2 _ 1)2 —d log(Cl/Z) ,

0
temp _ _ _
¥ (9)_K<0 6o Glog(—eo)),
yeouple(C,0) =380 — ) (c2 (CV2—1) —dp C /7).

(5.64)

The parameters a,b,c1,d1,x,c2,da, B > 0 are specified in the sequel and can be linked
to linear theory (for more information see Appendix D.3). It is important to remark
that d; = 2 (a + 2b) is a dependend parameter.

For a comparison of the proposed EM consistent formulation, we use a classical
thermo-mechanical finite element along with the mid-point (MP) rule as a standard
time-stepping scheme, see Appendix D.2 for details. Concerning the iterative solu-
tion by Newton’s method, we apply an energy-based termination criterion described
in Appendix D.1.
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5.6 Numerical Investigations

Remark 5.2. As shown in [44, Sec. 7.1.1], the formulation presented in this chapter is capable
to reproduce homogeneous states of stress and temperature. Moreover we show in [44, Sec.
7.1.2] that the newly proposed EM consistent scheme and the standard mid-point-type scheme
yield practically identical numerical results for quasi-static problems at hand.

5.6.1 L-shaped block

The objectives of this example are:

O1.I \Verification of the algorithmic conservation properties.
OL1.II Verification of numerical stability.
OL.III Verification of order of accuracy.

As a first example we consider a L-shaped block depicted in Fig. 5.1 as a thermo-
elastodynamical extension of the example presented in Sec. 3.4.3. The block can freely
move in space. Time-dependent pressure loads are acting on the L-shaped block as
illustrated in Fig. 5.1. In this connection, the nodal dead loads are given by

256/9 t for t <2.5s
Py(t) = =Pa(t) = f(t) [ 512/9 g with f(t) =5t for 25<t<5s.
768/9 0 for t>5s

(5.65)

I B
N1 X

Figure 5.1: L-shaped block: Mechanical boundary conditions (left), initial temperature conditions

(center), discretized model (right).

Moreover, two faces of the block are subjected to initial temperature conditions (see
Fig. 5.1). The temperature of these faces deviates from the initially homogeneous
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5 EM schemes for nonlinear thermo-elastodynamics

temperature distribution of the solid. For the discretization of the L-shaped block 117
tri-linear finite elements with 224 nodes have been used (see Fig. 5.1). The thermo-
hyperelastic behavior of the L-shaped block is governed by the material model given
in (5.63). The data for this example is summarized in Tab. 5.1. Due the chosen ma-
terial parameters and boundary conditions, the L-shaped block undergoes large de-
formations coupled with large rotations and translations. Note that after the loading
phase, there are no external loads acting on the system and the discrete system under
consideration can be classified as an isolated system with symmetry. Correspond-
ingly, after ¢t > 5s, the total linear momentum, the total angular momentum as well
as the total energy are conserved quantities. All simulations have been performed
with the newly introduced EM consistent integrator and the standard midpoint (MP)
scheme (see Appendix D.2).

Table 5.1: Thermoelastic compressible Mooney-Rivlin material data, simulation parameters and

geometry.
mechanical parameters a 831.2500 Pa geometry of
b 166.2500  Pa the L-Shape
1 =20 0 Pa
dy=d, 2(a+2b) Pa i\g
specific heat capacity K 100 JKlm~3 Y
coupling coefficient B 2.233-10* K! ‘ 7
thermal conductivity ko 10 WK Im™! s [m]
reference temperature 0o 293.15 K
density 00 100 kgm >
initial temperature 01 300 K
) 250 K
Newton tolerance € 10-° -
simulation time T 100 s
timestep size At 0.8 s

It can be observed in Fig. 5.2, that the EM consistent integrator correctly reproduces
conservation of energy and is numerically stable during the simulation. In contrast,
the midpoint integrator leads to numerical instabilities accompanied by an energy
blow-up. Fig. 5.3 shows that after loading phase the change of energy from time step
to time step is bounded by the Newton tolerance. Eventually, conservation of the total
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5.6 Numerical Investigations

angular momentum and the incremental change thereof is illustrated in Fig. 5.4 and

Fig. 5.5.
104
—4 ‘
_5 L |
i
=}
98]
_6 [
—MP, At = 0.8
—EM, At =0.8
77 1 I I I
0 20 40 60 80 100
t [s]

Figure 5.2: Total energy evolution.
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Figure 5.4: Total angular momentum evolution.

En+1 - En U]

||]n+1_InH [Nm]

Figure 5.3: Discrete energy difference.

1077

—MP, At = 0.8

—EM, At =0.8

0 20 40 60

t[s]

Figure 5.5: Discrete angular momentum

difference.

Moreover, we investigate the order of accuracy of the present method. Similar to the

midpoint rule we expect second-order accuracy. To verify this, we define the L, norm

of the error in the positions as given by (4.92). We investigate the free-flying motion of
the L-shaped block and consider the time-interval 5s < t < 6s. As it can be observed
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5 EM schemes for nonlinear thermo-elastodynamics

in Fig. 5.6, the proposed formula has a second order of accuracy in the positions.

The motion of the L-shaped block with its corresponding temperature distribution is
depicted in Fig. 5.7.

101

154
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error [-]
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Figure 5.6: Study of convergence of the error in displacements.

E % % g i
275
fP 147
Figure 5.7: Snapshots with temperature distribution of the flying L-shape at
t=1{0,1.5,3.0,4.5,6.0,7.5,9.0,10.5}s.
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5.6 Numerical Investigations

5.6.2 Rotating disc

The objectives of this example are:

02.I Verification of the algorithmic energy approximation.
O2.I1 Verification of numerical stability.

The next numerical example deals with the simulation of a free flying disc as intro-
duced in [57]. The thermo-hyperelastic solid, shown in Fig. 5.8, is not subject to any
mechanical loads. The motion of the disc is initialized by the given vector field

Vo(X) = Vi +wo x X, (5.66)

where Vi =0 T and wy = (e +ex + 83) Moreover, the disc has a homogeneous
distribution of the initial temperature 6p. A thermal Neumann boundary condition
on a quarter of the lateral surface Ay (see Fig. 5.8) is considered, where the sinusoidal
heat flow Q into the system is given by

sin(2%t) for t<d4s
0= 200W ey with £(t) = (23) =% 6
Ag 0 for t>4s

Note that the prescribed heat flow vanishes at t = 4s. The initial configuration of the
discretized system is depicted in Fig. 5.8 where 200 tri-linear finite elements with 360

nodes have been used.

400

90 350

e3 300
Qez

o 250

Figure 5.8: Initial configuration of the moving disc. Initialized motion (left), thermal boundary
conditions (center), discretized model (right).

Again the constitutive model is given in (5.63). The material data, the simulation

parameters and the geometry of the disc are summarized in Tab. 5.2.

Depending on the heat flow across the boundary, we expect an increase followed
by a decrease of the total energy within the initial phase. Note that for t > 4s,
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5 EM schemes for nonlinear thermo-elastodynamics

the total energy is a conserved quantity. These properties are reproduced by the

proposed EM consistent time integrator as it can be observed in Fig. 5.9. Moreover,

after loading phase the incremental change of the total energy (see Appendix D.1),
which is bounded by the Newton tolerance, is shown in Fig. 5.10. In contrast to that,

the MP integrator fails to preserve the energy and exhibits an energy blow-up at about

t = O9s.

Table 5.2: Thermoelastic compressible Mooney-Rivlin material data, simulation parameters and

geometry.

mechanical parameters a 831.2500 Pa geometry of the disc
b 166.2500 Pa
specific heat capacity K 100 JK1m—3 4
coupling coefficient B 2223-107* K! —
thermal conductivity ko 10 WK Im™! g
reference temperature 6 308.15 K -, [m]
density 00 10 kgm 3 \/
Newton tolerance € 1-107¢ -
timestep size At 0.2 S
simulation time T 20 s
10 | | 1078 | |
—_MP, Af =02 0| [—EMar=o02]
—EM, At =0.2
0l i B 1  feoreeerecmmeeeeaoe -
= & oot
E LY
ol 2 Lué e -
2 .
T — T T L L |
%0 5 10 15 20 0 5 10 15 20
t [s] t[s]
Figure 5.9: Total energy evolution. Figure 5.10: Discrete energy difference.
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5.6 Numerical Investigations

Eventually, the motion of the rotating disc is illustrated in Fig. 5.11 with a sequence

of subsequent snapshots.

400
350
300

250

Figure 5.11: Snapshots and temperature plots of the rotating disc at + = {0,0.4,0.8,1.2,1.6,
2.0,2.4,2.8}s.

5.6.3 Moving disc

The objectives of this example are:

03.I Verification of the algorithmic energy approximation.
O3.II Verification of numerical stability and validity.

The last example of this chapter deals with a moving disc subjected to both, me-
chanical and thermal Dirichlet boundary conditions. The thermo-hyperelastic free
flying disc can be viewed as a three dimensional version of the problem introduced in
[57], where the disc thickness is equal 1m. As illustrated in Fig. 5.12, the mechanical
Dirichlet boundary conditions constrained the height of the disc, so that plane strain
condition is enforced.

In addition, the translation and rotation of the disc is initialized by
Vo(X) = Vi +wo x X, (5.68)

where the initial translation velocity is given by V{f = 20e; ™ and the initial angular
velocity about the e3-axis is given by wg = —7e3 %
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308.15

303.15

298.15

Figure 5.12: Initial configuration of the moving disc. Initialized motion (left), thermal boundary
conditions (center), discretized model (right).

The thermal Dirichlet boundary condition constrains one quarter of the lateral surface
of the disc to 6; = ) — 10K where 6 is the reference temperature homogeneously
distributed over the rest of the body. Furthermore, Fig. 5.12 shows the discretized
disc where 416 tri-linear finite elements with 896 nodes have been used. The thermo-
hyperelastic material data, the simulation parameters as well as the geometry of the
disc are summarized in Tab. 5.3.

Table 5.3: Thermoelastic compressible Mooney-Rivlin material data, simulation parameters and
geometry.

mechanical parameters a  831.2500 Pa geometry of the disc
b 1662500 Pa

specific heat capacity K 300 JK 'm~3

coupling coefficient B 2223-107% K! 1

thermal conductivity ko 300 WK Im~!

reference temperature 6y 308.15 K [m]

density 00 10 kgm 3

Newton tolerance e 1-107¢ -

timestep size At 0.035 s

simulation time T 20.3 s

Due to the thermal Neumann boundary condition and the associated temperature
gradient, heat is withdrawn from the body till temperature is distributed almost
equally across the body. The loss of energy during the simulated cooling is correctly
reproduced by the EM consistent integrator as observed from Fig. 5.13. In contrast,

the midpoint integrator leads to numerical instabilities for the chosen time-step size.
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5.6 Numerical Investigations

Before the energy-blow up at about t = 7s, the MP scheme yields a non-physical tem-
perature distribution, whereas the EM consistent integrator shows a smooth behavior
of the temperature gradient which can be observed in Fig. 5.14. Finally, to illustrate
the motion and temperature distribution of the body at hand several snapshots are
plotted in Fig. 5.15 where the EM consistent integrator has been used.

108

10 | —MP, At =0.035
—EM, At = 0.035

t [s]

Figure 5.13: Total energy evolution.

301.63

299.73

297.83

Figure 5.14: Temperature distribution at t = 5.39s using the midpoint integrator (left) and the EM
consistent integrator (right).

101



5 EM schemes for nonlinear thermo-elastodynamics

308.15

303.15

298.15

Figure 5.15: Snapshots and temperature plots of the moving disc at + = {0,1.015,2.03,3.045, 4.06,
5.075,6.09,7.105}s.
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6 EM scheme for nonlinear
electro-elastodynamics’

In this chapter we provide a new approach of a one-step second order accurate EM
time integrator scheme in the context of nonlinear electro-elastodynamics. Moreover,
we consider well-posed ab initio convex multi-variable constitutive models. The new
time integrator relies on the definition of four discrete derivatives of the internal
energies representing the algorithmic counterparts of the work conjugates of the right
Cauchy-Green deformation tensor, its co-factor, its determinant and the Lagrangian
electric displacement field. Finally, a series of numerical examples are included in
order to demonstrate the robustness and conservation properties of the proposed
scheme, specifically in the case of long-term simulations.

6.1 Finite strain electrostatic-elastodynamics

Let us now consider the body By, introduced in Sec. 2.2, as an EAP. The local form of

conservation of linear momentum [53] can be written as

poV—Div(FS)—B=0, in By,
(FS)N =T, on aBY, (6.1)
=, on o8],

where (6.1) can be recast from (5.11) along with (5.12) if we consider thermal isolated
systems.

1 This chapter is based on [133].
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6 EM scheme for nonlinear electroelastodynamics

The governing equations in non-linear electromechanics are the Gauss’s and Faraday’s
laws which can be recast from the well-known Maxwell equations in the absence of
magnetic and time dependent effects. The local form of the Gauss’s law [161, 116, 110]

can be written in a Lagrangian setting as

DivD — p§ =0, in By,

(6.2)
D N = —wj, on a8y,

where D : By — R3 is the Lagrangian electric displacement vector, p§ : By — R
represents an electric volume charge per unit of undeformed volume By and wy :
dBy — R, an electric surface charge per unit of undeformed area dBf C 0B,.
Furthermore, in the absence of magnetic fields, the local form of the static Faraday’s

law can be written in a Lagrangian setting as

E = —ax(P, in B() ,

6.3
¢ =4, on 3B, ©3)

where E : By — RR® is the Lagrangian electric field vector and ¢ : By — R, the scalar
electric potential. In (6.3), aBg represents the part of the boundary 03, where essential
electric potential boundary conditions are applied such that 03§’ U aBg = dBp and
By N B = .

6.2 Constitutive equations for large strain
electro-elasticity

The governing equations presented in Section 6.1 are coupled by means of a suitable
constitutive law. The objective of the following section is to introduce some notions

on constitutive laws in nonlinear electro-elasticity.

In the case of reversible electro-elasticity, the internal energy density u per unit of
undeformed volume can be defined in terms of the deformation and the electric dis-
placement field, namely i = #i(F, D), see [116]. Motivated solely by considerations of
material stability, Gil and Ortigosa [47, 129, 128, 131] extended the concept of polycon-
vexity [7, 8] to the context of electromechanics and defined new convexity restrictions
on the internal energy, postulating a convex multi-variable definition as

i(F,D)=1i(FH,JD,d), d=FD, (6.4)
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6.2 Constitutive equations for large strain electro-elasticity

where 7 must be a convex function with respect to the extended set {F,H,],D,d}.
It is crucial that the above convex multi-variable representation in (6.4) satisfies the
concept of ellipticity for the entire range of deformations and electric displacement
fields. In addition, for the requirement of objectivity, the convex multi-variable energy

il (6.4) can be re-expressed in terms of a set of objective arguments (see Sec. 2.2.2) as
i (F,D) = (C,D) = uq, (C,G,C,D,CD) = u(C,G,C,D), (6.5)

where i represents the internal energy in terms of the right Cauchy-Green strain
tensor C and D and u denotes the internal energy expressed in terms of the extended
symmetric mechanical kinematic set {C, G,C} as introduced in (2.41)-(2.43) and D.
Notice in equation (6.5) the argument C D has been removed as it is redundant (it can
be expressed in terms of C and D). It is worth noting that u is not convex with respect
to the individual components of the set {C, G,C, D}, but rather an objective (frame

invariant) re-expression of the convex multi-variable functional #. In this case?,

Dii (C,D) [6p] = S : % DC[sp],  Di(C,D)[6D] =E-éD, (6.6)

where the second Piola-Kirchhoff stress tensor S and the material electric field E are

defined in terms of the derivatives of the internal energy i (C, D), namely

S=29c(C,D), E=0pi(C,D). (6.7)

An alternative but equivalent definition of the directional derivatives of the inter-
nal energy i (C,D) to those in (6.6) can be obtained by considering its equivalent
extended representation u,

Du[égp] = dcu : DC[é¢] + dgu : DG[ég] + dcu DC[dg], (6.8)

and
Du[é6D] = opu - éD. (6.9)

Finally, inserting (2.56), (2.57) and (2.58) into (6.8) and comparison with (6.6); enables
to obtain an equivalent expression for S and E to those in equations (6.7); and (6.7),,
respectively, as

S =20dcu+2dguxC+20cuG, E =opu. (6.10)

2 Use of the first law of thermodynamics and consideration of reversibility has been made of.
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6 EM scheme for nonlinear electroelastodynamics

Example (Mooney-Rivlin material): It is customary to propose an additive decom-
position of the internal energy 7 (C, D) into a purely mechanical contribution and a

coupled electromechanical contribution [31, 168, 75] as
1 (C,D) =1y (C) + ile, (C,D) . (6.11)

The purely mechanical contribution of a Mooney-Rivlin model is defined via the

following polyconvex energy functional
iR (C) = upR (C,G,C) = u™™(C,G) + u™M?(C), (6.12)

where the purely mechanical parts u™"!(C, G) and ™" (C) have been introduced
in (2.52) and (2.53), respectively. The convex function I'' now reads I''(6) = ¢ (6 —
1)? — dq log(6), where a, b and ¢; are material parameters with units of stress related
to the shear modulus p and the bulk modulus A in the origin as 4 = 2a+2b and
A=c1+4b.

The simplest expression for the electromechanical contribution corresponds to that of
an ideal dielectric elastomer, defined as

! _p.cp, (6.13)

ﬁgnl (C,D) = Uem (C/CID) = 28 8C1/2 ’
r

2

where ¢ represents the permittivity of vacuum, with e = 8.8541 x 1072NC~2m~2 and

¢, represents the relative permittivity of the material.

6.3 Variational formulation

The objective of this section is to present the variational formulation that will be used

in order to develop an EM time integration scheme in Sec. 6.4.

6.3.1 Three-field mixed formulation for

electro-mechanics

A three-field mixed variational principle in the context of static electro-mechanics

(where inertial effects are not considered) can be defined as

Mg,¢.D) = [u(C,G,CD)dV~ [D-EAV+TIZ () ~TIX (9) . (g1
BO BO
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6.3 Variational formulation

The reader is referred to Reference [47] for the derivation of above variational prin-
ciple. In (6.14), the mechanical contribution of the external potential energy I1%(¢)
has been introduced in (2.25) and the electro contribution I1¢¥*(¢) is defined as

e (g) = = [ phpdv — [ wipda. (6.15)
By

aBY
In equation (6.14), ¢ € Q , ¢ € Qq, and D € Vp where

Qp={¢p:By=R|p=¢VXecaBl},

(6.16)
Vp ={D:By — R®| for D; € IL,(By) } .

Similarly, let us consider admissible variations dg € V, 6¢ € Vy and 6D € Vp with
Vy=1{6¢:By = R|ép=0for X caB}. (6.17)
The stationary conditions of the mixed variational principle IT in (6.14) yield

D, I1[é¢] :/s:%Dc[(sq)] dV—/BquodV— / T 5pdA=0,
By

By oBY

D,I1[6¢] = /—D- DE[5¢] dV + /pg S5pdv + / WhopdA=0, (618
B By By

Dpl1[sD] = /51) (dpu—E) dV =0,
By

with S defined in (6.10);. Above equation (6.18); represents the weak form of the
local balance of linear momentum in (6.1) for the case where no inertia effects are
considered. In addition, equation (6.18), corresponds to the weak form of the Gauss
law in (6.2). Finally, equation (6.18)3 represents the weak form of the Faraday law in
(6.3).

Remark 6.1. The convex multi-variable nature of the internal energy i (F, D) ensures con-
vexity of 1 (C,D) and u (C, G,C,D) with respect to D. Consequently, a one-to-one and
invertible relationship between variables D and E can always be established. Therefore, it is
possible to make use of a partial Legendre transform of the internal energy which leads to the
definition of the Helmholtz free energy functional ¥(C, G,C, E) as

¥(C,G,C,E) = —E-D+u(C,G,C,D), (6.19)

where use of (6.10), has been made of.
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6 EM scheme for nonlinear electroelastodynamics

Furthermore, starting from the total potential I1 in (6.14), use of the Legendre transformation
in (6.19) leads to a two-field formulation with unknowns {¢, ¢} in terms of the Helmholtz
functional as

Iy (¢,¢) = /‘I’ (C,G,CE) dV +TT;" (p) — I (9) - (6.20)
By

The stationary conditions of the functional yields

Dy I Ty [6¢] :/S:%DC[Jgo]dV—/Bﬁq)dV— / T -6pdA=0,

B B, P
0 0 an 6.21)
DTy [og] = [ o5¥ - DEG@IaV + [ phopav+ [ wiopda o,
By By By
with
S —29C¥ +295¥+C+23¥G. 6.22)

The variational principle in (6.20) is typically preferred in finite element implementations.
However, the a priori definition of a materially stable Helmholtz functional is not in general
possible due to its saddle point nature. Therefore, we advocate in this work for the definition of
materially stable convex multi-variable internal energy functionals u (C, G, C, D) (featuring
in the three-field principle) which through (6.19), yield materially stable Helmholtz energy
functionals [47]. More information concerning the Helmholtz free energy function can be
found in [133].

6.3.2 Extension to electro-elastodynamics

The objective of this section is to extend the proposed formulation of electro-elasto-
statics to the electro-elastodynamic regime. The extension of the variational formula-

tion (6.18) to elasto-dynamics follows the lines of Sec. 3.1.1 and is given by

/(v_¢) - podVdAV =0,
By

. 1 ] ]
/poV-(S(pdV—i-/S:EDC[(Sgo]dV—/B-(S(pdV— / T 6pdA =0,
By By By oBL

/ _D- DE[5¢] dV+/p8(5(pdV+ / Wi 6pdA =0,
By By aBY

/5D-(8Du—E) dv =o0.
By

(6.23)
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6.3 Variational formulation

The above equations have to hold for arbitrary {6V, d¢p} € V, 6¢ € Vy and 6D € Vp.
Note that an integration by parts with respect to time has been used on the first term
on the right hand-side of (6.23),. Equation (6.23); represents the weak form for the
relationship between the velocity field V and the time derivative of the mapping ¢ and
equation (6.23),, the extension of the weak form of the balance of linear momentum in
(6.18)1 to electro-elastodynamics (hence the equation is supplemented with the inertia
term). Finally, notice that both weak forms for the Gauss and Faraday law in (6.23)3
and (6.23), are identical to those in the static case in (6.18); and (6.18)3, respectively.

Remark 6.2. Similarly to Remark 3.5, the Euler-Lagrange equations that correspond to the
variational equations (6.23) can be derived by the conditions of stationarity on the following
action functional:

S(V,go,(p,D):/(/(gb—%V) -VpodV—/u(C,G,C,D) av
i B A (6.24)
+/D-EdV—H;§f (@) + 11 (gb))dt,
By

where ty and t represent any two instances of time with t > f.

6.3.3 Balance laws

Starting with the stationary conditions (6.23) the following sections derive the global
balance laws for linear momentum, angular momentum, the Gauss’s law and energy
of the EAP.

6.3.3.1 Balance of linear momentum

For an admissible variation of the displacement field we choose é¢ = {, with { € R3,
where { is constant. Then the stationary condition in (6.23), leads to the global form
of the conservation of linear momentum, namely

¢ (Sr-r) =0, (6.25)

where the total linear momentum L and the total external force F®* have been intro-
duced in (3.19) and (3.20), respectively. From (6.25) it is possible to conclude that L is

a constant of motion for the case of vanishing external forces F**.
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6.3.3.2 Balance of angular momentum

For an admissible variation of é¢ we choose a rotational field d¢p = { X ¢ and 6V =
I x ¢, with € R3. Following the lines of 3.1.2.2, the stationary condition in (6.23),

leads to the global form of the conservation of angular momentum, namely
d ext
=7 - = 6.26
C ( T J—M ) 0, ( )

where ] represents the total angular momentum and M®, the total external torque,
see (3.24) and (3.25), respectively. From (6.26), it is clear that J is a constant of motion

for vanishing external torques M.

6.3.3.3 Balance of Gauss’s law

Taking d¢ = , where ¢ € R is arbitrary but constant, the stationary condition (6.23)3
leads to the global form of the Gauss’ law

/pg av + / w§dA =0. (6.27)
By aBY
Then, for time independent volumetric and surface electrical charges 0§ and wg, equa-

tion (6.27) dictates that the total electric charge of the system is conserved and equal

to zero.

6.3.3.4 Balance of energy

We now focus on the balance law for total energy. Choose admissible variations of
the form V=V eV, dp=¢9 €V, ép =¢ € Vyand 6D = D € Vp in (6.23). This
yields

/(V—(p) poVdV =0,

By

. 1. _ _
/p0V~(pdV+/S:§CdV—/B-(pdV— /T-g'odA:O,
B B B '
0 0 0 oBY (6.28)
/—D.Edv+/pg¢dv+ / Wi $pdA =0,
By By 9wBo

/D~(8Du—E) dv = 0.
By
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6.4 Discretization in time

Addition of the four equations in (6.28) leads, in the case of time independent forces
B and T and charges p§) and wf to

t+ [(s:y¢+apu-D)dv— [ (D-E+D E)av
By By (6.29)
+IL () — I (¢) =0,

where the kinetic power T has been introduced in (3.27). Finally, equation (6.29) can
be re-written as

. d . .
T+/u(C,G,C,D) dV—/E(D-E) dV + 1T (@) — I (¢) =0.  (630)
BO BD

It is therefore clear that in the case of time independent forces and electric charges,

the following condition holds
H=0, H=T+ /u(C,G,C,D) av — /D-Edv+nsnxf((p) C I (9), (6.31)
BO BO

and therefore the scalar field H is preserved throughout the motion of the EAP.

6.4 Discretization in time

Now we deal with the structure-preserving discretization in time of the underlying
variational formulation of the electro-elastodynamic system. The discretization of the
time interval of interest follows the lines of Sec. 3.2. The aim of this section is to define
an implicit one-step time integrator that determines {V,,,1,¢, 1, ¢n+1,Dni1} € V ¥
Q x Qq, x Vp on time node t,;1 from the given approximations {Vn,(pn,gbn,Dn} IS
VY x Q x Qp x Vp on time node ¢,.

6.4.1 Structure-preserving integration scheme

Following the ideas of Sec. 3.2, Sec. 4.4 and Sec. 5.4, the objective of this section is to
propose a structure-preserving time discretization scheme for the set of weak forms
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6 EM scheme for nonlinear electroelastodynamics

in (6.23). From the stationary conditions in (6.23), the following implicit one-step time

integrator is proposed

/W (@001 — @) podV = /5V V,,1p0dV,

By
1 X
/&p-E(vnH—v JpodV = — [ Sug 5 DClogll, ;3 dV — DI o], 4
Bo (6.32)
—D, .- DE[3¢]dV — DIL;[é¢]|,. 1 =0,

By
[oD-(Dpu-E,,,) dv o,
By

for arbitrary {0V, d¢} € V, 6¢ € Vy and 6D € Vp. In the first term on the right-hand
side of (6.32), the algorithmic stress tensor S,; is given by

Salg = 2 (Dcu + Dgu«Cag + Dcu Ga1g) , (6.33)

where the algorithmic expressions Cyg and Ggig have been introduced in (3.63) and
(3.64), respectively. In (6.32) and (6.33), { Dcu, Dgu, Dcu, Dpu} represent the discrete
derivatives [52] of the internal energy u, which are the algorithmic or time discrete
counterparts of {dcu, dgu, dcu, dpi }, respectively.

In this work, we use a definition of the (multiple) discrete derivative expressions
{Dcu, Dgu, Dcu, Dpu} of the internal energy based on the derivation presented in

Sec. 5.4.1 for energies depending upon several arguments.

Similarly to (5.47), we now introduce the quadtuple where we collect the arguments

of the internal energy density function as
m=1{C,G,C,D} = {n, 7%’ r*}. (6.34)

Next, the partitioned discrete gradients D,1u = Dcu, D,2u = Dgu, D, su = Dcu and
D, su = Dpu can be constructed by (5.48) and (5.49).

It can be verified, by using the discrete derivatives the important directionality prop-
erty

Dnlu : (7-[}1+1 - 7-[1) + Dnzu : (7-[%4»1 ) + Drf‘u( nt1 7T ) + Dn4u( n+1 7T4)
= Dcu: ( n+1 — Cy[) + Dgu : ( n+1— Gn) + DCM(Cn+1 - Cn) + Dpu - (Dn+1 — Dn)

= u(CnJrlr Gut1, Cn+1r Dn+1) - M(Cn, Gy, Cn, Dn) =Up41 — U
(6.35)
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6.4 Discretization in time

holds (see Appendix E.1) and the algorithm preserves energy under zero or time
invariant external forces and electric charges. Moreover, the discrete gradients are
well defined in the limit as ||Cy41 — Cul| = 0, ||Gys1 — Gul] = 0, |Cyy1 — Cu| — 0
and ||Dy41 — Dy|| — 0 which ensures that for sufficiently regular solutions

Sag = S(7,1) + O(At?)  and Dpu= pu(r,, 1)+ O(At?),  (6.36)

and therefore, the proposed EM time integrator is second order accurate, see Ap-

pendix E.2 for details.

Example (Mooney-Rivlin material cont’d): Again, we focus on a Mooney-Rivlin
material model as introduced in (6.12). Next, we derive the generic expression for the

discrete derivatives.

The discrete gradients Dcu is given as

Dcu = %(acu(cn+%,GnH,an,DnH) +8Cu(Cn+%,Gn,Cn,Dn))
1u(Cyi1,Gpi1,Chyr, D —u(Cy, Gys1,Cyui1, D
+3 (Cnt1, G n+1|cnn++11)_ Cn(||2n n+1, Cni1, Duy1) (Cpo1—Cn)
1”(Cn+1r Gn/Cn/Dn) _”(Cn/ Gnrcn/Dn) (C _C )
2 [[Ct1— Cal[? e
1 aCu(CnJr%/ Gut1,Cutt, Dn+1) :(Cuy1—Cn)
2 [Cor1 = ol (Cri1 =€)
1 acu(cn+%, Gy, Cu,Dy) : (Cpyq — Cn)
“2 [Cor1 = Cul2 (Co1 = Cn).
(6.37)
with
acuzal+2:)€r cC'?D®D, (6.38)

where C, C and D are evaluated at the corresponding time nodes. Similarly to (3.40)z,
the discrete gradients Dgu can be computed as

Dgu="bI. (6.39)

Furthermore, the discrete gradients Dcu reduces to the well-known Greenspan for-
mula [55] such that

lu (Cn/ Gn/ Cn+ern+1) —u (Cﬂ/ Gnr CTI/ Dn+1)

Dcu = -
¢ 2 ||Cn+1 - Cn|| (640)
4 lu (Cn+1/ Gn+]l Cn+1/Dn) —u (Cn+1/ Gn+1/ CVI/DH)
2 1Cn1 — Gl
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6 EM scheme for nonlinear electroelastodynamics

Finally, the discrete gradients Dpu can be computed as

Dpu = %(anu(cn, Gn,Cn,DH%) + 9pu(Cpi1, Gui, an,DH%))
1u(C,, Gy, Cy, D —u(Cy, Gy, Cu,D
E ( n, Un n||DnnJ;11)_D5|2n ns“en n) (Dn+1 *Dn)
1u(Cyi1,Gni1,Cui1, D —u(Cyi1,Gny1,Cuiq, D
+s (Cn+1, Grya n+l|Dn,:1)—Dn(|2n+l n+1, Cnt1, D) (Dy1— D)
19p1(Cn, Gy, Cn,DH%) “(Dyy1— Dy) (D D
-5 Dy~ DR n+1— D)
19pu(Cns1, Gus1, oy, DH%) (Dy41— Dy) D b
-5 Dyos Dyl n+1— Dn),
(6.41)
with
opiu = % cY2cp, (6.42)

where C,C and D are evaluated at the corresponding time nodes. Note that in the
limits ||Cy11 — Cy|| = 0, ||Gys1 — Gul| = 0, |Cpy1 — Cy| = 0and ||Dy, 1 — Dy|| = 0

the formulas (6.37)-(6.41) should be replaced with D, iu = 9 iu(r, 1 ).

Remark 6.3. The consideration of convex multi-variable internal enerqy functionals ensures
the satisfaction of ellipticity at the continuum level. This condition cannot be verified at
the (time) discrete level, where the derivatives of the energy are replaced by their discrete
counterparts. Ellipticity can only be mathematically proven in the limit, i.e. At — 0, when
both the discrete and continuum levels coincide, see (6.36).

6.4.2 Semi-discrete balance laws
A similar procedure to that in Section 6.3.3 will be followed in order to verify that

the proposed time integration scheme (6.32) possesses the conservation properties as
presented in Sections 6.3.3.1 to 6.3.3.4.

6.4.2.1 Balance of linear momentum

Following the procedure in Sec. 6.3.3.1, we choose admissible variations 6V = 0 and
5@ = { where { € R® is arbitrary but constant. Then (6.32), yields

7 (Ait (Lyy1 — Ly) — FBX*> —0. (6.43)
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6.4 Discretization in time

Therefore for vanishing external mechanical loads the total discrete linear momentum

is a constant of motion of the semi-discrete system.

6.4.2.2 Discrete balance of angular momentum

With regard to the developments from Sec. 6.3.3.2, we choose as admissible variations
dp=Cxq, 1 and 0V = x (9,1 — @,), where { again is a constant vector. Then the
time-discrete variational formulation (6.32) yields in the same way as in Sec. 3.1.2.2
the desired result

1
0 (57 Unir = J) = M35 ) = 0. (6.44)
For vanishing external mechanical loads the total discrete angular momentum is a
constant of motion of the semi-discrete system.

6.4.2.3 Discrete balance of Gauss’s law

Following the procedure in 6.3.3.3 we use d¢ = {, with { € R in (6.32)3 This leads
to

/pg v+ / Wi dA=0. (6.45)
n+2- n+z
By aBy

Therefore, the total electrical charge is zero for time independent volumetric and
surface electrical charges pj and wy, (6.45).

6.4.2.4 Discrete balance of energy
In this section, a similar analysis to that in Section (6.3.3.4) will be presented for the

semi-discrete weak forms in (6.32). For this purpose, we choose admissible variations
{6V,69,6¢,6D} ={V,i1 =V, @, 1 — @, Pni1— Pn, D1 —Du} €V XV x Yy x VP
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n (6.32). This yields

1
[ =) 2 @ =) 0dV = [(Vaia = V) -V, 1 p0dV,

By By

1 1
/(Vn+1 — Vn) . E ((Pn+1 _(Pn) 00 dv + / Salg : E DC[¢n+1 - qon]|n+% dv
By Bo

+ DH%&[?n{»l (Pn] ‘n+1 dv = O
[ ~Dycij2- DEis — pa]dV = DI g1 — il dA =0,
By
/(Dn+1 D) (DDu - n+1) dv =0.

By
(6.46)

Consideration of time independent forces B and T and charges p§ and w§ and after
addition of the four equations in (6.46), it yields

1
Tpir— Ty + / (salg > DClg 1= 9all,yy + Dot (Do - Dn)) av
By

- /Dn+% - DE[@p41 — ¢pn] dV — /(Dn+l ~D,)-E,,;dV (6.47)
By By

+ DHff‘[(an — @, = DI [$ni1 — ¢u] =0,
The terms in the second line of (6.47) can be re-written as

/D - DE[¢y+1 — ¢n] dv+/ nal — Dn)-En+%dV
By

(6.48)
—/ n+1" En+1 D, - En) dv.
By

From the definition of the algorithmic stress S, in (6.33) and those for Cy)g and Gg
in (3.63) and (3.64), respectively, it is possible to re-write the second term in (6.46);
as

1
Salg : > DC[(Pn+1 - (Pn]|n+%
= (Dcu + DgusCaig + Dcu Gyg) : DClg, 1 — @, 1,11

= Dcu: (Cn+1 — Cn) + Dgu: (Gn — Gn> + Dcu (Cn+1 — Cn) .
(6.49)
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6.5 Discretization in space

Substitution of (6.48) and (6.49) into (6.47) yields

Tyy1—Tu+ / (DCV :(Cpy1—Cn) +Dgt : (Gyy1 — Gu) +Dcu (Cyp — Cn)

By
+ Dpu - (Dyy1 — Dn)) dv + /(Dn+1 -Eyy1—Dy-E,)dV
By
I (@,41) — T (@,) — T (1) — 112 (¢n) = Hyy1 — Hu -

(6.50)

Comparison of (6.50) and the definition of the total Hamiltonian H in (6.31) enables
to conclude that conservation of energy for the implicit one-step time integrator in
equation (6.32) requires the directionality property in equation (6.35) to be satisfied.
Three points have been crucial to arrive at this conclusion. First, the consideration
of the algorithmic fields Cy; and G, in (3.63) and (3.64) has enabled to obtain the
identity in equation (6.49). Second, the consideration of D, 1, in (6.32)3 and of E,, +1
in (6.32)4 has been essential in order to re-write the third and fourth terms in (6.47) as
in (6.48). Third, the use of the discrete gradients in the sense of [52].

6.5 Discretization in space

The underlying formulation makes use of standard isoparametric elements (see, for
example, [71]) based on finite-dimensional approximations for g" € QM C Q, VI ¢
VR CVand ¢" € QF C Qy of the form

Mpode Mpode

P"(X) = Zl Na(X) @, (1), VN(X) = Z{ Nu(X) Va(t) and

Npode

PN(X) = ; Na(X) ¢a(t) -

(6.51)

Here N* : By — R denote the nodal shape functions and ¢,(t), V,(t) € R3 and
¢a(t) € R are the respective nodal values at time t. Moreover, 1,4, denotes the
total number of nodes in the finite element mesh. In addition, we introduce finite-

dimensional subspaces V& C Vp defined by

Vh:{DeWD|Dh

Nen
po = LMD |, (6.52)
b=1

0

which relies on uniform elementwise approximations for the electrical displacements
field D at time f. The shape functions are M?, with b = 1, ..., en, where 1, denotes
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the number of element nodes arising from the use of Lagrangian shape functions.
The standard (Bubnov) Galerkin approach relies on analogous approximations for
op €V, 0V €V, 5p € Vy and 6D € Vp denoted by dgh € VI C V, 5V € Vh,
oph € V;,‘ C Vy and 6DM € VI € Vp. Since no inter-element continuity is required
for the approximation of D, a static condensation procedure [128, 26] can be applied to
eliminate the additional unknowns on element level. Finally, the thus defined finite
element interpolations can be inserted into the semi-discrete variational equations

(6.32), leading to a system of nonlinear algebraic equations.

6.6 Numerical Investigations

The objective of this section is to study the performance of the newly proposed EM
time integration scheme presented in equation (6.32) in a variety of examples. Differ-
ent discretization spaces for hexahedral-based and tetrahedral-based finite elements
are used, see Fig. 6.1.

4 ¢ 4 4
U U Ul U
¢ ¢ ¢ ¢
Figure 6.1: Illustration of the nodal points for the hex-based serendipity finite element Q2 (left), a
hex-based linear finite element Q1 (center-left), a tet-based quadratic finite element P2
(center-right) and a tet-based linear finite element P1 (right). The bullets represent the

nodes of the continuous fields {V", ", ¢"} and the squares represent the nodes of the
discontinuous field D" .

6.6.1 Rotating actuator

The objective of this example is:

O1.I Study of the accuracy of the proposed EM time integration scheme given in
equation (6.32). Specifically, the objective is to verify the mathematical conclu-
sion obtained in Appendix E, according to which the proposed EM scheme must
converge at the same (second order) rate as the midpoint (MP) scheme.
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6.6 Numerical Investigations

The geometry and the boundary conditions for the actuator considered in this exam-
ple are depicted in Figure 6.2 and Table 6.1. The actuator is free in space. An initial

velocity V| is given by
Vo=wxX, w=10010Ts"!, X=[X}, X, X3]T, (6.53)

with {X3, Xy, X3} aligned with the orthonormal basis {ej, ey, e3}, respectively (see
Figure 6.2). Electrical Dirichlet boundary conditions are applied on top and bottom
of the plate. Specifically, a value of the potential ¢y = 0V is applied on the top (blue)
electrode and of ¢, = 100kV on the bottom (blue) electrode (refer to Figure 6.2).

on

w

$p

es
e
k:el
Figure 6.2: Rotating actuator: Configuration and boundary conditions (left), discretization (right).

The purely mechanical contribution of the constitutive model considered corresponds
to that of a Mooney-Rivlin model (refer to equation (6.12)). The electromechanical
component corresponds to that of an ideal dielectric elastomer (see equation (6.13)).
The material parameters of the constitutive model can be found in Table 6.1. The
discretization shown in Figure 6.2 has been used in this example, comprised of 8 hex-
ahedral elements with {243,81,192} degrees of freedom for {@,¢, D}. A continuous
serendipity-type Q2 interpolation has been used for the fields {¢, ¢} and a discontin-

uous trilinear Q1 interpolation has been used for D.

In relation to objective O1.1, a study of the accuracy of the proposed EM scheme in
(6.32) has been carried out. This is shown in Figure 6.3, which depicts the conver-
gence with respect to time of the solution when using the hexahedral finite element
described above. Specifically, for the mesh depicted in Figure 6.2, the L, norm of the
error in the displacements (see (4.92)) between the solution obtained with five differ-
ent time steps {Afy, ..., Ats} such that Aty = 2.5e-2s, Aty = le-2s, Atz = 5e-3s, Aty =
2.5e-3s, Ats = 1le-3s and that obtained with a reference time step At,s such that
Aty << Ats has been computed. A time-interval of 0.1s has been considered in or-
der to carry out the described convergence study. Crucially, Figure 6.3 proves that the
proposed EM scheme is second order accurate in time (slope of 1.914).
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Table 6.1: Numerical example 1. Material parameters, simulation parameters and geometry.

mech. parameters a 2.5 x 10* Pa geometry of the actuator
b 5 x 10* Pa
A 4x10*  Pa
el. parameters gg 8854x1072 Fkg™' / 2
e 5 - m)
ref. pot. $o 0 \Y 01
el. pot. at X3 = 0.1 ¢ 105 \% !
el. pot. at X3 =0 o 0 \Y
density 00 900 kgm™3
simulation time T 0.1 s
ref time-step size ~ Atf 1074
Newton tolerance € 10-° J
1072 ¢ — —
T 1077} 3
§ ‘ 1.914
S 04| 1 R
_54¢ L I
50 10°2 1071
A t[s]

Figure 6.3: Rotating actuator: Second order (1.914) accuracy of the proposed EM scheme in (6.32) with
respect to time for the field ¢. Results obtained for hexahedral Q2€-Q2€-Q1P element.
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6.6.2 Bending actuator

The objective of this example is two-fold:

02.I Comparison of the performance of two families of finite elements. Specifically, a
tetrahedral-based and a hexahedral-based finite element will be considered. The
interpolation spaces for the fields {¢, ¢, D} will be carried out in accordance to
Table 6.2.

O2.I1 Assessment of the thermodynamical consistency of the time integration scheme
presented in (6.32) for both families of finite elements. In particular, the conser-

vation properties of the proposed EM scheme will be analysed.

Table 6.2: Bending actuator: Discretization spaces for tetrahedral-based and hexahedral-based finite
elements considered. The superscripts C and D stand for continuous and discontinuous
interpolations of fields {¢, ¢, D}.

‘ Discretization in space ‘

Fields | Tet-based | Hex-based
@ P2¢ Q2¢
¢ p2¢ Q2¢
D P1P Q1P

The geometry and boundary conditions for the actuator considered in this example
are described in Figure 6.4 and Table 6.3. The actuator is clamped on one side (zero
Dirichlet displacement boundary conditions). A surface electrical charge wy is applied
on the top (purple) electrode (refer to Figure 6.4) whereas a prescribed value of the
electric potential of ¢ = 0V is applied on the electrode (blue) in the middle of the
actuator. The time dependent function wj is given by

sin (%ig t) fort <04s
1 for04s <t <1.0s

05 [Q/m?.  (654)
cos (m (t— 15)) for 1.0s <t <14s

wi =103 x

0 fort > 14s

The purely mechanical contribution of the constitutive model considered corresponds
to that of a Mooney-Rivlin model (refer to equation (6.12)). The electromechanical
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6 EM scheme for nonlinear electroelastodynamics

component corresponds to that of an ideal dielectric elastomer (see equation (6.13)).

The material parameters of the constitutive model can be found in Table 6.3.

Figure 6.4: Bending actuator: Configuration and boundary conditions (left). Discretizations
considered: hexahedral mesh (center), tetrahedral mesh (right).

With regards to O2.1, two discretizations are considered, one for each of the two fam-
ilies of finite elements described in Table 6.2. Both hexahedral-based and tetrahedral-
based meshes are represented in Figure 6.4. The mesh associated with the hexahedral-
based discretization has 2,560 elements, 13,401 nodes for both fields {¢, ¢} {40203,
13401} degrees of freedom associated to each field) and 20,480 nodes for D (61,440
degrees of freedom). The mesh associated with the tetrahedral-based discretization
has 10,882 elements, 18633 nodes for both fields {¢@, ¢} ({55899,18633} degrees of
freedom associated to each field) and 43,528 nodes for D (130,584 degrees of free-
dom). In both cases, D is interpolated using a discontinuous interpolation across

elements, which allows to condense out this field.

Figure 6.5 shows the contour plot distribution of the von Mises stress for both, the
hexahedral-based and the tetrahedral-based discretization, respectively, for different
time steps. A good agreement is observed between both discretizations in terms of
the final configuration (displacements) as well as the stress distribution.

Regarding objective O2.1II, Figure 6.6 shows the evolution of the Hamiltonian H (6.31)
using both hexahedral and tetrahedral discretizations for a given time step size of
At = 0.02s. The evolution of H is exactly identical for both discretizations. Crucially,
H remains constant for the time interval [0.4,1]s U [1.4,4]s, namely, when the sur-
face charge wj in equation (6.54) remains constant, proving that the Hamiltonian is
conserved in that range. This can be more clearly appreciated in Figure 6.7, where
the variation AH = H,,1 — Hj, is depicted for the aforementioned time interval. Cru-
cially, the maximum value of |AH]| is always bounded below the user-defined Newton
tolerance &, which for this case was selected as ¢ = 10~ (refer to Table 6.3).
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6.6 Numerical Investigations

Table 6.3: Bending actuator: Material parameters, simulation parameters and geometry.

mech. parameters a 2.5 x 10* Pa geometry of the actuator
b 5 x 10* Pa
A 1x105  Pa L
P 1 0.1 [m]
el. parameters g 8.854x10 Fkg
& 3 —
ref. potential o) 0 Vv 0.01
max. surface charge wp 1x1073 Q/m?
density 00 1000 kgm™3
timestep size At 0.02 s
simulation time T 4 s
Newton tolerance € 107> ]
1077
I T T 2 : ; ‘
— Hex: EM, At = 0.02 | - ?eetx g@f AAtt - 8‘822
—Tet: EM, At = 0.02 1”7‘””‘”j”””i 77777777777
o i P
E [T o e
= + i P
: = o
— 71 A
L L L 72 ; ‘ :
0 1 5 3 1 0 1 2 3 4
¢ [s] t [s]

. . . . Figure 6.7: Bending actuator: Time evolution of
Figure 6.6: Bending actuator: Time evolution of

H for both hexahedral and
tetrahedral discretizations using the

AH for time interval
[0.4,1] s U [1.4,4] s for hexahedral and
tetrahedral elements with proposed

d EM sch .
propose scheme EM scheme.
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6 EM scheme for nonlinear electroelastodynamics

Figure 6.5: Bending actuator: Contour plot of von Mises stress for the hexahedral-based and the
tetrahedral-based discretization for different configurations corresponding to (left to
right-top to bottom): t = { 0, 0.5, 1, 1.5,2,2.5,3, 3.5, 4 }s.
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6.6 Numerical Investigations

6.6.3 Rotating cross

The objective of this example is three-fold:

03.I Comparison of the stability and robustness of the proposed EM scheme against
the MP scheme.

03.II Comparison of the thermodynamical consistency of the proposed time integra-

tor to that of the MP integrator.

O3.III Verification of consistent angular momentum approximation.
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Figure 6.8: Rotating cross: Configuration and boundary conditions (left), discretization (right).

The geometry and boundary conditions for the actuator considered in this example
are described in Figure 6.8 and Table 6.4. The actuator is completely free (no Dirichlet
boundary conditions are considered for the field ¢). An initial velocity Vj is pre-

scribed and given by
Vo=wxX, w=][0,04Ts"!, X=[X;,X,X3]T, (6.55)

with {X3,Xp, X3} aligned with the orthonormal basis {ej, ey, e3}, respectively (see
Figure 6.8). A constant value for the electric potential of ¢ = 0V is applied on the
blue electrode. A surface electric charge wy is applied on the purple electrode (see
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6 EM scheme for nonlinear electroelastodynamics

detailed view in Figure 6.8). The time dependent function wy is given by

sin (%i’; t) fort <04s
1 for0.4s <t <3.0s

wi = (5x1073) x
( ) cos(%(t—Bs)) for 3.0s <t <34s

[Q/m?]. (6.56)

0 fort > 3.4s

The constitutive model is the same as that used in the two preceding examples with
the material parameters defined in Table 6.4. The discretization shown in Figure 6.8
has been used in this example. Specifically, a total of 672 hexahedral Q2¢-Q2¢-Q1P
finite elements have been considered, yielding a total number of degrees of freedom
of {13215,4405, 16128} for the fields {@, ¢, D}.

Table 6.4: Rotating cross: Material parameters, simulation parameters and geometry.

mech. parameters a 2.5 x 10* Pa geometry of the cross
b 5 x 10*
A 5 % 10°
el. parameters g0 8.854 x 10712
& 4
ref. potential ) 0
max. surface charge wy 5x 1073
density 00 1000
timestep size At 0.01
simulation time T 10
Newton tolerance € 105 ]

Regarding objective O3.1, Figure 6.9 shows that the MP time integrator exhibits an
energy blow-up and becomes unstable approximately in the interval 1s < t < 2s.
However, the newly proposed EM scheme remains stable for the whole simulation
for the same fixed time step size of At = 0.01s. This proves that the proposed scheme
is more robust and stable than the classical MP scheme.

In relation to objective O3.II, Figure 6.9 shows the evolution of H for both the pro-
posed EM scheme and the MP scheme. Crucially, H remains constant when using
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6.6 Numerical Investigations

the proposed EM scheme for the time interval [0.4, 3]s U [3.4, 10] s, namely, when the
surface charge wy{ in equation (6.56) remains constant, proving that the Hamiltonian
is conserved in that range. This can be more clearly appreciated in Figure 6.10, where
the variation AH = H,,1 — Hj, is depicted for the aforementioned time interval. Cru-
cially, the maximum value of |AH| is always bounded below the user-defined Newton
tolerance ¢, which for this case was selected as ¢ = 10~ (refer to Table 6.4).

Additionally, in relation to objective O3.III Figure 6.12 shows the evolution of the
norm of the total angular momentum J of the system for both the proposed EM
scheme and the MP scheme (before the latter becomes unstable). Crucially, ||J||
remains constant when using the proposed EM scheme for the whole simulation,
proving that the total angular momentum is conserved. This can be more clearly ap-
preciated in Figure 6.13, where the variation ||AJ|| = ||J,.41 — J,.|| is depicted for the
whole simulation. Crucially, the maximum value of ||AJ|| is also always bounded be-
low the user-defined Newton tolerance ¢ (here ¢ = 107, refer to Table 6.4). A clearer
evolution of the energy blow-up for the MP scheme can be appreciated in Figure 6.11.
For the interval 1s < t < 2s, a diverging pattern is observed in the evolution of the

Hamiltonian for the MP scheme which ends in an energy blow-up.

102 10°°
5 10 : ; ; 2 T T T T
——— | — EM, At=0.01 —EM, At=0.01
— MP, At=0.01
41 d ) T e T ey
= i %
= 3] . 5| ¥
T | O [t Ayttt
= — ! [
T 2| | r i
m | [
_ 1 T |
1 | -
0 I I I I -2 L L L L
0 2 4 6 8 10 0 2 4 6 8 10
t [s] t [s]
Figure 6.9: Rotating cross: Time evolution of H Figure 6.10: Rotating cross: Time evolution of
with the proposed EM and MP AH in the time interval
scheme. Energy blow-up for MP [0.4,3]sU [3.4,10] s for hexahedral
scheme within time interval element with the proposed EM
1s <t < 2s. consistent scheme.
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459.6 \ \
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459.3
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Figure 6.11: Rotating cross: Time evolution of AH in the time interval 1s < t < 2s for hexahedral

element. Energy blow-up of the MP scheme. Conservation of the Hamiltonian for

proposed scheme.
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Figure 6.12: Rotating cross: Time evolution of Figure 6.13: Rotating cross: Time evolution of
[|J]| with proposed EM scheme and [|AT|| for hexahedral element with
MP scheme. proposed EM scheme.

Finally, the contour plot distribution for the electric potential ¢ and the evolution of
the combined rotation and electrically induced deformation in the actuator is depicted

in Figure 6.14 for difference instances of time.
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6.6 Numerical Investigations

Figure 6.14: Rotating cross: Contour plot of electric potential ¢ for hexahedral element for different
configurations corresponding to (left to right-top to bottom):
t=1{0,04,0812.1.6,2,24,28,3.2,36,4,44 }s.

6.6.4 Twisting actuator

The objective of this example is:

04.I The consideration of more sophisticated constitutive models allowing for the
consideration of anisotropic effects. A comparison of the stability and robust-
ness between the proposed EM scheme and the MP scheme will also be carried

out in this example.

The geometry and boundary conditions for the actuator considered in this example
are described in Figure 6.15 and Table 6.5. The actuator is clamped on one side (zero
Dirichlet displacement boundary conditions). A surface electrical charge wy is applied
on the purple electrode (refer to detailed view in Figure 6.15) whereas a prescribed
value of the electric potential of ¢ = 0V is applied on the blue electrode (see detailed
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view in Figure 6.15). The time dependent function wy is given by

sin (%557; t) fort <05s
1 for0.5s<t<1s

[Q/m?]. (6.57)
cos (% (t— 15)) forls<t<15s

0 fort >15s

Figure 6.15: Twisting actuator: Configuration and boundary conditions (left), discretization (right).

Regarding the constitutive model, its electromechanical component corresponds to
that of an ideal dielectric elastomer (see equation (6.13)). The purely mechanical con-
tribution is more complex than that considered in the preceding examples. This can
be additively decomposed into purely isotropic and transversely anisotropic parts, see
(3.42). In this example, the isotropic contribution 1°(C, G, C) will be taken exactly as
that a Mooney-Rivlin model (refer to equation (6.12)). The anisotropic contribution is
defined in (3.44), where the material parameters gop > 0, g¢ > 0, g¢ > 0and gc > 1
for this model can be found in Table 6.5. Moreover, in Fig. 6.15, ay represents the
preferred direction of anisotropy in the material configuration. In this example, ag
is defined as ag = [0.320 — 0.9712 0.320]". The discretization shown in Figure 6.15
has been used in this example. Specifically, a total of 640 hexahedral Q2¢-Q2¢-Q1P
finite elements have been considered, yielding a total number of degrees of freedom
of {10995, 3665, 15360} for the fields {¢@, ¢, D}.

Regarding objective O4.1, Figure 6.16 shows that the MP scheme exhibits an energy
blow-up and becomes unstable approximately in the interval 4 < t < 5. However,
the proposed EM scheme remains stable for the whole simulation for the same fixed
time step size of At = 0.0025s. Like in the preceding example, where a simpler

constitutive law was used, this proves that the proposed EM scheme is more robust
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and stable than the classical MP scheme. In addition, 6.16 shows the evolution of
H for both the proposed EM scheme and the MP scheme (before the latter becomes
unstable). Crucially, H remains constant when using the proposed EM scheme for
the time interval [0.5,1] sU [1.5,7.5] s, namely, when the surface charge w{, in equation
(6.57) remains constant, proving that the Hamiltonian is conserved in that range. This
can be more clearly appreciated in Figure 6.17, where the variation AH = H, 11 — H,
is depicted for the aforementioned time interval. The maximum value of |AH| is

always bounded below the user-defined Newton tolerance ¢ (refer to Table 6.5).

Finally, the contour plot distribution for the von Mises stress and the evolution of the
electrically induced deformation in the actuator is depicted in Figure 6.18 for different

instances of time.

Table 6.5: Twisting actuator: Material parameters, simulation parameters and geometry.

mech. parameters a 2.5 x 10* Pa geometry of the actuator
b 5x10*  Pa
A 1 x 100 Pa
20 3 x10° Pa
gc 4 - !
G 8 - 0.1 [m]
gc 1 -
el. parameters gg 8.854x 10712 Fkg!
& 4 - O.OZT
ref. potential ®o 0 Vv
max. surface charge wy 2x1073 Q/m?
Density 00 1000 kgm™3
timestep size At 0.0025 s
simulation time T 7.5 s
Newton tolerance £ 107° ]
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Figure 6.16: Twisting actuator: Time evolution Figure 6.17: Twisting actuator: Time evolution
of H with the proposed EM scheme of AH in the time interval
and the MP scheme. Energy [0.5,1.5]sU [1.5,7.5] s for hexahedral
blow-up for MP scheme. element with the proposed scheme.
25-10°

Figure 6.18: Twisting actuator: Contour plot of the von Mises stress for hexahedral element for

different configurations corresponding to (left to right-top to bottom):
t+=4{0,02,04,06,081,12,14,16,1.8,2,2.2 }s.
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6.6.5 Clamped membrane

The objective of this example is:

O5.I Comparison of the robustness between the proposed EM scheme and the MP
scheme in scenarios with more sophisticated electrically induced configurations

which can represent a real challenge from the robustness standpoint of the al-
gorithm.

_/=

es e

<

Figure 6.19: Clamped membrane: Configuration and boundary conditions (left), discretization (right).

The geometry and boundary conditions for the actuator considered in this example
are very similar to those considered in Reference [140] and are described in Figure 6.19
and Table 6.6. The actuator is fully clamped on the perimeter of the blue electrode
(see detailed view in Figure 6.19). A surface electrical charge wyj is applied on the
purple electrode (refer to detailed view in Figure 6.19) whereas a prescribed value of
the electric potential of ¢ = 0V is applied on the blue electrode. The time dependent
function wy is given by

. 5 sin (0'153” t) fort <1s )

Wi = (2 x107%) x [Q/m?]. (6.58)
1 fort >1s

The purely mechanical contribution of the constitutive model considered corresponds

to that of a Mooney-Rivlin model (refer to equation (6.12)). The electromechanical

component corresponds to that of an ideal dielectric elastomer (see equation (6.13)).

The material parameters of the constitutive model can be found in Table 6.6.

The discretization shown in Figure 6.19 has been used in this example. Specifically,
a total of 25200 hexahedral Q2¢-Q2¢-Q1P finite elements for one quarter of the disc
have been considered, yielding a total number of degrees of freedom (for one quarter)
of {420639,140213, 604800} for the fields {¢, ¢, D}.
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Table 6.6: Clamped membrane: Material parameters, simulation parameters and geometry.

mech. parameters U1 1x10° Pa geometry of the disc
1o 2 x 10° Pa
A 1x10°  Pa 2 .
el. parameters go 8.854x 10712 Fkg!
& 4 N/V? 0.01 [m]
ref. potential o 0 Vv
max. surface charge wy 2x 1073 Q/m?
Density 00 1000 kgm™3
timestep size At 0.01 s
simulation time T 20 s
Newton tolerance € 104 J

Regarding objective O5.1, Figure 6.20 shows that the MP scheme exhibits an energy
blow-up and becomes unstable approximately at the beginning of the time interval for
which w{ becomes constant. However, the proposed EM scheme remains stable for
the whole simulation for the same fixed time step size of At = 0.01s. This example is
particularly challenging, specially when using the MP scheme, as it can be observed
from the early energy blow-up just described. In addition, Figure 6.20 shows the
evolution of H for both the proposed EM scheme and the MP scheme (before the
latter becomes unstable). Crucially, H remains constant when using the proposed EM
scheme for the time interval ¢ > 1s, namely, when the surface charge wy{ in equation
(6.58) remains constant, proving that the Hamiltonian is conserved in that range. This
can be more clearly appreciated in Figure 6.21, where the variation AH = H,, 1 — H,
is depicted for the aforementioned time interval. The maximum value of |AH| is

always bounded below the user-defined Newton tolerance ¢ (refer to Table 6.6).

Finally, the contour plot distribution for the von Mises stress and the evolution of
the electrically induced deformation in the actuator is depicted in Figure 6.22 for

difference instances of time.
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Figure 6.20: Clamped membrane: Time Figure 6.21: Clamped membrane: Time
evolution of H with the proposed evolution of AH in the time interval
EM scheme and the MP scheme. t > 1s for hexahedral element.

- & <
- >

Figure 6.22: Clamped membrane: Contour plot of the von Mises stress for hexahedral element for
different configurations corresponding to (left to right-top to bottom)
t=1{0,0.05,0.3,0.55, 0.8, 1.05, 1.3, 1.55, 1.8, 2.05, 2.3, 2.55 }s.
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7  Summary and outlook

7.1 Summary1

This thesis deals with the formulation of a mixed framework for the design of EM
consistent schemes inspired by the structure of polyconvex stored energy functions.
This framework has been extended to more involved problems, such as modeling
quasi-incompressible material behavior or the simulation of multi-field problems.

In the beginning we proposed a new mixed variational framework that opens up a
new avenue to the design of EM schemes. The mixed variational framework has been
motivated by the structure of polyconvex stored energy functions. Consequently,
the structure of the underlying frame-indifferent stored energy function gives rise to
three strain-type fields that play the role of independent variables in the Hu-Washizu
type variational formulation. In particular, the strain-type variables are introduced
through a cascade of kinematic relationships, which ultimately makes possible the
design of the present EM method. The mixed framework at hand yields variational
equations that have been discretized first in time. The resulting mixed semi-discrete
EM method facilitates the design of a whole family of EM schemes, dependent on the
specific choice of the spatial discretization. This has been illustrated in the present
work with (i) the pure displacement formulation, and (ii) the fully mixed element for-
mulation relying on the independent approximation of the displacements, the three
strain-type variables, and the corresponding three stress-type Lagrange multipliers.
Concerning the fully mixed approach, we have restricted ourselves to one particular
implementation, relying on 20-node serendipity shape functions for the displacements
(yielding a globally C? approximation of the displacement field), along with tri-linear
Lagrangian shape functions for the remaining six independent fields. Since the mixed

1 This section is based on the conclusions given in [23, 81, 44, 133].
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fields do not require inter-element continuity, the classical static condensation proce-
dure has been applied. Thus, the mixed formulation does not lead to an increase in
the number of unknowns to be solved for at the global level. Interestingly, the mixed
approach has led to a new form of the algorithmic stress formula, which is a typical
feature of EM schemes for displacement elements. It has been shown that the new
stress formula leads to significant simplifications for the numerical implementation
when compared to previously developed projection-based formulas. Apart from the
advantages for the structure-preserving discretization in time, the newly proposed
mixed variational formulation also offers new options for the design of mixed finite
elements. It has been shown that the specific mixed element formulation singled out
in the present work shows superior numerical robustness and accuracy, when com-

pared to the corresponding displacement element.

Based on this formulation, we extended the recently developed framework of mixed
finite elements to the class of Ogden-type material models. Typically, this class of
material models shows a good correlation between simulations and experiments of
rubber-like materials and contains Mooney-Rivlin and Neo-Hookean material models
as special cases. Since rubber-like materials are known to be nearly incompressible,
we used a multiplicative split of the deformation gradient. This ensures a decou-
pled expression of the underlying stored energy function in an isochoric part and
a volume-changing part. Afterwards, we proposed a mixed variational framework
based on a three-field Hu-Washizu-type variational formulation, where the displace-
ments, the determinant of the deformation gradient, and the hydrostatic pressure
enter the functional. Employing stationarity conditions yield the variational equa-
tions which have been discretized in time and space. For the discretization in time,
we introduced a newly developed algorithmic stress formula, tailor-made for EM
consistent time approximation of Ogden-type material models, within the mixed for-
mulation. The newly proposed EM time discretization of the underlying mixed vari-
ational formulation allows for alternative spatial approximations of the mixed fields.
The numerical examples show that the newly proposed EM time-discretization, along
with the mixed space-discretization (e.g., Q1P0), performs extremely well in terms of

numerical stability and accuracy.

The key follow-up point in this thesis is the extension of the newly developed stress
formula to multi-field problems. We presented a new approach to the design of EM
consistent time integration schemes in the field of nonlinear thermo-elastodynamics.
The key element for this development is the tensor cross product, which allows us
to find a polyconvexity-based, frame-indifferent Helmholtz free energy functional
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and greatly simplifies the algebra. Based on this, a new temperature-based vari-
ational formulation has been devised, which made possible the design of an EM
consistent scheme. The polyconvexity-based framework has been discretized first in
time. In particular, a new algorithmic stress formula has been developed with a re-
markably simple structure for the numerical implementation that avoids the use of
previously developed projection-based formulas. The EM consistent time integrator
consistently reproduces the physical behavior of the coupled thermo-elastodynamic
model. In addition, the algorithm presented herein is numerically stable for different
types of initial and boundary conditions. The newly proposed integration scheme
was investigated with respect to the numerical behavior in different transient exam-
ples. It turned out that the advocated approach exhibited superior numerical stability
properties, which is due to the consistent reproduction of the fundamental thermo-
mechanical balance laws in the discrete setting. It became evident that the proposed
polyconvexity-based formulation, in terms of the temperature, yields a particularly
robust scheme. This leads to remarkably reliable results, even for coarse time-steps,
which is in contrast to standard second-order implicit integrators.

Finally, a new, consistent energy-momentum one-step time stepping scheme was pre-
sented in the context of nonlinear electro-elastodynamics. The new time integrator
relies on the definition of four discrete derivative expressions of the internal energy,
where each one represents the algorithmic counterpart of the work conjugates of the
right Cauchy-Green deformation tensor, its co-factor, its determinant, and the La-
grangian electric displacement field. Proof of thermodynamical consistency and of
second-order accuracy with respect to time of the resulting algorithm, are presented.
A series of numerical examples have been included in order to prove the superior ro-
bustness and conservation properties of the (internal energy-based) EM time-stepping
scheme proposed.

7.2 Outlook

Based on the present contribution, some research projects are currently in progress
or seem to be worth investigating. In particular, we focus on the intersections of the
three circles, as illustrated in Fig. 1.1.

¢ In [45], the time integrator for finite strain electromechanics, as proposed in

Chapter 6, has been developed from a new mixed variational framework to
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make possible several discretizations in space. According to a suitable choice of
the interpolation spaces for the mixed fields, the new formulation exhibits supe-

rior numerical performance compared to the formulation proposed in Chapter 6.

¢ In a similar way, it would be worth investigating a mixed formulation for finite
strain thermo-elastodynamics. With regards to Chapter 3, the mixed formu-
lation at hand should show superior numerical robustness and accuracy com-
pared to the formulation proposed in Chapter 5. Moreover, the algorithm pro-
posed in Chapter 5 only approximates the first law of thermodynamics in the
full discrete setting consistently. The consistent formulation of the second law

of thermodynamics could be addressed as well.

¢ Another field of interest would be a combination of the EM consistent time-
stepping schemes proposed in Chapter 5 and 6. The new time integrator for
finite strain electro-thermo-elastodynamics should show the well-known advan-
tages of structure-preserving time-stepping schemes and would be useful for
many applications of interest. Additionally, a mixed formulation could be ad-
dressed in the context of the electro-thermo-elastodynamic problem at hand.

As mentioned in the beginning of this thesis, variational integratos represent an inter-
esting class of structure-preserving numerical methods. In the context of the mixed
variational framework, it would be of interest to focus on variational integrators orig-

inating from Hu-Washizu-type or Hellinger-Reissner-type variational principles.
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A.1 Relations for the tensor cross product

The relationships for the tensor cross product summarized in (2.12) can be easily
verified by resorting to index notation. Accordingly, using definition (2.8) of the
tensor cross product, commutative property (2.12); can be verified by considering
(A»B)ij = €inp €jab Ana Bpp
= €ipu €jba Bpp Ana (A1)
= (B=A);;.
Here, the fact that the permutation symbol ¢;,5 changes sign under transposition, i.e.
€inp = —€ipa, has been used twice. To verify relation (2.12),, consider

(A%B)}; = (A%B)]l
= €jup Eigp Aaa Bpp

= €iap €jap (AT (BT )
= AT«BT.

(A.2)

Permutation property (2.12); follows directly from the fact that the permutation sym-
bol is invariant under cyclic permutation of indices. That is, €jug = €4pi = €pia- Thus,
we obtain, for example,

(A+B): C = (A%%B),-]-(C),']-

= €iap €jab Aaa Bpp Cij

€api €abj Bpp Cij Ana (A3)
(B#C)ua(A)ua
=(B=C):A.

! This chapter is based on the appendix given in [23].
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To verify relation (2.12),, we make use of the epsilon-delta identity (see, for example,

[53]),
€jab€jys = Oary Obs — 06 Obry s (A4)

to obtain
((A=B) (C=D)); = (A>B);;(C+D)jx
= €inp €jab Awa Bpp €jy6 €ked Cye Dsa
= €iup €ked (Oay Ops — Oas Opy) Ana Bpp Cyc Dsg
= €jnp eked (Aay Cyc Bgs Dsg — Aus Dsa Bpy Cope)
= €inp €ked (AC)ac (BD)pg + €inp ekdc (BC)pc (AD) g
= (AC)+=(BD) + (BC)+(AD).

(A.5)

Eventually, distributive property (2.12)s is obviously satisfied.
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B.1 Implementation details of the

displacement formulation

Inserting the approximations from (6.51) into the semi-discrete variational formula-
tion (3.65) yields the nodal residual vectors RY, € R3 and RZ, €R3 given by

b
Rl‘?/ = Mﬂ ((an+1 - qohn — At Vbn+%) ’

) 1 .
Ry = [BU,Shdv+ [ooBN"AV+M® = (V0= Vy,), PV
BQ BO
with mass matrix M? € R3*3 of the form
M — / oo NTNPQV T, (B.2)

By

and the standard operator-matrix B” € R®*3 which links the nodal displacements to
the strains (see, for example, [175]). For the sake of clearness, we neglect superscript
throughout this appendix. Taking into account the symmetry of S5 € R3*3, the inde-
pendent commponents of S, are arranged in a column vector SX € R®. Specifically,
AV € RO refers to the so-called Voigt's vector notation of a symmetric stress-type
quantity A € R*>*3 given by

An Ap Ap .
A= |An An Axn| — AV =|An An Ay An Axn Ap| . (BI)
Az Az Aszs

1 This chapter is based on the appendix given in [23].
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Similarly, A" € RS collects the independent components of a symmetric strain-type
quantity A € R**3 leading to

All A12 Al3 T
- _ _ _ _V _ - —_ _ - -
A=|Ay Ay Ap| — A"=|Ay Ap Ay 24yn 24y 24p| . (B4
Az Az As

In this way work-conjugate pairings of stress-type and strain-type quantities can be
written as
- _yT
A:A=A" AV, (B.5)

For an efficient implementation, the nodal velocities are expressed in terms of the
displacements. Accordingly, (B.1); yields

2
Vint1 = —Viu + A (Poni1— Pon) - (B.6)

Inserting (B.6) into (B.1); leads to a size-reduced global residual vector Ry, € R3™w,
with nodal contributions RZ, € R® given by

- T _ 2 2
Ry = /BL% SYdv + /po BN“dV — EM“Z’ Vi, + EM”Z’ (@pps1— Pon), (B
By By

(a=1,...,My04.). For the iterative solution process, the corresponding tangent mod-

uli are needed. The linearization of the fully discrete system results in
DR, - Adyy1 = K" Mgy, (B.8)

where d € R3"wé contains the nodal position vectors ¢, € R3. The contribution of
node a and node b to the effective element tangent matrix, K € R3*3, can be written
as

K™ = K&, + Kgoo + Ky (B.9)
Note that we assume dead loads acting on the body (K%, = 0). The dynamical part

of the tangent matrix is given by

ab_z

ab
Kiyn = A g M- (B.10)
For the geometrical part we obtain
1
b b
Kifho = 5 [ NGNS (Sa), 14V, (B.11)
By
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while the material part is given by

1 T -
K?r?at ) /BZJF% DB’;H dv. (B.12)

By
Here, D € R®*® contains the algorithmic material tangent moduli arising from the lin-

earization of the algorithmic stress tensor (3.66). For example, in case of the Mooney-

Rivlin material we obtain

. 2 1

D = 9(Dg¥ + De¥ 7 (3 (Cppy + 5 Cut1) ) .

1/5v 7\ V =V ’
+ acn+1(Dc‘Y 3 (g‘m% + (Cn+%%%cn+%> ) ® grpm) ’

where Dg¥ and DY stand for the discrete derivatives given by (3.40); and (3.41),

respectively. Moreover, in (B.13), the operator matrix 2(A) embodies the operation

A : (VxW), where V and W are symmetric, leading to v (A) WY, where

0 243 2A»n 0 —2Ay 0
245 0  2A; 0 0 —2Ap;
ga)— | 242 2An 0 24p 0 0 B.14)
0 0 —2An —Asxz Az A3
—2 A3 0 0 Az —An Anp
| 0 243 0 Az A —Ap |

The assembly procedure of the element contributions to the global tangent matrix and
the global residual vector is standard and can be found in textbooks such as [175].

B.2 Implementation details of the
mixed formulation

In an analogous way to the implementation of the displacement formulation (see Ap-
pendix B.1) we provide the residual vector and tangent moduli for the mixed element
formulation. As mentioned in Section 3.3.2, it is possible to use different interpolation
formulas for the mixed fields. In the following we allow for different interpolations
of the individual mixed fields on element level. The corresponding shape functions
are distinguished by a subscript. For example, we write

n

néy
M. Ay, Ah’B(e) =) M4 A,, (B.15)
0 b=1

g

Ah’ -
B

b=1
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where A € R3*3 stands for C, G, A€ or A9 and A € R stands for C or AC. Moreover,

A or nf stands for the nodes per element of the corresponding quantity. For the

n
sake of clearness we neglect the superscript / in the sequel. Inserting the interpolation

formulas into the semi-discrete variational equations (3.33), (3.34) and (3.35) we get

M (@41 = Py — DV 1),

1 B.16
/B AS.,) dv+/poBN”dV+M“bAt(Van—Vbn)f (516
By
1
aC :/ (DC‘F AnJrl+An+1§/cn+1 +3A +1 g""" )]\/Ié v,
By
o= [(Dg¥ - A9, + 1A c )mEdv
- ( . g1+ 5 A% ) zdv, (B.17)
By
R: = / (De¥ — Af ) MEAV,
By
?\C = / (CTI+1 — C}’Z+1) M?\c dV,
By
N Hbn+17bn41 n+1 A9 ’ (B.18)
By
1
?\c = / (3 Gni1:Cny1 — Cn+1) M?\C av,
By

with the mass matrix M as introduced in (B.2), the standard nodal operator ma-
trix B® € R%*3, and the vector notation introduced in Appendix B.1. Similar to the
displacement-based formulation, the nodal velocities V,,,q are eliminated by using

(B.6) to obtain the size-reduced nodal residual vector given by

) 2
R = /Bn+1 ¢ dV+/poBN“dV——M“ben+—M (@b — Pon) -

At?
By
(B.19)
Next, we arrange the nodal residual vectors in element residual vectors of the form
Ry = [Ryy. i Ry"],
c\Vv v g\v v C\V
Rz = {(RC) o (RE) (RG) -5 (Rg™) 5 (RE) 5.5 (RE™) } (B.20)
A€ A9 AC v
Ry = [(Rhe)"so s (Ri2)"; (Rho) i (R )5 (Rhe) s s (R3) ]
where

C . AG\, AC
R, € R Ry € RO(Mn+nd) e Ry € RO (nen +nan ) +ndy (B.21)
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Tangent operator

Next, we consider the tangent moduli pertaining to one individual element. As before
we assume that dead loads are acting on the body. In analogy to Appendix B.1
we assume that the discrete derivatives D¢¥, Dg¥ and DY refer to those of the
Mooney-Rivlin material, given by (3.40); and (3.41). We start with the linearization of
(B.19) to obtain

i 1
Dy, Ry Dp,  =Kip, Mgy, ., Koy = / NINY(2AF.,),, IdV +M™ =

A2’
DyeRy : AA | =K (AA K"b = [B"  Mt.dV
A by ( n+l) PAC el c
(B.22)
The linearization of (B.17); yields
AV
De,R% : ACy,.1 = K& AC) / M 2(AY, ) Mb v,
Dg,R% : AGp, 1 = K5 AGY K&, = /M”C Mb AC, TdV,
By
D ,cR% : AAS AAC. )Y K M8 ML TdV
AfC but1 (:AC ( n+1)b ’ CcAC ~ c Viac ’ (B.23)
By
CAAS v b b
DAgRaC : AAbn 1 KCAQ (AAn-H) Keps = /Mac g(cn+%) Myg dV,
50
C C AV b
DycREAAS | = Kl AT, KY, . = / MGy M dv,
Bo

where I € R®%¢ ig given by I = diag(1,1,1,2,2,2). Concerning the linearization of
(B.17),, we obtain

De,R% : ACy,,, = KSe AC) Kb, = - /Ma ML A, T4V,
. g b
DAfR% tAAG L N (AAn+1)b , Kgro = / Mg Mpg 1V, (B.24)
¢ _ qeab _ Mb.eY
DAgRag AAbn+1 - Ka AC AA byt1” QAC - /Mﬂ AC CYH—% dv.
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Furthermore (B.17)3 yields

D, R% ACyy 1 = K ACyypy K = / dcn1De¥ ME ML AV,
By

(B.25)

where d¢,,.1 Dc¥ is the derivative of the Greenspan formula (3.41). Note that this
formula should be replaced with 3 f”(C, +1 ) in the limit C;, 11 — C,. At last, we
obtain

b b ' b
D(PbRi[\C . A¢bn+l — K?ch) A(an+l’ K?\C(P - / MZC BTl+l dV,
By
. b _ b
De,Ric i Ay, =Kiec ACL,,  Kileg = — [ Mye MELAV,
B
, 0 , (B.26)
De,Ri i ACh,., = Kisc ACY, ., Kiloe = [ Mg 2(Cop1) ME AV,
By
. b _ b
Dg,Ryo : AGy, , = Ko AGy, ., Kiog = —/M“ Mgldv,
. ‘ b
chR?\C : ACerrl ACC Acb n+1’ ACC 3 / M ”l+1 MC dV’
b
Dg,Ric : AGy,,, = Kieg Gy, Kjeg = 3 / M Cliq MG AV, (B.27)
De,R%c ACy, = K%y ACyysy, Ky = — / Mec M5 AV
Next, we obtain the element tangent stiffness matrix as
(KS 0 0 0 Kje 0 0]
0 K& Ko Ko Koo Koo Koy
0 Kp K Koo Ko Kool [Kg o0 Ky
K¢ Ky Koo o0 kK9l =]0 k& k& (B.28)
Ki, K& 0 0 0 0 0 K, KL 0
K. Kg 0 0 0 0
0 K K K, 0 0 0|

Note that the submatrices of the above tangent stiffness matrix have been arranged
in the same way as the element residual vector (B.20). The superscript e refers to
the finite element under consideration. Note that for the Mooney-Rivlin material the
entries in K(.l are zero except for Kéc Together with (B.20), the linearized discrete
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variational equation on element level can be written in the form

T [ (e) T
o] (Ko 0 K27 [agl) s [RY
B o K& KE| a2l | =-ls=| |RY|.  (B29)
oAl |KS) KRL 0 | [AAf), sa] |RY

Static condensation process

Since the interpolation of & and A is confined to each element, a static condensa-
tion procedure can be applied (see also [26]). On the element level we consider the

algebraic system of equations given by

Ky o K] [ag] [
o K& K& (a2l | =- |RY|. (B.30)
JEnGN - n =
Ky Kiz 0 | [an), R}
The third row of (B.30) yields
- -1
2l = (K (R - kel w3
From the second row of (B.30), we obtain
M, = (KE) ™ (CRE - KElasle) )
Inserting (B.31) into (B.32) yields
e)\—1 e e e
AN = (KS) T (- RE +KEL (KRG T (RY + K Agl) ). (B33)
Substituting (B.33) into the first row of (B.30) leads to
(Kipp + K3 (K5 T'KEL (KL) T K)) pgpl (B.34)
+Ry + KU (KE) T (- RY +KEL (K3 TRY) =o0. (B.35)
Thus, on element level we obtain
K 8gl) = —RY, (B.36)

where

P

~ (e 1 —1

Ry = RS+ K (KE) T (- RY + KL <1<Al> RY).
e
)

and the element residual vector Ré,

i(©) (e) (©) (@) y=1p(e) ple) =11 -(e)
Ky, = (Kpp + K, (K K.z (Ky=) K
( PP ( )7 ( ) (8.37)

The element tangent matrix K(pq, can now be
assembled in the standard way as in the case of the displacement formulation dealt

with in Appendix B.1.
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C.1 Spectral decomposition of a symmetric

tensor and its cofactor

We introduce the cofactor B = cof(A) of a second order tensor A as

B = cof A = %A%%A. (C.1)
The spectral decomposition of A yields
A=MN{oN{ + M NS @ NS + A4 N{ o N4 (C2)

Now (C.1) gives rise to

B= % (A N @ N + 14 N4 @ N2 + A4 N4 @ N§)
(MNP @ N + M N{ @ N& + A N{ o NE)
= A2 A5 (N2 @ N7)+(N§ @ N3) + AL A3 (NT @ NT)« (NS @NS) ()
+ A1 A2 (N @ Ni )« (N3 @ N2
= A5 A3 (N3 x N§) @ (N3 x N3) + M A8 (N§' x N§) @ (N7 x N3)
+ M AL (Nf x N9 @ (N x N$).
In the above use has been made of the relationship (a @ b)x(c® d) = (a x ¢) ® (b

d) along with the orthonormality of the eigenvectors N4. Accordingly, the spectral
decomposition of B is given by

B=ASNBoNB L ABNER NB+ ABNEB o NE, (C.4)

! This chapter is based on the appendix given in [81].
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where
AB=Adad AR =afag, AB=afa, (C.5)

and
NB=Nf#, NE=N%, NE=N{. (C.6)

C.2 Relationship between the eigenvalue of a

tensor and its derivative

The spectral decomposition, introduced in (4.2), is given by

3
A=Y MMNAgNA. (C.7)
i=1
For the differentiation of (C.7) we get
3
dA =Y dAANA@NA+ A4 (ANA @ NA + N ®dNY). (C.8)

i=1

Scalar multiplication of (C.8) by N2 @ N{! yields

3 3
N{-dAN{ =Y dAANA (NA @ NA)NA
i=1 i=1

+ AL (NA - (ANA@ NY)NA + N2 - (N2 @ dNA) NP

(C9)
where N4 (NA@NA)NA =1and N - (AN @ NAHYNLA + N4 (NA@dANA)NA =

0 since N IA form an orthonormal basis. From (C.9), we obtain the following result
3 oAy A A
Y dA =) dA: (NA@ND). (C.10)
i=1 i=1

Finally, for the derivative of the eigenvalue A/ with respect to A, we obtain the fol-
lowing result

A4
d0A -~

NA®NA = (€11)

For more details see [155, 68].
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C.3 Remarks on the numerical implementation

C.3.1 Time discrete eigenvalues

Similarly to the kinematic quantities, we obtain for the eigenvalues at a specific time-
node

(AD)n =A7(Cl@), (A )nr1 = AL (Cl@yi)),
A=A (Gl@,)),  (A)wr1 = A7 (G(@, 1)
Note that the relationships provided in (4.32), are still valid in the time-discrete set-

(C.12)

ting. For example, in case of the mid-point type discretization as introduced in Section

4.4 we get
A8(G(@,.y) = A£(C@, 1) X (Clg,. 1)),
A§(G(@,, 1) = AE(C@,, ) AS(Clp,., 1)), (C13)
A5 (Gl@, 1) = AT (Cle,,1) A5 (Cl@,. 1)

In order to solve a minimum number of eigenvalue problems, the eigenvalues of G in
Section 4.4.1 are defined as

- e 1 -c,1
Af(GH%) = Ag(icn+%%%cn+%)Ag(icn+%§c,1+%),
- e 1 -c, 1
A (Gyiy) = A (5C,117C ) AS(5C,015C, ), (C.14)
- e 1 —c, 1

_5C C
A (GVI+%)_)L1 (Ecn+%>§‘cn+1))L2(Ecn+%%§<cn+%).

Therefore, in case of the mid-point discretization we have to solve one eigenvalue
problem for AS(C(g, %)) In case of the structure preserving integration scheme,
we have to solve three eigenvalue problems for AF(Cy), AS(Cyy1) and AS(C,, 1)
respectively. The eigenvalues of G can then be calculated by use of (C.13) or (C.14),

respectively.

C.3.2 Perturbation technique
As already mentioned in Section 4.1.1, we focus on a perturbation technique to

treat the case of equal eigenvalues and circumvent numerical problems. Depend-

ing on the value of the perturbation parameter, this technique can cause numerical
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difficulties or spoil the energy-consistency of the algorithm. The perturbation al-

gorithm as given in [111] is as follows: for two numerical equal eigenvalues |A; —
Ail/ (max([Ai], [Ajl, [Ak])) < tol we set

Ai=Ai(1+96),  A=A(1-¢), A=Mh/(1+5)(1-9), (C.15)

where the perturbation ¢ is sufficiently small. A careful analysis of the perturba-
tion technique in the context with structure-preserving integration schemes has been
done in [118]. To define the desired structure-preserving integration scheme without
numerical problems, the discrete derivatives in (4.66) are modified such that

< (Ac(cn+%)) + (Y5 ((A)n11) = ¥, ((AF)n)) AC

Dcxylsa 150 AC N AC
aCTgo(_ (Cn+%)) tAC AC
AC : AC ’
(¥8,(A8)u1) — ¥,(A),)) AG

DGTzso aG‘Ygo(AG(GVhL%)) + S AG : Alg
aG‘.Ijlso( i (Gn+%)) tAG AG
a AG : AG '
(C.16)

n (C.16) we apply perturbation on A, A¢ and no perturbation on A€ and A€.

154



D Appendix to Chapter 5

D.1 Energy termination

Since the EM consistent integrator is able to represent the balance of total energy in a
consistent manner we can define an alternative termination criterion for the Newton-

Raphson method based on the discrete balance of total energy
|27 (1 = En) = Piisn — Qo <& (D)

where ¢ is the tolerance of the Newton-Raphson method.

D.2 Classical mid-point discretization

A fully discrete thermo-elastodynamic system, derived from a classical formulation
(cf. weak form (5.16)), is given by

/w}(;) K(¢n+1 q’n dV /w(p P51PZ+1 dv,
BO By

/wg'Ai(pn—H pn)dv_ /S axw F2+1)dv

h B h
By oBY

/W 9n+1 ar (11— WE)dV:/aXW?'Q:+% dv
By

+/w R,ydV+ [ whQ,, da,
aBY

! This chapter is based on the appendix given in [44].
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where a mid-point integration scheme for the temporal discretization has been ap-
plied. The second Piola-Kirchhoff stress tensor in (D.2) is defined in its midpoint
configuration as
h § h h
SH% :28C‘I’(C((pn+%),9n+%). (D.3)

For the Piola heat flux vector in its midpoint configuration we obtain

Q2+% =K (C(¢Z+%)’GZ+%) v (9:+%) : (D.4)

Further details about the spatial discretization can be found e.g. in Miehe [113] and
Holzapfel and Simo [69].

D.3 Linearisation of the material model

We consider the Helmholtz free energy density function given in (5.64). This material
model is consistent with the theory of linear thermoelasticity under certain restric-
tions on the material parameters which will be provided in the following. To proof
consistency we perform a push forward operation on the second Piola-Kirchhoff stress
tensor described in the polyconvex framework given by (5.19) and after division by
the volume-map ] = det(F) = C!/2 we obtain the Cauchy stress tensor, which can be
devided into three parts

c=C'?FSF' =01+ 0,403, (D.5)
where the specific parts are given by

o1 =2aC V2FFT,
02 =2bC V2 (tr(C)FFT —FCFY), (D.6)
3= (1 (CV2—CY)—d;C 32 —3B(0—6p) (cC 1 +drC2)) FGFT.

Expressing the deformation gradient using the displacement field u : By x Z — R3
F=I1+0dxuwithu=¢—-X, (D.7)

and performing a linearisation in direction of Ap = Au = u —up and A6 = 6 — 6
with respect to operating points #y = 0 and 6y

d
+ — o (ug, 0y + eAb)|

d
Lino (ug, 00)[Au, A8] = o (ug, 0y) + — 0 (ug + eAu, 6)) |£:O I

de

e=0"

(D.8)
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using the properties of the tensor cross product in (2.12) yields

Linoy (1o, 0)[Au, A8] =2a (I —tr(e) I +2¢),
Lino;(ug, 09)[Au, A] =2b (214 2¢), (D.9)
Linos(uo, 00)[Au, AB] =citr(e) I+ dy (—I+tr(e)I) —3B(0 —6p) (ca+4da) I,

where ¢ = %(axu + 9xu') denotes the infinitesimal strain tensor. Accordingly the
linearized Cauchy stress tensor is provided by

Lino (uo, 60)[Au, A8) =(2a +4b—dy) I+ (—2a+c1+dy)tr(e) I+ (da+4Db)e

—3B(0—106p) (ca+dp)I.
(D.10)
Comparing the resulting Cauchy stress with the Cauchy stress from theory of linear

thermoelasticity, given by
olin = Atr(e)I +2ue — B(6 — 60) (3A +2u)I, (D.11)
leads to following restrictions

dy=2(a+2b), —2a+ci+di=A, 4(a+b)=2y, /\+§y:K:cz+d2,
(D.12)
for consistency of the suggested Helmholtz free energy density function with the
linear theory where A and y are the Lamé parameters and K is the bulk modulus.
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E.1 Proof of directionality property

The objective of this section is to prove that the definition of the discrete derivatives
of the internal energy u (C, G,C, D) satisfy the directionality property in equation
(6.35). For that, let us denote the expression on the left-hand side of the directionality
property in (6.35) as T, namely

T = Dcu : (Cn+1 — Cn) + Dgu : (Gn+1 — Gn)

(E.1)
+ Dctt (Cy1 — Cy) + Dptt - (Dyyy1 — D) .

Substitution of the expressions for Dcu (6.37), Dgu (6.39), Dcu (6.40) and Dpu (6.41)
into (E.1) leads to

1 1
T= 5” (Cns1,Gny1,Coug1, Dpyr) — Eu (Cn, Guy1,Cug1, Dygr)

1
+ Fu (Cn+1/ an Cn/ Dn) - Eu (Cn/ G}’l/ Cn/ Dn)
1
+su (Cnr Gut1,Cut1, Dn+l) - Eu (Cnr Gy, Cut1, Dn+1)
1
+ 54 (Cny1, Guy1,Cn, D) — SU (Cit1, Gy, Cy, Dy)

1
+ u (Cnr Gnr Cn+1/ Dn+1) - Eu (Cn/ Gn/ Cnr Dn+1) (Ez)

+
NIERNIERNERENERENEREDNERN -

1
u (Cn+1/ Gn+1f Cn+1/ DH) - Eu (CnJrl/ Gn+lr Cnr Dﬂ)
1
u (Cn/ Gu, Cn, Dn+1) - Eu (Cm G, Cu, Dn)

1
u (Cn+1/ Gty Cn+ern+1) - EM (Cn+1/ Gut1,Cuy1, Dn)

N+ +
e
S

! This chapter is based on the appendix given in [133].
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which proves that the definition of the discrete derivatives satisfy the directionality
property.

E.2 Definition of the discrete derivatives

in the limit

The objective of this section is to prove that the defition of the directional derivatives
satisfies the condition stated in (6.36), namely that they are well defined in the limit
[|AC|| — 0, ||AG]|| — 0, |AC| — 0 and ||AD|| — 0. In particular, it will be proved
in this Section that based on the definition of the discrete derivatives, these can be

equivalently written as

4 ) 4 4 .
Dot = 9t (1) + 3O (I8712) + Y 3 o(llard|[jar]])
i=1 j=1,ji k=j+1k#1

(E.3)
where r = {C,G,C,D} = {n!, n?, 7, m*}. We now prove that they are well defined
in the limit. For that, let us carry out a Taylor series expansion of the four different
evaluations of the internal energy u in equation (6.37) around C,,;1 /. This enables to

express them as
U (Cus1, Gni1, Cpg1, Duir) = 4 (Cria/2, Guir, Cugr, D)
1
+dcu (Cn+l/2/ Gui1, Cn+1/Dn+1) : (EAC)

—+ (%AC) 102t (Cpi1/2,Gus1, Cri1, D) (%AC)

+o(llaciF)
(E-4)

u (Cn/ Gn+1/ Cn+1/ Dn+1) =u (Cn+l/2’ G”+1’ C"+1' Dn+1)
1
—9cu (Cuy1/2,Gur1,Cout1, D) (EAC)
1 1
+ (EAC) 1 9¢ctt (Cuy1/2, Gty Cur1, D) - (EAC)

+0 (llaciP)
(E.5)

160



E.2 Definition of the discrete derivatives in the limit

u (Cn+1/ Gn/ Cn/ Dn) =u (Cn+1/2/ Gn/ Cnr Dn)

1
+ ¢t (Cyut1/2, Gy Cn, D) : <EAC)

E.6)
! 1 (
+ (EAC) :0%ct (Cyy1/2,Gn, Cu, Dy) (EAC)
+0 (llaclP),
u (Cn/ Gn/ Cn/Dn) =1u (Cn+1/2, Gn, Cﬂan)
1
—dcu (Cn+1/2, Gy, Cy,Dy) : (EAC)
! 2 1 (E.7)
+ (EAC) :9¢ect (Cri1/2, Gn, Cy, Dy) - (EAC)
+0 (|laclP) .

Introduction of above equations (E.4)-(E.7) into the last four terms on the right-hand
side of equation (6.37) yields

1u(Cui1,Guy1, Cug1, Dug1) — u(Cu, Guy1, Cuy1, D)

= AC
2 l|acy
_'_lu (Cn+1r Gy, Cy, Dn) - 7; (Cn/ Gy, Cy, Dn) AC
2 1acT -
_lacu (Cn+l/2/ Gn+1rcn+1/Dn+1) :AC AC
2 ljacy?
_19cu (Cpuy1/2,Gn, Cn, Dy) : AC

_ 2
> Yz AC—O(HACH).

Introduction of the result in (E.8) into the expression for the directional derivative
Dcu in (6.37) leads to

1
Dcu = E(acu(cnﬂ/z, Gui1,Cry, Dn+1) + acu(cn+1/2, Gy, Cy, Dn)) + O(HACHZ) .
(E.9)

A Taylor series expansion on the two first terms on the right-hand side of above
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equation (E.9) enables these to be expressed as

dctt (Cut1/2, Gui1, Cp1, Di1) = dcu <C”“/2' Cri1/2 Cusryy Dn+%)
+ 0% gu (Cn+1/2, Gui1/2, Cn+1/2'Dn+%> : (%AG)
+0%cu (Cn+1/z, Gu+1/2,Cntr/2, Dn+%) (%AC)
+2pu (Cn+1/2/ Guv1/2,Cnta/2, Dn+%) : (%AD)
L0 (HAG||2) +0 (ACZ) +0 (HADHZ)

+ O (||AG[|AC) + O (||AG][||AD]]) + O (AC||AD]]) ,
(E.10)

and
dct (Cpy1/2, Gn, Cy, D) = dcu (Cn+1/2r Gui1/2,Cui1/2, Dn+%)
— Rgu (cn+1 12 st /2, Crst /2, Dn+%) : (%AG)
— dgci (Cn+1/zf Gut1/2,Crv1/2, Dn+%) >
1
— dept (Cn+1/2/ Gni1/2Cut1/2.D, ) : (EAD)
+0 (HAGHZ) +0 (Ac2) +0 (||AD |2)

+ O (|[AG[|AC) + O (||AG][||AD|[) + O (AC||AD]]) .
(E.11)

1
2
|

Insert (E.10) and (E.11) into (E.9) leads to the final expression for the discrete deriva-
tive Dcu (6.37) as
Dcu = dcu (Cn+1/2/ Gui1/2 Cn+1/2/Dn+%>
+0 (HACHZ) +0 (||AGH2) +0 (ACZ) +0 (||AD||2) (E.12)
+O(||AG][AC) + O (|[AG][|AD][) + O (AC||AD]|) ,

which proves condition (E.3). Proceeding similarly, it would be possible to generalise
above result (E.12) to the discrete derivatives Dgu (6.39), Dcu (6.40) and Dpu (6.41),
namely
Dgu = dgu (Cn+1/2/ Gut1/2,Crv1/2, Dn+%)
+0 (|[ac|P) +0 (II6G|P) +0 (ac?) +0 (||aD|[?) (E13)
+o(llacllac) +o(J[ac[[[aD][) + O (AC[|AD]])
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Dcu = dcu (Cn+1/2/ Gn+1/2/ Cn+l/2/ Dn+%>
+0 (||AC||2) e (||AG||2> +0 (AC2> ) (HADHZ)

+ 0 ([lacl[[|aG]]) + O ([|Ac]|[|AD][) + O (||AG||||AD]]) ,
(E.14)

Dpu = dpu (Cn+1/2/ Gui1/2 Cn+1/2/Dn+%)
+0 (||AC||2) +0 (HAGHZ) +0 (AC2) +0 (||AD||2) (E.15)
+ O ([AC|[|[AG]]) + O (||AC[|AC) + O (|[AGI|AC) .
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